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FOREWORD 


An  increasing  use  of  statistical  methods  can  be  observed  in  the 
development  of  contemporary  radio  engineering  and  radar.  In  particular, 
problems  connected  with  the  random  action  of  weak  signals  and  interfer¬ 
ences  on  the  receiver  cannot  be  solved  without  having  recourse  to 
these  methods.  It  is,  therefore,  comparatively  long  ago  that  statisti¬ 
cal  analysis  was  introduced  into  the  theory  of  receivers  ro  which  the 
fundamental  works  of  the  Soviet  scientists  V. I.  Siforov  and  V.  I.  Buni¬ 
movich  contributed  to  a  considerable  extent. 

In  the  last  10-20  years,  however,  the  range  of  application  of  sta¬ 
tistical  methods  has  been  expanded  substantially. 

Above  all,  besides  the  statistical  analysis  of  concrete  variants 
of  the  signal  receiving  and  processing  circuits,  the  investigation  of 
the  mathematical  principles  and  qualitative  characteristics  of  optimum 
processing  is  widespread.  In  the  past,  the  choice  of  the  concrete  pro¬ 
cessing  circuit  was  connected  with  a  statistical  analysis  of  the  indi¬ 
vidual  variants  of  the  circuits  or  with  the  choice  of  optimum  \ralues  of 
the  individual  variants  of  the  circuits  or  with  the  choice  of  optimum 
values  of  the  individual  receiver  parameters  so  that  the  problem  whe¬ 
ther  the  circuit  could  be  designed  such  as  to  yield  essentially  better 
characteristics  always  remained  unsolved.  It  was  the  fundamental  work 
of  V.A.  Kotel'nikov  [1]  (1946)  which,  for  the  first  time  made  it  possi¬ 
ble  to  obtain  an  idea  of  the  optimum  mathematical  operations  to  be  ap¬ 
plied  to  the  function  of  time  corresponding  to  oscillations  fed  to  the 
receiver,  in  order  to  obtain  the  best  result  in  the  sense  of  statistics. 
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In  the  past  one  could  only  speak  of  the  qualitative  characteristics  one 
or  another  receiver  circuit  possessed  whereas  in  V.A.  ICotel'nikov’  s 
work  the  potential  Interference  suppression  was  determined,  for  the 
first  time;  it  is  characterized  by  the  best  qualitative  radio  receiver 
characteristics  which  car.  be  obtained  for  given  signal  and  interference 
characteristics. 

Secondly,  together  with  the  introduction  of  optimum  processing  as 
a  standard  in  the  statistical  analysis  of  given  circuits,  statistical 
synthesis  of  circuits  exactly  or  approximately  corresponding  to  the 
mathematical  operations  of  optimum  processing  begins  to  be  made  use  of. 
Previously,  before  the  work  of  B.A.  Kotel'nikov,  and  even  during  the 
following  5-10  years  after  his  publication  real  circuits  of  signal  pro¬ 
cessing  were  designed  intuitively  on  the  basis  of  physical  considera¬ 
tions  and  engineering  practice.  This  situation  was  also  due  to  the 
fact  that  the  connections  between  the  mathematical  operations  of  opti¬ 
mum  processing  and  the  processes  occurring  in  real  circuits  had  not 
yet  been  revealed  and  realized.  At  present,  we  are  quite  able  to  ap¬ 
proach  the  problem  of  a  receiver  as  a  specialized  computer  carrying 
out  exactly  or  approximately  the  linear  and  nonlinear  operations  of  op¬ 
timum  processing. 

Furthermore,  there  is  no  longer  a  sharp  boundary  between  the  pro¬ 
cessing  of  radar  signals  in  circuits  of  radio  receiving  and  indicating 
devices,  in  automation  circuits,  digital  and  analog  computing  techni¬ 
que  or,  otherwise,  between  intrareceiver,  primary  and  secondary  proces¬ 
sing  of  radar  signals.  Ali  these  aspects  of  processing  are  character¬ 
ized  by  a  combination  of  mathematical  operations  which  have  to  be 
close  to  the  optimum.  In  radar,  such  an  optimization  is  particularly 
important  both  in  the  detection  of  reflected  signals  and  in  measuring 
their  parameters. ,  Probably,  also  operations  immediately  applied  to  os- 
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dilations  of  the  electromagnetic  field  which  act  on  the  receiving  an¬ 
tennas  of  radars  will  soon  be  considered  to  be  the  initial  links  of  a 
single  processing  circuit. 

Thirdly,  besides  the  determination  of  the  qualitative  characteris¬ 
tics  of  optimum  processing  for  a  given  signal,  a  comparative  analysis 
of  the  results  of  optimum  (and  sometimes  also  not  quite  optimum)  pro¬ 
cessing  of  different  signals  begins  to  be  made  use  of  in  order  that  the 
most  advantageous  among  them  may  be  found  out.  This  fact  implies  that 
the  development  of  the  statistical  theory  of  optimum  processing  inevi¬ 
tably  affects  the  domain  of  transmission  and  coding  of  emitted  signals, 
and,  in  particular,  of  sounding  signals  in  radar. 

It  was  precisely  the  statistical  theory  of  detection  and  measure¬ 
ment  that  helped  to  find  ways  of  overcoming  an  essential  contradiction 
which  in  the  past  had  arisen  between  two  important  demands  usually 
made  on  the  designer  of  a  pulsed  radar.  The  first  demand  is  to  increase 
the  range  of  action  at  the  expense  of  the  energy  of  the  station  if  the 
peak  power  of  the  electrovacuum  devices  and  the  waveguide  tracts  is 
limited.  This  is  connected  with  an  increase  of  the  energy  of  the  sound¬ 
ing  radio  pulses  at  the  expense  of  an  increase  of  their  duration.  The 
second  demand  is  to  haVe  a  high  longitudinal  resolving  power.  For  sim¬ 
ple  pulsed  signals  (without  additional  frequency  or  phase  modulations 
or  the  like)  this  fact  gives  rise  to  a  reduction  in  the  duration  of  the 
sounding  radio  pulses,  under  conditions  of  processing  which  ai^e  close 
to  the  optimum.  "  , 

The  elimination  of  the  contradiction  is  achieved  at  the  expense 
of  going  over  to  complex  sounding  radio  signals  with  an  additional  mod¬ 
ulation  within  the  limits  of  the  pulse.  Since  the  product  of  a  frequen¬ 
cy  band  and  the  duration  of  such  signals  is  essentially  greater  than 
unity,  they  are  called  broad-banded.  Broad-banded  signals  are  able  to 
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ensure  high  longitudinal  resolving  power  without  destroying  the  opti¬ 
mality-  of  their  processing  in  receiving.  It  turns  out  that  a  received 
broad-hand  radio  pulse  with  given  parameters  (correct  as  to  amplitude 
and  initial  phase)  is  compressed  in  time  if  it  passes  through  the  fil¬ 
ter  which  is  optimum  for  it.  The  longitudinal  resolving  power  of  the 
pulsed  radar  and  its  pulse  volume  are  in  this  case  determined  by  the 
duration  of  the  compressed  radio  pulse  whose  duration  is  essentially 
shorter  than  that  of  the  sounding  signal.  This  fact  explains  the  great 
attention  paid  in  the  last  few  years  to  broad-band  radio  signals  and 
their  compression  in  time,  in  foreign  literature.  In  the  Soviet  Union, 
the  principles  of  compression  had  been  worked  out  independently  and  be¬ 
fore  the  corresponding  foreign  publications  had  appeared  (see,  e.g. , 
[14]). 

The  constructive  value  of  the  statistical  theory  of  radar  had  not 
been  realized  at  once.  One  of  the  pioneers  of  this  theory  was  the 
English  scientist  F.M.  Woodward,  who  had  contributed  to  its  develop¬ 
ment  in  a  high  degree.  But  also  he  stated  in  1953  that  the  value  of 
this  theory  mainly  lay  in  the  fact  that  it  verified  experimental  re¬ 
sults,  already  well-known.*  Developments  showed  that  Woodward's  judgment 
was  unnecessarily  pessimistic. 

The  application  of  the  new  radiosignals  should  change  not  only  the 
aspect  of  radio  receiving,  but  also  that  of  radio  transmitting  sets. 
Once  again  this  attests  to  the  fact  that  the  domains  of  application  of 
the  statistical  tneory  of  detection  and  measurement  have  outgrown  the 
narrow  compass  of  only  one  course  on  radio  receiving  sets  held  in  high¬ 
er  technical  schools. 

Consequently,  when  training  specialists  in  radar  it  is  useful  to 
set  forth  the  statistical  theory  of  detecting  and  measuring  the  radar 
signal  parameters  as  the  basis  of  a  separate  course  on  the  theoretical 


fundamentals  of  radar  (or,  at  least,  of  applied  information  theory). 

In  the  last  few  years  Soviet  scientists  such  as  L.A.  Vaynshteyn 
and  V. D.  Zubakov  [5],  S.Ye.  Fal’kovich  [6],  L.S.  Gutkin  [7]  and  others 
have  published  several  monographs  on  problems  of  the  statistical  theory 
of  detection  and  measurement.  The  first  part  of  a  serious  collective 
work  [10]  edited  by  G. P.  Tartakovskiy  was  published.  The  following 
monographs  were  published  in  translation:  the  short  work  by  F.M.  Wood¬ 
ward  [4]  which  has,  however,  already  played  a  considerable  role  in 
the  development  of  radar  theory,  the  voluminous  theoretical  monograph 
by  D.  Middleton  [8],  the  interesting  work  by  K.  Helstrom  [11]  which 
was  published  recently. 

Nevertheless,  means  of  instruction  reflecting  both  the  experience 
of  scientific  and  pedagogic  work  in  the  Higher  Technical  School  are 
missing.  Besides,  the  technical  trend  of  the  theoretical  investigations 
is  not  sufficiently  emphasized  in  the  published  works. 

The  present  book  is  intended  to  fill  this  gap. 

The  book  was  prepared  as  a  means  of  instruction  and  reflects  a 
five-year  experience  of  teaching  in  Higher  Technical  Schools  where  the 
extent  of  the  material  set  forth  was  gradually  enlarged. 

Having  in  mind  the  purpose  of  the  book,  the  authors  endeavored  to 
explain  the  theoretical  results  of  greatest  technological  importance, 
making  use,  as  far  as  possible,  of  rather  simple  mathematical  tools. 

The  book  deals  with  the  fundamental  aspects  of  the  statistical 
theory  of  detecting  radar  signals  and  measuring  their  parameters  in  the 
presence  of  Gaussian  interferences;  it  explains  the  principles  of  de¬ 
sign  and  the  theory  of  optimum  detection  and  measuring  devices,  and 
gives  a  great  number  of  examples  enabling  the  reader  to  familiarize 
himself  with  the  possible  applications  of  theory.  The  applications  of 
statistical  theory  to  measuring  angular  coordinates  are  not  treated  in 


the  present  work.  Although  the  book  Is  intended  for  students  of  advan¬ 
ced  courses  in  radio  engineering  institutions,  it  may  be  useful  for  as¬ 
pirants  and  engineers  of  similar  lines  of  specialization. 

The  authors  express  their  indebtedness  to  A. Ye.  Basharinov,  N. I. 
Kravchenko,  G.A.  Kostin,  I.N.  Busygin  and  Ye.P.  Lebedev  for  several 
valuable  remarks. 
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[Footnotes] 


At  the  end  of  the  fifth  chapter  of  Woodward's  book  [1]  we 
read:  "The  experimenter  may  feel  inclined  to  think  that  the 
theory  borders  on  triviality  since  it  shows  what  to  do, 
whereas  it  has  been  well-known  for  some  time.  Such  a  criti¬ 
cism  misses  the  mark.  Investigation  shows  some  theoretical 
ideal  not  applying  to  experience  and  just  the  fact  that  it 
confirms  the  experimental  conclusions  provides  the  highest 
satisfaction  in  it. 
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Chapter  1 

BASIC  CONCEPTS  OF  THE  THEORY  OF  RADAR  SIGNAL  DETECTION  AND  MEASURING 

THEIR  PARAMETERS 

§1.1.  QUALITATIVE  CHARACTERISTICS  OF  RADAR  DETECTION 

The  problem  of  radar  boils  down  to  the  obtaining  of  reliable  in¬ 
formation  on  the  distribution  of  targets  in  space  and  on  their  posi¬ 
tion  data.  This  information  is  contained  in  the  radio  signals  reflec¬ 
ted  by  the  targets. 

Besides  useful  signals  inter  Terences  act  on  the  input  end  of  the 
radar  receiver.  They  give  rise  to  errors  in  the  detection  of  targets 
and  in  the  measurement  of  their  coordinates.  Other  phenomena  of  ran¬ 
dom  character  cause  the  same  result,  e.g. ,  fluctuations  of  secondary 
radiation,  as  a  result  of  which  the  signals  are  abruptly  weakened  for 
isolated  instants  of  time. 

Owing  to  the  random  character  of  the  signals  and  Interferences 
the  performance  of  the  radar  is  analyzed  by  statistical  methods  and 
its  qualitative  characteristics  are  specified  by  statistical  parame- 
ters. 

To  start  with,  we  shall  deal  with  the  qualitative  characteristics 
of  radar  detection. 

The  result  of  the  detection  process  must  be  the  solution  to  the 
problem  as  to  whether  or  not  a  target  is  present  in  the  vicinity  of  an 
arbitrary  point  of  space  within  the  coverage  of  the  radar.  The  solu¬ 
tion  may  be  adopted  under  two  mutually  exclusive  conditions: 

condition  A^  is  "there  is  a  target,11 


**  A 


t 


f 


t 


— •-  .  , .  .  - 

,  ^  \  -o. 

'  .  'C  V 

„• 

V  "* . , .  "  „  A 

i*V;  ->  "*l*  < 

v  '<  -  >■'■'--*■<1*  •*'  . 

V.tv.v 

'U iS&yLr  JLV: 


condition  Ac  is  "there  is  no  target." 

It  is  implied  that  these  conditions  are  unknown  when  the  solution  is 
being  worked  out. 

Owing  to  the  interferences  and  fluctuations  of  the  useful  signal 
two  forms  of  solutions  may  correspond  to  each  condition: 

solution  A|  is  "there  is  a  target," 
solution  Ag  is  "there  is  no  target,." 

After  the  detection  process  has  been  completed,  a  third  solution  —  "I 
do  not  know"  —  must  not  exist.  Let  us  pay  attention  to  the  fact  that 
the  solutions  A|  and  Ag  are  designated  in  the  same  way  as  the  condi¬ 
tions,  except  for  the  addition  of  asterisks. 

First,  we  shall  consider  the  case  where  a  target  exists  (condition 
A1).  If  in  this  case  the  solution  A|  -  "there  is  a  target,"  is  forth¬ 
coming,  one  speaks  of  a  correct  detection.  If  under  the  same  condition 
the  solution  Ag  emerges  —  "there  is  no  target,"  a  target  miss  takes 
place.  Obviously,  a  target  miss  is  a  most  undesirable  error  in  detec¬ 
tion. 

Qualitative  characteristics  of  detection  under  the  condition  of 
an  existing  target  are  the  corresponding  conditional  probabilities  of 
correct  detection 

D=zP{Ax\A,)  (1) 

and  of  target  miss 

D=P{Al\Ax).  (2) 

Since  the  solutions  and  A %  are  incompatible  random  events  and 

J-  V 

correspond  to  the  same  condition  A^  of  an  existing  target,  we  have 

D+D=l.  (3) 

Thus,  it  is  always  possible  to  find  the  conditional  probability 
of  £  of  missing  the  target  if  the  conditional  probability  of  correct 
detection  D  is  known.  If,  e.g.,  for  one  scanning  cycle  D  -  0.75>  the 
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conditional  probability  of  missing  is  5  =  0.25.  This  implies  that  the 
radar  equipment  guarantees,  on  the  average,  detection  of  target  in  75% 
of  the  cases ;  in  about  25$  of  the  cases  the  target  is  not  detected. 

Let  us  turn  to  the  case  where  no  target  exists  (condition  A^) .  Un¬ 
der  this  condition,  nondetection  is  correct,  i.e.,  the  solution  Ag  ~ 
"there  is  no  target."  If  the  solution  A*  —  "there  is  a  target,"  emer¬ 
ges  as  the  result  of  the  action  of  interferences,  one  speaks  of  a 
false  alarm. 

False  alarm  is  a  very  undesirable  error  even  if,  in  the  following 
processing,,  the  false  information  will  be  screened.  False  information 
uselessly  burdens  the  system  of  radar  data  processing.  It  may  complete¬ 
ly  disturb  the  passage  of  useful  information.  In  several  cases,  the 
fact  cf  the  false  alarm  may  of  itself  also  give  rise,,  t-o  extremely  un- 

•  j 

desirable  consequences. 

Qualitative  characteristics  of  detection  under  the  condition  of  a 


nonexistent  target  are  the  conditional  probabilities  of  false  alarm 

F=P(A]\A%)  (4) 


and  of  correct  nondetection 


F=P(A>  [/*,)>  (5) 

Since  the  incompatible  solutions  A|  and  A^  correspond  to  the  same 
condition  AQ,  we  have 

F+F=  1.  (6) 

If  the  conditional  probability  of  false  alarm  F  is  known,  we  can  al¬ 
ways  obtain  the  conditional  probability  of  correct  nondete,tion.  If, 

_  -4  ^  -4 

e.g. ,  considering  some  element  of  space,  F  =  10  ,  then  1  =  1  —  10  . 

This  implies  that  the  radar  equipment  gives,  on  the  average,  one  false 
4 

alarm  in  10  observations  cf  the  given  space  element  in  the  case  of 
nonexisting  targets,  and  in  9999  cases  it  does  not  give  a  false  alarm. 
We  note  that  per  time  unit  a  radar  usually  scans  a  great  number  m 
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of  resolvable  space  elements.  If  for  a  space  element  P  «  l/m ,  the  pro¬ 
bability  of  false  alarm  $*  for  a  volume  of  m  elements  grows  in  propor- 

A 

tion  to  m.  The  probability  of  correct  detection  is,  in  fact,  Fm  = 

=  (P)m,  whence 

Fm=  1  -(1  -F)«  as  1  —(1  —  mF)—tnf. 

This  is  also  the  reason  why, 'in  the  theory  of  radar  signal  detec¬ 
tion,  one  usually  works  with  very  low  values  of  admissible  probability 

of  false  alarm  F.  ^  =  P^  , _ /m  for  each  of  the  resolvable  dements. 

dop  m  dop 

On  the  other  hand,  one  tries  to  make  the  probability  of  correct 
detection  D  as  high  as  possible.  The  latter  is  particularly  difficult 
to  achieve  if  the  target  is  at  a  considerable  distance  and  the  energy 
of  the  reflected  signals  is  extremely  low.  The  boundary  of  the  zone  of 
detection  of  an  individual  radar  is,  therefore,  given  by  the  magnitude 
of  the  distance  at  which  the  probability  of  correct  detection  per  one 
scanning  cycle  is  not  less  than  some  admissible  value  Ddop*  Usually, 

A 

one  chooses  Ddop  =  (0.05-0.5),  i.e.,  Ddop  =  (0.95-0.5)-  In  some  cases, 
the  demands  made  on  a  radar  may  be  increased  abruptly,  i.e.,  sometimes 
one  chooses  Ddop  =  (0.01-0.0001),  corresponding  to  Ddop  =  (0-99-0.9999)* 
Thus,  the  conditional  probabilities  of  correct  detection  D  and 
false  alarm  F  are  the  basic  qualitative  characteristics  of  radar  detec¬ 
tion.  At  the  limits  of  the  detection  zone,  the  requirements  P  <  Fdop, 

D  ^  Ddop- 

§1.2.  QUALITATIVE  CHARACTERISTICS  OP  RADAR  MEASUREMENTS 

The  error  in  the  determination  of  the  quantity  to  be  measured  is 
a  criterion  of  the  quality  of  the  measurement  carried  out.  The  smaller 
this  error,  the  higher  the  quality  of  the  measurements. 

The  errors  of  measurement  are  classed  as  gross  blunders,  constant 
and  accidental  errors.  If  particular  measures  are  taken  to  eliminate 
constant  errors  and  gross  blunders,  the  errors  of  measurement  can  be 
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reduced  to  the  accidental  ones. 

In  measuring  the  radar  signal  parameters,  the  accidental  errors 
are  due  to  the  action  of  interferences  on  the  input  end  of  the  receiv¬ 
er,  to  signal  fluctuations,  but  also  to  the  random  behavior  of  the 
system  of  measurements  itself. 

Fig.  1.1  shows  the  typical  curve  of  the  probability  density  p(e) 
characterizing  the  law  of  distribution  of  the  accidental  errors.  From 
this  curve,  the  probability  that  the  magnitude  of  the  error  will  as¬ 
sume  a  value  within  an  arbitrary  interval  from  e  to  e  +  Ae  may  be 
found.  The  corresponding  probability  is  equal  to  p(s)Ae  and  represen¬ 
ted  by  the  crosshatched  area  in  Fig.  1. 1.  The  total  area  between  the 

curve  p(e)  and  the  axis  of  abscissas  is 
equal  to  unity  since  it  is  the  probability 
of  a  certain  event  which  implies  that  the 
error  may  assume  any  value  between  — w  and 

+03. 

It  follows  from  the  curve  (Fig.  1.1) 
that  great  errors  have  a  lew  probability, 
but  in  individual  measurements  their  possi¬ 


Fig.  1.1.  Typical  prob¬ 
ability  density  curve 
p(e)  of  accidental  er¬ 
rors. 


bility  is  not  excluded.  The  probability  that  the  absolute  value  of  the 
error  e  is  lower  than  e^,  is  numerically  equal  to  the  crosshatched 
area  in  Fig.  1.2. 

PW*’  C1) 

— *• 

Fig.  1-3  shows  the  diagram  of  the  function  dependence  <p(e0)  = 

=  P(|e|  <£  Sq).  It  follows  from  this  diagram  that  if  the  value  of  eQ  is 
great  enough  the  inequality  |e|  <  e0  has  a  probability  close  to  unity, 
i.e.,  is  almost  certain. 
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Usually, 

1)  the  mean  square  deviation  eglcvj 

2)  the  probable  (mean)  error  £ver 

are  considered  to  be  statistical  parameters  characterizing  the  accur¬ 
acy  of  the  measurement.  Sometimes  other  statistical  parameters  are 
used  as  well.  In  particular,  one  speaks  of  the  maximum  error  £malcs*  In 
several  cases,  the  mean  value  of  the  error  modulus  may  be  interesting. 

For  any  law  of  distribution  of  the  accidental  errors  p(e)  the 
mean  square  deviation  of  the  measurements  is  determined  from  the  rela¬ 
tion 

m 

(2) 

The  probable  (mean)  error  £ver  is  found  from  the  equation 

/>(M<e.ep)  =  P(M>e,ep)==0,5,  (3) 

i.e.,  corresponds  to  that  value  of  eQ  for  which  the  crosshatched  area 
in  Fig.  1.2  is  half  of  the  total  area  below  the  curve  p(e)« 


Fig.  1.2.  Concerning  the  calcula-  Fig.  1.3*  Curve  of  probability 

tion  of  the  probability  /Ml.* !<•«)•  /’(I* !<•.)-?(«♦)• 
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accuracy  of  the  measurements  in  the  case  of  a  normal  law. 

§1.3.  THE  CONCEPT  OF  THE  MEAN  RISK  AND  A  CRITERION  FOR  THE  MINIMUM 
MEAN  RISK 

The  system  of  radar  information  processing  has  to  satisfy  contra¬ 
dictory  demands. 

In  order  to  avoid  a  target  miss,  it  is,  e.g. ,  desirable  to  solve 
the  problem  as  to  whether  it  is  really  present  even  in  the  case  the 
signal  from  the  target  should  be  strongly  distorted  by  interferences 
and  the  existence  of  the  target  cannot  be  maintained  with  certainty. 
Obviously,  the  probability  of  false  alarm  increases  in  this  case. 

Thus,  we  have  tc  make  a  reasonable  compromise  between  the  contra¬ 
dictory  factors  by  choosing  a  method  of  information  processing  which 
is  most  favorable  from  the  point  of  view  of  all  possible  conditions  of 
radar.  Of  course,  the  solution  obtained  in  this  case  will  not  necessar¬ 
ily  be  the  best  for  any  special  condition  of  radar  (existence  of  a  tar¬ 
get,  ncnexistence  of  a  target).  It  must  be  optimum  on  the  average,  sta¬ 
tistically  taking  into  account  the  probabilities  with  which  all  possi¬ 
ble  conditions  of  detection  or  measurement  are  distributed. 

It  is  advantageous  to  make  use  of  the  concept  of  the  mean  risk 
when  studying  such  contradlctiory  situations.  This  concept  allows  us 
to  study  the  conditions  of  optimum  detection  of  radar  signals  and 
measuring  their  parameters  in  a  uniform  way  and  starting  from  suffi¬ 
ciently  general  positions.  It  has  a  wider  significance  and  can  also  be 
applied  to  planning  the  exploitation  of  resources  in  political  econ¬ 
omy  and  to  planning  military  operations.  We  shall  explain  the  nature 
of  the  concept  of  mean  risk  with  the  help  of  examples  taken  from  the 
domain  of  radar. 

We  shall  use  the  term  entirety  of  possible  situations  in  order  to 
designate  the  entirety  of  conditions  in  radar  and  of  the  solutions 
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adopted  in  this  case. 

The  following  situations  are  possiDie  -  Section: 

1)  situation  A^AQ  (correct  nondetection); 

2)  situation  A^Aq  (false  alarm); 

3)  situation  Aj^  (target  is  missed); 

4)  situation  A^A^  (correct  detection). 

Usually,  any  measurement  is  characterized  by  the  fact  that  to  the 
measured  quantity  a  some  estimate  a*  is  assigned  which  is  somewhat  dif¬ 
ferent  from  it  (on  account  of  which  an  error  e  =  a*  —  a  is  obtained). 

In  this  case,  the  entirety  of  possible  situations  corresponds  to  the 
entirety  of  different  values  of  a  and  a*. 

Each  of  the  situations  mentioned  is  characterized  by  its  probabil¬ 
ity  or  probability  density.  In  the  case  of  detection  we  may  speak  of 
the  probabilities  of  situations  P^(i  =  1,  2,  3.>  4),  the  sum  of  which 
is  equal  to  unity: 

P»+P,+P,+P<=P(K;  A,)+P(4,  A.)-f 

A,)=l.  .  (1) 

When  the  parameters  are  measured,  we  speak  of  the  probability  density 
of  situations  p(a*,  a),  or  the  differential 

dP  («*,  a)=p  (a*,  «)  dzd%. 


where 


To  each  possible  situation  we  shall  assign  a  certain  error  charge 
according  to  the  importance  or  value  of  this  error.  Let  a  greater  (or, 
at  least,  an  equal),  but  not  a  smaller  value  of  the  error  correspond 
to  a  greater  error.  We  shall  agree  upon  considering  this  value  equal 
to  zero  for  solutions  without  errors. 

The  assignment  of  values  to  the  errors  is  an  important  stage  of  an- 


-  15  - 


alysis  and  must  take  into  account  all  considerations  as  to  the  prob¬ 
lem  to  what  extent  one  or  another  aspect  of  error  is  undesirable.  In 
many  important  cases,  however,  the  rules  of  optimum  processing  prove 
to  be  independent  of  the  concrete  way  of  assigning  values  to  the  errors. 

Having  in  mind  the  random  character  of  each  situation  we  may  as¬ 
sert  that  also  the  error  charge  is  a  random  quantity.  Consequently, 
we  may  speak  of  the  mean  charge  or,  equivalently,  of  the  mean  risk. 

The  mean  risk  is  calculated  according  to  the  rules  of  finding  the 
mean  value  (the  mathematical  expectation  value)  of  an  arbitrary  random 
quantity.  For  the  discrete  case  (detection)  it  is  found  from  the  form¬ 
ula 

(3) 

i  ■ 

where  r^  is  the  charge  for  the  ijbh  situation;  P.^  is  its  probability. 

For  the  continuous  case  (measurement)  the  mean  risk  is  determined 

<» 

by  the  equation 

7=  J  r(«\  ,  «). 

(«.  •) 

In  the  analysis  of  the  detection  process  it  is  sufficient  to  as¬ 
sign  only  two  error  values:  the  error  value  of  false  alarm 

r(A],A)—rr 

and  the  error  value  of  mising  the  target 

•  At)=rg . 

Owing  to  the  multiplication  theorem  of  probabilities  the  corres¬ 
ponding  absolute  probabilities  will  be 

P(A\,  A,)=P(A,)P{A\\At)=P(At)F,  1 
P (^  A,)=P  (At)P(Al ,  At) =P{At)  D.  ) 

In  view  of  the  fact  that  the  charge  for  solutions  without  error 
is  put  equal  to  zero,  from  Eq.  (3)  we  obtain  the  expression  for  the 


In  this  case  the  mean  risk  is  equal  to  the  probability  that  the  error 
modulus  exceeds  e0 


r=  fr(«)p(a)rft=J />(«)*+  J  p(*)rft=P(|.|>.,), 

.  <%  «-• 

and  the  minimum  of  the  mean  risk  reduces  to  the  minimum  of  the  proba¬ 
bility  that  the  error  modulus  exceeds  the  given  qucncity  eQ. 

Using  the  example  of  measurement  analysis  can  satisfy  ourselves 
of  the  fact  that  the  criterion  of  the  mean  risk  minimum  may  reduce  to 
any  other  well-known  criterion,  in  particular,  to  the  criterion  of  the 
minimum  of  mean  square  deviation  if  the  function  of  the  error  value  is 
chosen  appropriately. 

This  fact  shows  that  the  criterion  of  the  mean  risk  minimum  is 
sufficiently  general  so  that  we  may  go  over  from  it  to  simpler  and  more 
special  criteria. 

The  example  of  detection  analysis  may  convince  us  of  the  same 

/ 

fact.  In  particular,  if  we  put  r.^  =  rg  =  1  in  Eq.  (5),  the  mean  risk 

will  be  equal  to  the  total  probability  of  the  detection  errors 

} 

7=FP[A,)+DP(A,)- 

In  literature,  the  condition  of  this  probability  being  a  minimum  is 
called  the  criterion  of  the  ideal  observer.  The  criterion  of  mean  risk 
minimum  (5)  is  more  general  than  the  criterion  of  the  Ideal  observer, 
sinceit  permits  us  to  allow  for  the  different  significance  of  errors 
of  false  alarm  and  missing  the  target. 

If  in  Eq.  (5)  the  substitution  6  =  1  —  D  is  carried  cut,  we  may 

write 

7=riPiAl)-[D-ltF\rbP(Al),‘  (6) 


where 


,  _  VW  i 

■  (7) 

Since  r^P(A1)  >  0,  we  find  that  the  criterion  of  the  mean  risk  minimum 
reduces  to  the  criterion 

D-rljF==  max.  (8) 

Criterion  (8)  is  called  weight  criterion.  It  provides  for  the  de¬ 
mand  of  raising  the  conditional  probability  of  correct  detection  D  and 
lowering  the  conditional  probability  of  false  alarm  F.  In  view  of  all 
these  demands  we  must  try  to  increase  the  "weighted"  difference  D  — 

—  40F.  The  factor  which  is  termed  a  weighted  factor  depends  on  the 
ratio  of  the  error  values  of  each  kind  and  the  probabilities  of  the 
target  being  present  or  absent  in  the  investigated  part  of  space. 

Comparing  two  systems  of  information  processing  the  first  of 
which  is  optimum  we  may  write 


Hence 


D'Mt>D'+WF0„~F'), 


i* e' >  for  F’  =  Fopt 

>  D  .  (  9  ) 

Relation  (9)  remains  correct  also  in  the  case  if  F1  <  Fop^.  Otherwise., 
it  may  be  rewritten  in  the  form 


Dour  <  D  • 


(10) 


This  fact  implies  that  the  optimum  system  yields  the  lowest  prob¬ 
ability  of  missing  among  all  systems  for  which  the  probability  of  false 
alarm  is  not  higher  than  for  the  optimum  system.  The  given  conditions 
can  be  chosen  to  be  an  independent  criterion  for  the  optimality  of  the 
system  (the  Neuman-Pearson  criterion).  The  Neuman-Pearson  criterion  as 
well  as  the  criterion  of  the  ideal  observer  may,  thus,  be  considered 
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a  consequence  of  the  optimality  criterion  of  the  system. 

Thus,  the  criterion  of  the  mean  risk  minimum  can  be  used  in  analy 
zing  the  contradictory  conditions  of  detection  and  measurement  of  par¬ 
ameters.  The  criterion  of  the  mean  risk  minimum  is  a  comparatively  gen 
eral  criterion.  In  the  case  of  detection,  e.g. ,  it  reduces  to  the 
weight  criterion,  the  Neuman-Pearson  criterion  and  the  criterion  of 
the  ideal  observer.  When  applied  to  parameter  measuring  it  reduces,  in 
particular,  to  the  criterion  of  minimum  of  mean  square  deviation. 

§1.4.  THE  PROBLEM  OF  OPTIMUM  DETECTION  OF  RADAR  SIGNALS  AND  MEASURING 
THEIR  PARAMETERS 

The  considerations  set  forth  in  the  preceding  sections  are  suffi¬ 
ciently  general  and  can  be  applied  to  analyzing  any  radar  information 
processing  whether  immediately  entering  the  input  end  of  the  radar  or 
also  partly  subject  to  processing. 

The  analysis  of  optimum  radar  information  processing  is  most  in¬ 
teresting  if  information  immediately  enters  the  input  end  of  the  radar 
since  partial  nonoptimum  processing  may  give  rise  to  irreversible  los¬ 
ses  of  information. 

In  the  following  we  shall,  therefore,  carry  out  an  analysis  of 
the  optimum  processing  of  high-frequency  oscillations  entering  the  in¬ 
put  end  of  the  radar  receiver.  Taking  into  account  the  specific  char¬ 
acter  of  a  radar's  work  these  oscillations  can  be  represented  in  the 
form 

V  (0  —  H  (0  “f"  AX  (it  *i»  *»»•••»  Pi*  ?**.;••)•  (-0 

where 

n(t)  is  the  oscillation  of  the  interference  acting  on  the  input 
end  of  the  receiver ; 

A  is  a  discrete  random  parameter  that  assumes  only  two  values: 

Aq  =  0  and  A^  =  1,  corresponding  to  the  conditions  of  absence  or  pre- 
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sence  of  a  useful  signal  from  the  target) 

x(t,  a^,  a2,  . ..,  0^,  P2j  •••  is  a  given  function  of  time  and  the 
parameters  ct^,  a 2,  . ..,  0^,  P2,  ...  The  shape  of  this  function  depends, 
in  particular,  on  the  law  of  modulation  of  the  sounding  signal,  the 
method  of  space  scanning,  etc.) 

cXf,  a2,  ...  —  are  random  measurable  parameters  of  the  radar  sig¬ 
nal.  The  time  delay  proportional  to  the  distance  from  the  target  and 
the  Doppler  frequency  shift  proportional  to  the  radial  velocity  of  the 
target  may  be  among  them) 

P2,  ...  —  are  random  signal  parameters  whose  measurement  is 
not  of  substantial  interest.  Among  them  there  are:  the  amplitude  of  the 
signal,  the  total  initial  phase  of  the  received  signal  or  the  whole  of 
the  random  initial  phases  of  the  pulse  oscillations  for  incoherent 
emission,  etc. 

The  statistical  characteristics  of  random  parameters  and  process¬ 
es  are  considered  to  be  given,  i.e.,  precisely: 

—  the  statistics  of  interference  n(t)) 

—  the  pre-experience  (a  priori)  probabilities  P^)  and  P(AQ.)  = , 

=  1  —  P(A1)  of  the  values  and  AQ  of  the  discrete  parameter  A  (in  de¬ 
tection)) 

—  the  a-priori  probability  density  p(a^,  ct'2,  . ..,  Pp  P2*  •••) 
of  the  values  of  measurable  and  immeasurable  parameters)  usually,  but 
not  always,  p(ap  a2,  ...,  Px,  pg,  ...)  =  p(a1,  ag,  ...)p(P1,  pg,  . . .  ). 

In  the  first  place,  it  is  necessary  to  solve  the  statistical  prob¬ 
lem  of  detection  with  the  help  of  the  adopted  function  y(t)  and  the 
preexperience  (a  priori)  data.  This  implies  that  for  the  quantity  A 
estimates  A*  (0  or  1)  must  be  chosen  such  as  to  yield  the  minimum  of 
the  mean  risk  (or,  equivalently,  the  maximum  of  the  weight  criterion). 
In  doing  so,  the  law  of  optimum  processing  must  be  established,  i.e.. 
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the  entirety  of  mathematical  rules  by  which  the  most  efficient  answer 
to  the  problem  whether  a  useful  signal  is  present  or  not  can  be  given 
for  each  choice  of  the  function  y(t).  Finally*  we  have  to  regard  the 
qualitative  characteristics  of  optimum  mathematical  processing  in  de¬ 
tection  and  to  consider  the  methods  of  its  technical  realization. 

The  solution  of  the  statistical  problem  of  measurement  will  con¬ 
sist  in  the  choice  of  estimates  a**  a *,  . . .  for  the  measurable  param¬ 
eters  a^*  a2*  .  ..*  of  which  we  only  know  the  pre-experience  (a  priori) 
probability  density  p(a,*  a2,  ...).  These  estimates  must  be  optimum 
from  the  point  of  view  of  mean  risk  minimum.  For  a  square  value  func¬ 
tion  (which  will  be  given  in  the  following)  the  latter  demand  is  equiv¬ 
alent  to  that  of  the  minimum  of  the  mean  square  deviation.  As  in  the 
case  of  detection*  we  have  to  regard  the  qualitative  characteristics 
of  optimum  processing  in  the  measurments  and  to  consider  the  methods 
of  realizing  it  technically. 

Before  we  enter  the  analysis  of  the  posed  problems  for  compar- 
tively  general  and  practically  important  cases*  we  shall  consider  ex¬ 
tremely  simple  examples  of  statistical  approach  to  problems  of  detec¬ 
tion  and  measurement. 

§1.5'.  AN  EXAMPLE  OF  ONE-DIMENSIONAL  OPTIMUM  DETECTION 

Let  us  consider  an  indicating  instrument  whose  indication  is  char¬ 
acterized  by  the  number^  (Fig.  1.5)>  Either  the  sum  of  the  signal  volt¬ 
age  x  and  of  that  of  the  interference  n*  such  that 

y=x^-nt  (1) 

or  the  voltage  of  the  interference  alone 

y=n.  (2) 

enter  the  instrument.  During  the  time  of  observation  the  quantities 
x*  £  and  n  do  not  change.  The  expected  value  of  the  signal  x  is  exactly 
known. 
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The  law  of  distribution  of  the  random  quantity  n  is  also  assumed 
to  be  given:  we  shall  consider  it  to  be  a  normal  one  (Gaussian)  in  the 
following  consideration.  'According  to  the  measured  value  of  y  it  is 
necessary  to  choose  the  optimum  solution  which  of  the  two  cases  (1)  or 
(2)  mentioned  is  taking  place. 

It  is  easy  to  see  that  the  problem  formulated  is  a  simpler  variant 
of  a  more  general  detection  problem  (§1.4).  Its  peculiar  feature  lies 
in  the  fact  that  instead  of  the  functions  of  time  y(t),  n(t)  and  x(t, 
a^,  «P,  . . . ,  (3.,  P2J  . «,.)  the  corresponding  one-dimensional  quantities 
are  considered:  the  random  quantities  and  n  and  the  nonrandom  quanti¬ 
ty  x.  In  contrast  to  the  general  case  the  quantity  x  does  not  depend 
on  parameters. 

Instead -of  (1)  and  (2)  we  may  write  one  expression 


i 


y—n-\-Ax,  (3) 

for  the  sake  of  uniformity  in  denotation,  in  which  the  discrete  param¬ 
eter  A  is  equal  to  0  r  1.  Thus,  the  problem  reduces  to  an  estimation 
of  A*,  according  to  the  v.»asured  value  of  an  estimation  which  must 

be  optimum  from  the  point  of  view  of  the  criterion  of  the  minimum  mean 
risk  or  the  weight  criterion  equivalent  to  it. 

Pig.  1.6a  shows  the  probability  densities  of  the  random  quantity 

under  the  conditions  of  the  signal  absent  A  = 

=  Aq  =  0  or  present  A  =  A^  =  1: 

p(y\A,)—Pen(y)- 

The  subscripts  "p"  and  "sp,".  here,  indicate  that 


Pig.  1.5*  Very 
simple  indica¬ 
ting  instrument. 


the  mathematical  expressions  PD(y)  and  PSD(y)  are 

Jr 

different  whether  there  is  the  intereference  alone 

or  a  signal  with  interference.  The  curve  p  (y) 

sp 

is  shifted  by  a  constant  amount  x  relative  to  the  curve  p  (y).  Mathema- 
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matieally,  this  can  be  written: 

/>«(*)=/>«{*-.*).  (5) 

Any  regular  solution  to  the  detection  problem  can  be  described  by 
a  solution  function  A*(y)  which  assumes  one  of  the  two  values:  0  or  1, 
according  to  the  value  of  _y. 
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Pig.  1.6.  Conditional  probabil¬ 
ity  densities  pn(y)  and  p  (y) 

P  bp 

(curves  a)j  diagram  of  one  of 
the  possible  solution  functions 
A*(y)  (curve  b). 


Pig.  1.6b  shows  the  diagram  of  one  of  the  possible  solution  func¬ 
tions  (not  necessarily  optimum) .  It  follows  from  the  diagram  that  in 
the  given  case  for  yQ  <  y  <  y^  a  solution  with  a  signal  present  is  ta¬ 
ken.  The  conditional  probabilities  D  and  P  are,  in  this  case,  deter¬ 
mined  as  the  probabilities  of  the  random  quantity  falling  into  the 
interval  yQ-y^  ’.wider  the  conditions  11  signal  -  interference"  or  "inter¬ 
ference,"  respectively.  For  the  special  solution  function  of  (Fig. 
1.6b)  these  probabilities  are  calculated  from  the  formulas 


•0  =  J Pw(y)dy,  ■ 

y» 

h 

F=\p'Ay)dtj 


(6) 


and  correspond  to  the  crosshatched  areas  below  the  curves  PSp(y)  and 

-  24  - 


p  (y)  in  the  diagram  (Pig.  1.6a). 

ir 

If  we  introduce  an  arbitrary  solution  function  A*(y)  in  the  gener¬ 
al  case,  the  expressions  for  D  and  P  may  be  written  as  integrals  with 
infinite  limits 

£>=  J  A,(y)pcn(y)dy, 

—00 
00 

F—  J  A,(y)ptt(y)dy. 

—  «0 

In  fact,  the  %  intercepts  for  which  A*(y)  =  0  will  all  yield  zero  in 

the  integration.  The  intercepts  for  which  A*(y)  =  1  correspond  to 

areas  below  the  curves  p  (y)  and  p  (y)  in  the  same  way.  as  was  shown 

sp  p 

in  Pig.  1.6a.  It  is  important  to  realize  that  the  Relations  (7)  are  cor¬ 
rect  for  an  arbitrary  solution  function  A*(y),  in  contrast  to  Eqs.  (6). 
The  expression  D  —  which  corresponds  to  the  weight  criterion 

may  then  be  represented  in  the  form 

*6 

D—ltF=  J />«(*)*%;.  0-/,]rfy,  (8) 

•HO 


where 


(9) 


According  to  the  weight  criterion,  a  detection  system  maximizing 
the  integral  (8)  is  optimum.  In  order  to  fulfill  this  condition,  it  is 
sufficient  to  achieve  the  greatest  value  of  the  expression  under  the 
integral  sign  for  each  by  choosing  the  solution  function  A*(y)  approx¬ 
imately.  But  this  function  can  only  assume  two  values:  0  or  1,  such 
that,  according  to  the  way  it  is  chosen,  the  expression  under  the  in¬ 
tegral  sign  either  vanishes  or  is  multiplied  by  one.  Although  the 
problem  of  obtaining  the  maximum  is  nonstandard  it  can  be  solved  easi¬ 
ly.  Obviously,  among  two  numbers  -  a  positive  one  and  zero  —  the  posi¬ 
tive  number  is  greater,  whereas  zero  is  greater  than  any  negative  num- 


ber.  Consequently,  the  greatest  value  of  the  expression  under  the  in¬ 
tegral  sign  for  each  j,  hut  also  of  the  integral  as  a  whole,  can  be 
obtained  in  the  following  way: 

1)  we  put  A*(y)  =  1,  if  the  expression  under  the  integral  sign  is 
positive  in  this  case; 

2)  we  put  A*(y)  =  0,  if  for  A*(y)  =  1  the  expression  under  the 
Integral  sign  is  negative. 

Since  the  probability  density  p  (y)  is  not  a  negative  number,  the 
optimum  rule  for  the  solution  to  the  detection  problem  may  be  written 
in  the  -form 


1,  if  /&)>/„ 

o,  if 


(10) 


The  quantity  f(y)  =  PSp(y)/Pp(y)  is  termed  the  probability  ratio. 
The  probability  ratio  is  the  ratio  of  the  probability  densities  of 
the  same  realization  of  11  y11  under  two  conditions:  if  the  signal  and  the 
interference  are  acting  and  if  the  interference  is  acting  alone.  Simi¬ 
lar  to  the  two  probability  densities,  also  the  probability  ratio  can¬ 
not  be  negative.  '  *’ 

Thus,  the  probability  ratio  criterion,  which  is  a  consequence  of 
the  general  criterion  of  the 'mean  risk  minimum  can  be  used  as  a  criter¬ 
ion  of  optimum  detection.  According  to  the  probability  ratio  criterion, 
the  solution  of  existing  signal  is  adopted  if  the  probability  ratio  ex¬ 
ceeds  some  threshold  value  This  criterion  is  the  most  convenient 
for  practical  calculations. 

We  note  that  the  assumption  of  a  normal  (Gaussian)  law  of  inter¬ 
ference  distribution  was  not  used,  as  yet.  The  discussions  given  are, 
therefore,  valid  for  any  distribution  law. 

Furthermore,  let  us  assume  that  the  interference  is  described  by 

2 

a  central  Gaussian  distribution  with  a  dispersion  nQ  or  a  standard  de- 
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Expression  (14)  for  the  optimum  solution  function  shows  that  the 
solution  function  chosen  initially  (Fig.  1.6b)  was  not  optimum.  A  dia¬ 
gram  analogous  to  Fig.  1.6,  but  with  the  optimum  solution  function  is 
given  in  Fig.  1.8. 

It  follows  from  Fig.  1.8  that  the  probability  of  false  alarm  F  in 
the  case  of  an  optimum  solution  function  corresponds  to  the  area  below 
the  curve  pp(y)  to  the  right  of  the  abscissa  yQ.  The  value  yQ  will  be 
called  threshold.  For  a  given  interference  level  the  probability  of 
false  alarm  F  depends  only  on  the  value  of  yQ: 


where  <fr(u)  is  the  probability  integral  [(6)  §1.2].  This  implies  that 
the  threshold  value  can  immediately  be  chosen  according  to  the  given 
level  of  probability  of  false  alarm,  which  corresponds  to  the  Neuman- 
Pearson  criterion.  A  similar  approach  is  most  convenient  for  the  real 
designing  of  the  equipment  since  it  makes  it  possible  to  avoid  the 
necessity  of  taking  account  of  a-priori  (pre-experience)  data  on  the 
or  absence  of  a  signal. 

The  probability  of  correct  detection  D  corresponds  to  the  area  be¬ 
low  the  curve  psp(y)  to  the  right  of  the  abscissa  yQ: 


■*[r- p*} 


or  finally 


0=4-  [1  +  *(*=*)] . 


(16) 
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For  a  given  interference  level  nQ  is  is  not  only  a  function  of 

the  threshold  yQ,  but  also  of  the  value  of  the  expected  signal  x* 

The  behavior  of  D(x)  can  be  plotted  qualitatively  from  an  analysis 

of  the  area  below  the  curve  p  (y)  in  Fig.  1.8  and  quantitatively  in  ac- 

sp 

cordance  with  Eq.  (l6).  For  x  =  0  the  value  of  D  =  F,  for  x  =  yQ  the 

value  of  D  =  0.5*  for  x  »  yQ  the  value  of  D  »  1.  The  higher  the  level 

of  the  threshold  yQ,  the  more  the  curve  D(x)  is  shifted  to  the  right. 
This  implies  that  a  higher  level  of  the  useful  signal  is  required  to 
guarantee  the  same  probability  D.  The  curves  drawn  in  Fig.  1. 9  are 
termed  detection  curves. 

Thus,  the  very  important  probability  ratio  criterion  was  estab¬ 
lished  by  considering  the  example  of  analyzing  the  one -dimensional  op¬ 
timum  detection.  Subsequently,  we  shall  satisfy  ourselves  of  the  fact 

that  the  concept  of  probability  ratio  will 
help  us  to  solve  all  following  problems.  From 
the  expression  for  the  probability  ratio  the 
optimum  solution  function  A*  ,j.(y)  correspond¬ 
ing  to  a  simple  comparison  of  the  magnitude 
of  jr  with  the  threshold  yQ  was  found.  The 
tecection  curves  specifying  the  qualitative 
characteristics  of  optimum  detection  under 
different  operating  conditions  of  the  detec- 


Fig.  1. 9*  Detection 
curves  of  a  one-di¬ 
mensional  signal. 


tor  were  plotted.  Furthermore,  the  problems  of  finding  optimum  solution 
functions  and  plotting  detection  curves  will  prove  to  be  important  sec¬ 
tions  of  the  theory  of  real  signal  detection. 

§1.6.  EXAMPLES  OF  ONE-DIMENSIONAL  OPTIMUM  MEASUREMENT 

Let  us  return  to  the  indicating  instrument  (Fig.  1.5)*  but  put  a 
somewhat  different  problem.  As  before,  we  shall  assume  that  the  indica¬ 
tion  of  the  instrument  is  the  sum  of  the  interference  n  and  the  sig- 
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nal  x: 

y=«4-**  (i) 

In  contrast  to  the  preceding  case,  however,  the  signal  is  certain¬ 
ly  present,  hut  its  value  x  is  unknown. 

The  problem  lies  in  assigning  an  estimate  x*  to  the  quantity  to 
be  measured  x  making  use  of  the  measured  value  of  x  and  the  a  priori 
known  probability  density  pQ(x)  of  x*  In  this  case,  the  estimate  x* 
must  satisfy  the  criterion  of  mean  risk  minimum 

m 

.  r«=JJr(jc%  x)p\x\  x)dx,dx=  min,  (2) 

i.e.,  it  must  be  optimum. 

We  shall  only  consider  regular  solutions  where  for  each  measured 
value  x  a  quite  definite  estimate  x*  =  x*(y)  is  given.  Replacing  then 
the  probability  element 

P&,  x)dx’dx  by  p{x,  y)dxdy,  . 

where  p(x,  y)  is  the  total  probability  density  of  the  quantities  x  and 
X,  we  obtain 

_  •  • 

jdy  x)p(x,  y)4x  at  x'z=x'iy). 


(3) 


Putting,  by  virtue  of  the  multiplication  theorem, 

p{*>  y)=p{y)p{^\p), 

we  may  rewrite  Expression  (3)  in  the  form 

•  mm 

I  x)p(y)p(My)dx. 


Or 


where 


{  r(x'\y)p(y)dy  for  x'—x'{y). 


mj 

'(x’ly)=  J  r(x\  x)p{x\y)dx. 


w 


(5) 


-  30  - 


Relation  (5)  gives  the  mean  risk  as  calculated  for  a  fixed  value 
of  the  measured  quantity  (the  mean  value  is  here  taken  over  x)-  We 
say  that  the  conditional  mean  risk  is  obtained  as  the  result  of  this 
process  of  taking  the  mean.  The  mathematical  expectation  of  the  condi¬ 
tional  mean  risk  (4)  as  calculated  by  taking  account  of  the  probability 
density  of  the  measured  values  of  yields  the  absolute  mean  risk. 

In  order  to  minimize  the  absolute  mean  risk  (4)  it  is  sufficient 
to  obtain  the  smallest  value  of  the  expression  (4)  under  the  integral 
sign  for  each  by  choosing  the  estimate  function  x*  =  x*(y)  appropri¬ 
ately.  The  latter  is  analogous  to  the  choice  of  the  solution  function 
A*(y)  in  the  detection  problem  [(8)  §1.5]- 

The  quantity  p(y)  in  Expression  (4)  is  a  given  function  and  can¬ 
not  assume  negative  values.  Consequently,  the  expression  (4)  under  the 
integral  sign  is  minimized  if  for  each  the  minimum  of  the  condition¬ 
al  mean  risk  r(x*|y)  is  guaranteed. 

In  this  connection,  we  will  return  to  Relation  (5).  The  post-ex¬ 
perience  (a  posteriori)  probability  density  p(x|y)  enters  its  expres¬ 
sion  under  the  integral  sign,  i. e.,  the  probability  density  of  the  quan¬ 
tity  x  under  the  condition  that  the  value  has  been  measured.  Accord¬ 
ing  to  the  multiplication  theorem 

p{x,  y)—p (x) p (y\x) =p(y)p {x\yf,  (6) 

hence 

p{x\y)=j^P(x)p(y\x). 

In  order  to  minimize  the  conditional  mean  risk  (5)  the  course  of 
the  corresponding  curve  of  the  a-posteriori  known  probability  density 
p(x|y)  as  a  function  of  x  must  be  known. 

Integrating  Eq.  (6)  over  the  variable  x  and  bearing  in  mind  that 
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for  any  _y 


(p(jc[y)rf^: 


being  an  integral  with  infinite  limits  of  the  probability  density,  we 


obtain 


p{y)=  J  p{x)p{y\x)dx. 


It  follows  from  the  obtained  expressions  that 


p.m= 


p(x)p{j/\x) 


J  fix)p{n\x)<tx 


Equations  (7)  and  (8)  are,  respectively,  analogous  to  the  formula 
for  the  total  probability  and  to  Bayes’  formula  for  the  probability 
densities. 

Since  the  denominator  of  Relation  (8)  is  independent  of  x,  the 
latter  can  be  represented  in  the  following  form  for  each  measured 


value  of  jjr 


p{x\tj)—kvp(x)p(y\x). 


The  normalizing  factor  k  in  Eq.  (9) 

v 

i  _  I  _  I  (10} 

]  p[*)r 

—49 

determines  the  scale  of  the  curve  p(x|y)  on  the  x  axis  such  that  the 
area  below  this  curve  is  equal  to  unity. 

The  function  p(x)  in  Eq.  (9)  describes  the  a-priori  probability 
density  of  the  values  of  the  signal  x#  and  p(y|x)  describes  the  condi¬ 
tional  probability  density  of  the  quantity^.  By  virtue  of  Eq.  [(5) 


§1-5] 


p(y[x)—p*{it— x). 


Thus,  Eq.  (9)  can  be  rewritten  in  the  form 

p(x\y)=k,p{x)pu(y- x :). 
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We  shall  illustrate  the  obtained  Relation  (12)  on  the  following 
assumptions: 

1)  the  a-priori  probability  density  of  the  quantity  x  is  describ¬ 
ed  by  the  expression 


p(x)=p,(x)= 


[0  for  x<x,  »  x>xt, 

jr»— jr,f or  Xi<Cx<^ .*»; 


2)  the  interference  distribution  obeys  a  normal  law  [(11)  §  1 • 5 ] * 
Figure  1.10a  shows  the  curve  of  the  a-priori  probability  density 
P0(x).  Figure  1.10b  shows  the  curve 

.  dr-jtf 

P  (y\x) =ptt(y-x)=  ~~  e  (13) 

|T2iw, 


as  a  function*  of  the  unknown  value  of  x.  This  curve  is  a  Gaussian 

p 

curve,  plotted  on  the  x-axis.  Its  dispersion  is  equal  to  nQ,  and  its 
mean  value  is  equal  to  the  measured  value  of  y. 

Figure  1.10c  shows  the  curve  of  the  a-posteriori  probability  den¬ 
sity  p(x|y),  obtained  by  multiplying  the  curves  pQ(x)  and  p(y]x), 

taking  account  of  the  normalizing  factor  k  .  The  area  below  this  curve 

<y 

is  equal  to  unity.  The  curve  p(x|y)  takes  into  account  both  the  result 
of  measuring  and  the  a-priori  data  on  the  possibility  values  of  the 
quantity  to  be  measured  x  and  the  interference  n. 

The  interference  level  exerts  an  essential  influence  on  the  a-pos¬ 
teriori  distribution.  In  order  to  realize  this,  let  us  consider  two 
limiting  cases: 

1)  the  interference  is  very  weak  —  small  compared  to  the  interval 
of  measurable  values  (n^  «  Xg  —  x^) : 

2)  the  interference  is  very  strong  —  great  compared  to  the  inter¬ 
val  of  measurable  values  (nQ  »  Xg  —  x^). 

Figure  1.11a  shows  the  curves  pQ(x)  and  p(x|y)  »  p(y|x)  for  the 
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case  of  a  weak  interference.  In  this  case,  the  curve  of  the  a-poster- 

iori  distribution  is  determined  by  the  result  of  measuring  and  the 

2 

dispersion  of  the  interference  n^. 


*  t  *i  * 


Fig.  1.10.  Probability  density  curves,  a)  Of  a  priori  pQ(x)j  b)  of  the 
probability  density  p(yjx)  of  the  measured  value  of  as  a  function  of 
the  true  value  of  xj  e)  of  the  a-posteriori  probability  density  p(x|y). 


Figure  1.11b  shows  the  curves  p(y|x)  and  p(x|y)  ~  pQ(x)  for  the 
case  of  strong  interference.  In  this  case  the  curve  of  the  a-poster- 
iorl  distribution  is  practically  equal  to  the  curve  of  the  a-priori 
distribution  since  the  results  of  the  measurement  are  not  reliable. 

The  considered  relations  and  examples  of  a-posterlori  probability 
density  curves  p(x|y)  permit  us  to  return  to  the  problem  of  choosing 
the  optimum  estimate  x*p^  =  We  shall  require  that  this  esti¬ 

mate  should  minimize  the  conditional  mean  risk  (5) 

'<*•!#)=  J  ls')|,*=  !“ln- 

(i4) 

In  the  following  we  shall  only  use  the  square  error  value 

r(x\x)={x'-x)*.  (15) 

This  implies  that  the  mean  risk  and  the  conditional  mean  risk  re¬ 


duce  to  the  mean  square  deviations. 


r-’-’isK  ‘—•S* 


Pig.  1.11.  Curves  of  the  a-priorl  and  a-posteriori  probability  densi¬ 
ties:  a)  For  weak  interference ,  nQ  <  Xg  —  Xp  b)  for  strong  interfer¬ 
ence,,  nQ  >  x2  “  xi* 


•  \ 

i 
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Fig.  1.12.  Curves  of  the  a-posteriori  probability  density  curve  p(xjy) 
and  the  error  value  r(x*,  x)  if  the  estimate  x*  was  chosen  unfavorably. 

Figure  1.12  shows  the  curve  of  the  a  posteriori  probability  den¬ 
sity  p(x|y)  and  the  error  value  curve  for  an  arbitrary  estimate  x*.  Ob¬ 
viously,  the  estirrate  x*  differs  considerably  from  the  optimum  in  the 
given  case,  since  a  considerable  error  charge  corresponds  to  the  most 
probable  values  of  x,  and  a  value  of  x  with  low  probability  corresponds 


< . , 


zero,  i.e.,  we  put 


~  J(x~**)V(.*|j/)dx=0  for  jc*=^ 


Hence  we  obtain  that 


w 

•Cr=  J  xpix^dx^M^y], 


(16) 


i.e.,  the  optimum  estimate  Is  found  to  be  the  center  of  gravity  (first 
moment)  of  the  a-posteriori  distribution  curve.  In  other  words,  it  is 
equal  to  the  a-posteriori  mathematical  expectation  of  the  value  x* 

Using  Eqs.  (l4-(l6)  we  find  for  the  magnitude  of  the  conditional 
mean  risk  in  the  case  of  optimum  estimate 

As  can  be  seen  from  Eq.  (17)  the  quality  of  the  optimum  estimate 
carried  out  is  determined  by  the  dispersion  of  the  a-posteriori  distri¬ 
bution  D(x|y).  The  dispersion  of  the  distribution  can  be  expressed 
in  terms  of  its  first  and  second  momenta 

D{x  1  y) = M,  {x  I y)  -  Mf  {*|>},  ( • 18 ) 

which  follows  Immediately  from  Expression  (17)* 

Here 


Af*  {•*  I  If}  =  J  *'p{x !  y)  dx. 


(19) 


Taking  the  mean  of  the  quantity  r(x*WT|y  over  all  possible  values 

of  %  according  to  (4),  we  obtain  for  the  optimum  estimates 

_  00 

'=  J  D{x\y}p[y)  dy.  0 ) 

—00 

Equation  (20)  characterizes  the  minimum  value  of  the  mean  suare 

of  the  error  for  the  entirety  of  measurement  conditions.  This  minimum 

is  guaranteed  by  condition  (17)5  if  it  is  fulfilled  (for  arbitrary 

H)  the  estimate  has  no  constant  error,  i.e., 
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Af,K— 4=Afl{(**-*)te}=0. 

We  shall  illustrate  the  obtained  results  by  the  examples  of  a- 
posteriori  distributions  for  a  onedimensional  measurement  (Pig. 1.11) 
in  the  case  of  a  very  strong  and  a  very  weak  Gaussian  interference. 

In  the  case  of  a  very  strong  interference  (Fig.  1.11b)  the  cen¬ 
ter  of  gravity  of  the  a-posteriori  distribution  curve  and  the  optimum 
estimate  are  equal  to  ,  independent  of  the  measured  value  of 

In  contrast  to  this  result,  the  optimum  estimate  is  equal  to  the 
measured  value  of  in  the  case  of  a  weak  Gaussian  interference 
(Fig.  r.  lib)  since  in  this  case  ^  corresponds  to  the  center  of  gra¬ 
vity  of  the  a-posteriori  distribution  curve. 

In  the  case  of  symmetric  convex  distribution  curves  the  center 
of  gravity  always  coincides  with  the  curve  maximum.  Consequently,  the 
abscissa  of  the  maximum  of  the  a-posteriori  distribution  curve 
P(x\y).  is  often  chosen  for  the  optimum  estimate,  instead  of  (16). 
Such  an  estimate  will  be  termed  most  probable  estimate.  Thus,  in  the 
case  of  n0  xs  considered  above  the  estimate  x*~y  is  the 
most  probable  estimate. 


The  quality  of  the  optimum  estimates  x^^  for  the  a-posteriori 

.1 

distributions  p{x\y)  in  example  (Fig.  1.11)  may  be  established  on  the 
basis  of  Eqs,  (17)  and  (20).  For  weak  Gaussian  interferences  (Fig.  1. 
11a)  we  have 

'(x,)nr\y)—D{x\y}=nl. 


Since  the  mean  square  of  the  error  is  independent  of  £,  it  is  not 
changed  after  taking  the  mean  over  i.  e. ,  we  have  also  .  For 

very  strong  interferences  (Fig.  1.11b)  the  dispersion  of  the  a-post¬ 
eriori  di stribution  coincides  with  the  dispersion  of  the  a-priori  one, 
and  its  value  is  independent  of 


,>  *£ 


<L~  T-WMI  H 


r=r(x^t\y)=D{x\ y}= D  {*}, 

where 

pW“f ^35=3;***— [  j1  *  ipb; 

*t  *\ 

The  optimum  root-mean- square  deviation  of  the  measurement  for 
the  examples  (Fig.  1.11)  will  be:  *ck »=/»,  for  a  very  weak  interfer¬ 
ence  and  =  for  a  very  strong  one.  Thus,  a  variation  of 

the  interference  from  a  very  strong  to  a  weak  one  varies  the  magni¬ 
tude  of  this  error  by  times. 

n%Y  12 

With  this  remark  we  shall  finish  the  consideration  of  examples 
of  one-dimensional  optimum  measurements  It  was  shown  in  the  course  of 
the  consideration  that  the  mean  risk  can  be  minimized  starting  from 
the  a-posteriori  distribution  curve  of  the  values  of  the  quantity  to 
be  measured.  In  the  case  of  a  quadratic  error  value  the  optimum  es¬ 
timate  corresponds  to  the  center  of  gravity  of  this  curve  and  in 
many  cases  can  be  replaced  by  the  most  probable  estimate.  If  the  a- 
-posteriori  distribution  is  known  also  the  optimum  root-mean-square 
deviation  of  the  measurement  can  be  estimated. 

The  statistic  approach  illustrated  by  the  examples  of  onedimen¬ 
sional  optimum  measurement  is  most  widespread  in  the  analysis  of  the 
measurement  of  real  radar  signal  parameters.  In  doing  so,  first  only 
single,  but  then  also  successive  multiple  measurements  will  be  con¬ 
sidered. 
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In  the  given  denotation  p(x)  and  p(y)  are  different  func¬ 
tions,  and  not  the  same  function  with  a  different  argument. 
This  way  of  labeling  which  is  frequently  used  in  statistics 
will  also  be  adopted  in  the  following. 

We  remind  that  this  curve  is  represented  in  Fig.  1.6a  or 
1.8b  as  a  function  of  the  measured  value  of  In  this 
connection,  the  value  of  x  was  considered  to  be  fixed. 


«  [Transliterated  Symbols] 

Aon  =  dop  =  dopustimyy  =  admissible 

ckb  =  skv  =  srednekvadratiehnyy  =  root  mean  square 

Bep  -  ver  =  veroyatnyy  =  probable 

Mane  =  maks  =  makslmal  'nyy  =  maximum 

oriT  =  opt  =  optimal' nyy  =  optimum 

n  =  p  =  pomekha  =  interference 

cn  =  sp  =  signal  s  pomekhoy  =  signal  with  interference 


Chapter  2 

SIGNALS  AND  INTERFERENCES  IN  THE  THEORY 
OF  DETECTION  AND  MEASUREMENT 

§2.1.  PROPERTIES  OF  REAL  RADAR  SIGNALS 

Let  us  watch  how  a  radar  signal  is  formed.  We  consider  the  tar¬ 
get  tobe  point-like  and  at  reast  and  the  conditions  of  radio-wave 
propagation  to  be  ideal.  Let  a  radio  transmitter  produce  modulated 
high-frequency  oscillations  which  are  described  by  the  function  sQ(t) 
except  for  an  amplitude  factor.  Furthermore,  since  with  most  of  radars 
the  antenna  beam  for  scanning  the  space  is  formed  according  to  a  law 
chosen  earlier  (Fig.  2.1),  the  transmission  factor  of  the  antenna  in 
the  direction  of  the  target  will  be  a  nonrandom  function  of  time 
H^t).*  The  sounding  radar  signal  can  be  described  by  an  expression 
of  .the  form  sQ(t)H1(t),  in  this  case.  The  field  of  the  reflected  sig¬ 
nal  arriving  from  the  point-like  target  with  a  delay  of  t^  will  be, 
except  for  a  factor, 

where  (r  is  the  distance  from  the  target). 

When  the  beam  of  the  receivirg  antenna  is  formed  its  trans¬ 
mission  factor  for  oscillations  of  this  field  is  also  a  function  of 
time  H2(t).  Consequently,  the  signal  entering  the  input  of  the  re¬ 
ceiver  is  subject  to  an  additional  modulation  by  £he  function  H2(t) 
and  can  be  written  in  the  form 

*(/)=*,(< -/,)//,(< 


-ho  - 


.  B  ««* 


For  ordinary  single -antenna  radars  H-^(t) 
Hg(t)  =  H(t).  Besides,  the  displacement  of  the 
antenna  beam  during  the  time  of  delay  is,  as 
a  rule,  small  compared  to  the  width  of  the  ra- 


■*"  ®xP-Lana^on  diation  pattern  such  that 
of  the  process  of  v 


radar  signal  forma¬ 
tion  in  scanning. 

A)  RLSj  B)  target. 


Thus,  a  radar  signal  that  is  reflected  from  a  point- like  target 
at  rest  is  a  modulated  oscillation  x(t)  whose  modulation  law  is  de¬ 
termined  both  by  the  way  the  transmitter  modulator  works  and  by  the 
behavior  of  the  antenna  beam  in  transmission  and  reception.  A  radar 
may  have  several  operating  conditions,  but  for  each  of  these  condi¬ 


tions  the  modulation  law  is  considered  to  be  fixed.* 


The  oscillation  x(t)  is  a  high-frequency  one,  and  it  can  be  re¬ 
presented  in  the  form 

x(t)—X  (i)  cos  -f * ,  (01,  (2) 

where  a)Q  is  the  carrier  frequency,  and  X(t)  and  cpx(t)  are  functions 
which  usually  vary  slowly  compared  to  the  oscillations  of  the  carrier 
frequency  cos  <BQt.  These  functions  describe  the  laws  of  the  amplitude 
and  phase  modulations,  respectively. 

We  shall  give  some  very  simple  examples  of  radar  signals. 

Figure  2.2  shows:  a  signal  in  the  form  of  a  short  radio  pulse 
x(t),  its  envelope  X(t),  and  also  the  initial  phase  *P  ( t ) .  In  the 
given  case,  we  note  that  there  is  no  phase  modulation.  Consequently, 
<Px(t)  =  const.  Such  a  signal  is  obtained  in  the  case  of  a  pulse  mo¬ 
dulation  of  the  transmitter  if  one  pulse  is  .transmitted  to  the  point¬ 
like  target. 
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Figure  2. 3a  shows  a  sighal  in  the  form  of 
a  packet  of  short  radio  pulses  following  one  an¬ 
other  after  a  sending  time  T  in  the  case  of  uni¬ 
form  antenna  beam  formation  relative  to  the 
direction  toward  the  target.  Fig.  2. 3b  shows 
the  envelope  of  the  packet  whose  shape  depends 

Fig. 2.2.  Example  of  a 

radio  pulse  (a);  its  on  the  modulation  law  governing  the  formation 
envelope  (b);  time- 

dependence  of  the  in-  of  the  beam.  Fig.  2. 3c  shows  the  initial  pulse 
itial  phase  (c). 

phases  on  the  assumption  that  the  target  is  at 
rest,  the  transmitter  pulses  have  the  same  in¬ 
itial  phase  and  that  the  formation  of  the  antenna  beam  does  not  give 
rise  to  a  phase  modulation. 

Packets  whose  phase  varies  from  pulse  to  pulse  according  to  a 
definite  law  are  termed  coherent  packets. 

Figure  2. 4.  shows  a  coherent  packet  characterized  by  its  phase 
structure.  The  variation  of  the  phase  from  pulse  to  pulse  due  to  the 
motion  of  the  target  (toward  the  radar)  with  a  constant  radial  velo¬ 
city  of  v^  =  const  is  taken  into  account.  For  this  reason,  the  path 
of  the  electromagnetic  oscillations  to  the  target  and  back  is  re¬ 
duced  by  rr  ==  2vrT  during  each  sending  period  T.  Thus,  the  phase  delay 
is  reduced  and  the  initial  phase  of  the  signal  is  increased  by 
yT  —  ?jLrT  from  pulse  to  pulse,  where  X  is  the  waveleng'on. 

The  difference  in  the  phase  structure  of  the  coherent  packets  in 
Fig.  2. 3.  and  2. 4  due  to  the  motion  of  the  target  is  additionally 
illustrated  by  Fig.  2. 5,  where  the  mn  intercept  of  Fig.  2.4  is  drawn 
at  a  larger  scale.  The  solid  curve  corresponds  to  a  target  moving  with 
constant  radial  velocity,  and  the  dotted  line  to  a  target  at  rest. 

Figure  2.6  allows  for  an  indefiniteness  in  the  initial  phase  of 
zhe  emitted  oscillations,  which  arises  if  the  initial  phase  of  the 


generated  oscillations  is  random  and  not  kept  in  mind  in  order  that 
it  can  be  eliminated  in  the  reception. 

A  packet  with  random  phase  variation  from  pulse  to  pulse  (Pig. 2. 
6)  is  termed  incoherent  pulse  packet. 

The  analysis. of  a  radar  signal  in  the  case  of  a  nonpoint-like 
target  can  be  simplified  considerably  if  the  diagram  of  the  secondary 
reradiation  having  a  petaloid  form  for  nonpoint-like  targets  is  in¬ 
troduced.  Since  the  angular  position  of  the  target  is  random,  also 
the  signal  has  a  random  amplitude.  If  during  the  time  of  irradiation 
the  target  is  shifted  aside  relative  to  the  direction  toward  the 
radar  (Pig.  2.7)  the  signal  suffers  an  additional  modulation,  accord¬ 
ing  to  the  kind  of  motion  and  the  form  of  the  secondary  reradiation 
diagram.  In  this  case,  the  envelope  of  the  packet  is  distorted 
(Fig. 2. 8).  The  same  result  can  be  obtained  if  the  target  is  replaced 
by  all  elementary  reflectors  distributed  over  the  volume  it  occupies. 
The  distortion  of  the  packet  is  here  explained  by  the  interference 
of  the  elementary  packet  signals  from  the  polnt-like  radiators  super¬ 
posed  on  each  other.  The  shift  of  the  target  relative  to  the  direc¬ 
tion  toward  the  radar  gives  rise  to  an  inequality  of  the  radial  vel¬ 
ocities  of  all  target  points  and,  therefore,  also  of  the  initial 
phases  of  the  interfering  pulses. 

Thus,  real  radar  signals  have  the  following  properties: 

1.  Regular  modulation  determined  by  the  way  in  which  the  trans¬ 
mitter  works  and  by  the  law  of  antenna  beam  formation. 

2.  Regular  variation  of  the  signal  phase  structure  owing  to  the 
target  moving  with  fixed  velocity. 

j.  Random  amplitude  and  phase  modulation  of  the  signal  in  the 
cas<=:  of  secondary  radiation  or  presence  of  random  signal  parameters 
(If  curing,  cne  ~±z.=  cf  irradiation  „ne  target  is  not  shifted  remark- 


J. 


* 


ably  relative  to  the  direction  toward  the  radar). 


Pig.  2.3.  Coherent  Packet  of 
reflected  radio  pulses  (as); 
its  envelope  (b)j  time  de¬ 
pendence  of  the  initial  > 
phase  (c)  (case  of  reflecx-i 
or  at  rest). 


Pig.  2.4.  Coherent  packet  of  re¬ 
flected  radio  pulses  (a);  time  de¬ 
pendence  of  the  initial  phase  (b) 
(case  of  point- like  moving  reflec¬ 
tor). 


It  is  essential 


featuJ; 


e  that  the  delay  of  the  signal  depends 


on  the  distance  from  the  target,  and  that  the  phase  structure  depends 


on  the  radial  velocity.  This  fact  makes  it  possible  to  measure  both 


the  distance  and  the  radial  velocity. 


\pu  vrto  2 


Pig. 2. 5.  Variation  of  the  phase 
structure  of  a  coherent  packet 
of  radio  pulses  in  the  case  of 
a  moving  point-like  reflector. 
1)  at;  2)  at. 


Pig. 2. 6.  Incoherent  pack¬ 
et  of  reflected  radio  pul¬ 
ses  (a)  and  possible  time 
dependence  of  the  initial 
phase  (b) 


Pig. 2.7.  Explanation  of  ■ 
the  random  modulation  of  a 
reflected  signal  in  the 
case  of  a  moving  nonpoint¬ 
like  target.  1)  ELS. 


Pig.  2,8.  Example  showing 
the  distortion  of  the  en¬ 
velope  of  a  radio-pulse  pack¬ 
et  due  to  the  motion  of  a 
nonpoint-like  target. 


§2.2.  BASIC  MODELS  OF  RADAR  SIGNALS 


Certain  signal  models  are  used  in  the  theory  of  detection  and 
measurement  of  parameters.  A  model  must  satisfy  the  contradictory 
demands  of  a  sufficient  similarity  to  the  real  signals  and  simplicity 
of  theoretical  analysis.  The  degree  of  generality  of  the  results 
which  can  be  obtained  is  also  of  essential  significance.  According 
to  which  of  the  demands  is  more  important  one  or  another  model  of 
radar  signal  of  different  degress  of  complexity  is  used. 

The  simplest  model  is  an  arbitrary  signal  with  fully  known 
parameters. 

jc(0=X(Qcos  (Oi-  (1) 

In  a  detection  problem  only  the  fact  if  this  signal  is  present  is 
considered  unknown. 

According  to  the  degree  of  complexity  this  model  is  followed  by 
that  of  a  signal  with  random  initial  phase 

x(t,  P)=X(/)cos{V+?,(0+W.  (2) 

where  p  is  a  random  quantity,  uniformly  distributed  in  the  interval 
from  0  to  2tt. 

Furthermore,  the  model  of  a  signal  with  random  amplitude  and  in¬ 
itial  phase  can  be  introduced 

x(t,  p.  B)= BX(t)cos  W+?«(0+M.  (3) 

where  not  only  p,  but  also  B  is  a  random  quantity.  Usually,  the  latter 
quantity  can  be  regarded  as  distributed  according  to  Rayleigh's  law 

__  m 

where  the  mean-square  value  of  the  amplitude  is  determined  from  the 
condition 

15*— B*  =2fl!. 

«*t  o  • 
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We  may  put  Bsky  =  1,  without  3.oss  of  generality.  Hence 

p(B)=-.2B<r*  (B  >  0).  (4) 

The  following  model  is  a  signal  in  the  form  of  a  packet  non¬ 
fluctuating  as  to  the  amplitude  with  random  initial  phases  of  the  in¬ 
dividual  nonoverlapping  pulses 

•X  (/,  fc.  fc, . . .) =£  X*  (0  cos  [<*./  +>*  (0  4-  P*].  ( 5 ) 

Usually,  the  ft^  are  independent  random  quantities  each  of  which  is 
uniformly  distributed  in  the  interval  from  0  to  2^.  This  model 
corresponds  to  an  incoherent  packet  of  radio  pulses. 

If  all  ft^  are  equal  to  the  same  random  quantity  ft,  the  packet 
signal  reduces  to  the  signal  (2)  with  random  initial  phase.  In  fact, 
expression  (5)  will  go  over  into  expression  (2),  if  we  assume  within 
the  limits  of  the  kth  pulse  X{t)=Xk(t),  <M0~<P*(0  »  and  in  the  in~ 

tervals  between  the  pulses  .X(i)=Q  .  Such  a  signal  model  with  the 

same  total  phase  for  all  pulses  (see  Fig. 2. 3)  is,  obviously,  a 
coherent  pulse  packet. 

The  expression 

•*(4  •  >*Blt . .  (6) 

contains  random  factors  allowing  for  the  fluctuation  of  the  packet 

1  envelope  (Fig. 2.8),  in  contrast  to  the  preceding  expression.  If  all 

*1 
,  l 

'  random  factors  are  equal:  =  . . .  =  B^  =  B,  we  have  the  case  of 

A, 

* 

"friendly”  fluctuations,  where  only  the  packet  amplitude  fluctuates, 

I 

but  the  form  of  its  envelope  remains  unchanged.  Another  limiting 
case  is  the  independent  fluctuation  of  the  packet  pulses,  where  all 
B^  are  independent  random  quantities. 

Thus,  for  detection  problems  the  radar  signal  model  can  be  re¬ 
presented  by  an  expression  of  the  form 


li 


H 

X 


, 

x 

§ 

7 


-  4?  - 


i 


Pi*  P2,  . . .  are  here  random  parameters  whose  common  distribution  law 
is  given.  Only  the  fact  whether  such  a  signal  is  present  is  consider¬ 
ed  unknown. 

For  problems  concerning  the  measurement  of  para,",  .ters  the  signal 
can  be  denoted  in  an  analogous  way 

. P,-.  (8) 

where,  additionally  a-^,  a2,  . . .  are  parameters  subject  to  measure¬ 
ment.  Among  these,  e. g. ,  there  may  be  quantities  characterizing  the 
distance  from  the  target,  its  radial  velocity,  angular  coordinates, 
etc.  The  same  fact  whether  the  signal  is  present  is  considered  un¬ 
known,  in  this  case. 

§2.  3.  FLUCTUATION  INTERFERENCES  AND  THEIR  STATISTICAL  PROPERTIES 

Fluctuation  interferences  (fluctuation  noise)  play  a  special 
role  among  the  interferences  limiting  the  possibilities  of  receiving 
weak  radio  signals.  These  interferences  may  be  generated  by  various 
phenomena  in  the  input  units  of  the  radio  receiver,  as,  e.g.,  by 
thermal  motion  of  the  electrons  in  the  conductors  and  resistances, 
by  a  short  effect  in  the  electronic  amplifiers,  etc. 

Fluctuation  noise  may  also  be s induced  in  the  receiving  antenna 
by  electromagnetic  oscillations  due  to  all  kinds  of  electron  motions 
in  the  surrounding  terrestrial  or  -'cosmic  space.  All  these  sources 
cannot  be  fully  eliminated,  a  fact  that  explains  also  the  particular 
role  played  by  fluctuation  noise  among  the  other  kinds  of  interfer¬ 
ence. 

Fluctuation  noise  is  one  of  the  stationary  random  processes,  i.e 
of  those  processes  whose  mean  statistic  characteristics,  as,  e.g., 
their  mean  power,  are  constant  in  time. 

In  order  to  clarify  the  statistical  laws  governing  the  fluctua- 
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tion  interferences,  we  shall  turn  to  the  simplest  arrangement  used 
to  observe  these  interferences  (.Fig. 2. 9).  This  arrangement  consists 
of  the  noise  source,  a  linear  band-pass  amplifier,  whose  pass  band 
Af  is  considerably  lower  than  the  central  frequency  fQ,  and  the  os¬ 
cillograph.  We  assume  (as  is  usually  the  case,  in  reality)  that  the 
pass  band  of  the  amplifier  is  considerably  narrower  than  the  spectral 
width  of  the  noise  source. 

_  A  _  _ G  Obviously,  the  individual  random 

nmicitii _ m  otuMMo-  I 

|  nnttxw  a  ywj»mar»,[  }  w  [  random  noise  pulses  will  set  swinging 

the  oscillatory  system  of  the  amplifier- 
Since  the  pulses  are  random,  the  volt¬ 
age  at  the  output  end  of  the  amplifier 
will  be  given  by  an  oscillation  with 


Fig. 2.9.  Simplest  arrange¬ 
ment  used  to  observe  fluc¬ 
tuation  noise.  A)  Noise 
source 
lifier 


lource;  B)  band-pass  amp- 
.ifierj  C)  oscillograph. 


random  amplitude  and  random  initial  phase  (Fig. 2.10) 

n  (0  ~  (0  cofe  [2*f,t  4-  r„  (/)],  (1) 

since  it  is  obtained  by  the  reaction  of  the  amplifier's  oscillatory 
system  superposed  on  each  pulse. 

The  narrower  the  pass  band  Af,  the  more  time  is  taken  by  the 
transient  in  the  amplifier  circuits  that  is  due  to  each  individual 
pulse,  and  the  more  slowly  vary  the  amplitude  Un(t)  and  ihe  phase 
<pn(t)  compared  to  the  high-frequency  oscillations  cos27rfQt  or  sin  27rf0t. 
On  the  other  hand,  the  wider  the  band  Af,  the  sooner  the  reaction  after 
each  pulse  comes  to  an  end  and  the  more  choatic  the  oscillation  n(t) 
will  be. 


Fig. 2.10.  Random  noise  realization 
at  the  output  of  the  resonance  amp¬ 
lifier  tuned  to  the  frequency  fQ. 
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Let  us  choose  at  random  a  sufficiently  great  number  of  instants 
of  time  for  the  purpose  of  observation  ti  (i  -  1,  2,  . ..)  in  an  inter¬ 
val  exceeding  the  value  of  1/Af  by  many  times.  As  is  well  known,  the 
latter  quantity  characterizes  the  duration  of  the  transients  in  the 
oscillatory  system.  The .position  of  this  interval  on  the  axis  of 
time  is  unessential  since  the  process  is  assumed  to  be  stationary.  .. 

We  shall  consider  the  voltage  values  n^  =  n^(t)  at  the  chosen 
instants  of  time  to  be  the  values  of  a  random  quantity  n  characterized 
by  the  probability  density  p(n).  Since  positive  and  negative  values 
of  n  are  equally  probable,  the  distribution  function  p(n)  (Pig. 2. 11) 
is  symmetric  relative  to  the  axis  of  ordinates  n  -•  0,  such  that  the 
mean  value  is  n  =  0»  The  probability  of  the  valuer  n.  lying  in  the 
interval  from  n  to  n  +  dn  will  be  equal  to  the  corsshatched  area 
p(n)dn.  The  whole  area  below  the  curve  p(n)  is  equal  to  unit.  The  dis¬ 
tribution  curve  of  the  instantaneous  values  of  fluctuation  noise  obeys 
a  normal  (Gaussian)  law. 


/>(/»)  = 


Pig. 2. 11.  The  distribu¬ 
tion  curve  p(n)  of  the 
instantaneous  values  of 
the  fluctuation  oscil¬ 
lations. 


2 

where  nQ  is  the  dispersion. 

The  applicability  of  the  Gaussian 
law  to  the  case  considered  follows  imme¬ 
diately  from  the  central  limit  theorem  of 
the  theory  of  probability.  At  any  instant 
of  time,  the  voltage  n  at  the  amplifier 
output  is  composed  of  t.i?  results  of  a 
very  great  number  of  random  effects  each 
of  which  yields  a  component  of  the  voltage 
with  sufficiently  small  dispersion.  Under 


this  condition,  the  lav;  of  great  numbers  is  valid  and  the  distribution 
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of  the  quantity  n  as  well  as  that  of  the  accidental  ...rors  e,  (§1.2) 
is  sufficiently  close  to  a  normal  one. 

The  distribution  law  of  the  instantaneous  fluctuation  noise 
values  can  be  observed  if  the  voltage  n(t)  to  be  studied  is  fed  from 
the  amplifier  output  to  the  vertically  deflecting  plates  of  an  oscil¬ 
lograph  with  switched  off  sweep.  In  this  case*  a  bright  vertical  line 
of  high  intensity  in  the  center  and  lower  one  at  the  edge  will  be  ob¬ 
served  on  its  screen.  The  curve  of  brightness  distribution,  which, 
e.g. ,  can  be  taken  by  means  of  a  photocell,  will  correspond  to  a  nor¬ 
mal'  distribution  law  (2). 

Besides  by  the  distribution  law  of  the  instantaneous  values, 
the  noise  can  also  be  characterized  by  the  distribution  law  of  its 
amplitude  Un  and  its  initial  phases  <Pn. 

The  values  U  and  q>  at  the  instants 
r\  of  time  t^,  as  well  as  the  values  n^,  are 

I  random  quantities,  the  first  of  which  is 

K _ distributed  according  to  Rayleigh’s  law 

*  (Fig.  2.12), 


Fig. 2. 12.  Distribution 
curve  of  the  fluctua¬ 
tion  oscillation  amp¬ 
litudes. 


n o 

whereas  the  second  quantity  has  a  uniform 


distribution  within  the  limits  from  zero  to  27r. 

The  distribution  law  p(Un)  can  be  observed  by  using  the  same 
arrangement  as  in  (Fig. 2.9)  if  a  linear  envelope  detector  is  inserted 
between  the  amplifier  and  the  oscillograph.  In  this  case,  a  bright 
vertical  line  with  an  asymmetric  brightness  distribution  will  b.e  ob¬ 
served  on  the  screen.  The  brightness  curve  will,  in  this  case,  obey 
the  Rayleigh  law  (3).  The  most  intense  brightness  will  correspond  to 
the  most  probable  value  of  the  amplitude. 

The  distribution  laws  p(n)  and  p(Un)  characterizing  the  possible 
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oscillation  amplitude  at  every  instant  of  time  does  not  make  it  pos¬ 
sible  to  estimate  the  statistical  connection  of  the  oscillation  values 
n(t)  at  neighboring  instants  of  time.  Thus,  they  also  do  not  permit 
a  clarification  of  the  general  structure  of  the  individual  noise  rea¬ 
lizations  (Fig. 2. 10) determined  by  the  character  of  the  transients  in 
the  amplifier  circuits. 


Fig. 2. 13.  Diagram  showing  the  oscillographic  observation  of  the  cor¬ 
relation  function  of  fluctuation  noise.  A)  Line  of  variable  delay; 

B)  multiplier;  C)  integrating  averager;  D)  sweep  generator. 

To  describe  this  structure  it  is  sufficient  to  take  the  curve  of 
the  noise  correlation  function.  The  latter  can  be  obtained  experimen¬ 
tally  if  the  circuit  shown  in  Fig.  2.13a  is  connected  with  the  output 
of  the  amplifier  (Fig.  2. 9). 

In  this  circuit  provision  was  made  for  a  delay  of  the  fluctuation 
voltage  n(t)  by  the  time  t,  multiplication  of  the  delayed  and  nonde- 
layed  oscillations*  and  taking  the  time  average  which  can  be  realized 
approximately  by  means  of  an  RC-type  integrating  circuit. 

As  a  result,  we  shall  obtain  a  quantity,  which  can  be  adopted 
approximately  as  the  true  value  of  the  noise  correlation  function. 


for  each  fixed  delay  x  : 


The  measured  value  will  be  the  closer  to  the  true  one  (4),  the 
longer  the  period  of  averaging  T  compared  to  the  duration  of  the  tran¬ 
sient,  which  can  be  measured  by  the  quantity  1/Af. 

The  correlation  function  R(t)  characterizes  the  statistical  con¬ 
nection  between  the  value  of  the  noise  n(t)  at  a  given  instant  of 
time  and  its  values  at  the  preceding  instants  of  time  n(t  —  t).  In  the 
general  case,  the  quantity  n(t)  has  a  component  determinable  by  the 
value  of  n(t  -  t),  which  can  be  considered  the  initial  value.  The 
influence  of  the  Initial  conditions  decreases  when  t  increases  and 
becomes  insignificantly  weak  if  t  exceeds  the  duration  of  the  trans¬ 
ients.  Consequently,  if  x  »  1/Af  the  values  of  n(t)  and  n(t  -  x)  be¬ 
come  independent,  and  their  product  n(t)n(t  —  t)  a  random  quaj.it it y 
whose  mean  value  is  equal  to  zero. 

Conversely,  if  t  is  sufficiently  small  compared  to  the  duration 
of  the  transients,  any  value  of  n(t)  is  only  slightly  different  from 
n(t  —  x)  and  R(x)  is  close  to  maximum 

r 

R{0) = lira -y-  f  n*  (0 dt* 

T-*co  jf 

The  value  of  R(0)  determines  the  mean  power  of  the  stationary  process 
n(/c)  for  a  load  resistance  of  one  ohm  or,  differently,  the  noise  dis¬ 
persion  at  the  output  end  of  the  band-pass  amplifier 

*(0  )-n*. 

The  curve  of  the  correlation  function  R(x)  can  also  be  observed 
if  the  voltage  is  fed  from  the  circuit  output  (Fig.  2. 13a)  to  the  ver¬ 
tically  deflecting  plate  of  the  oscillograph  (Fig„2.13b)  whose  hori- 

t 

zontal  sweep  is  synchronized  with  the  periodical  variation  of  the  de¬ 
lay  time  x.  The  observed  curve  of  the  function  R(x)  will  have  a  shape 
similar  to  that  drawn  in  Fig.  2.14b.  In  this  case,  the  period  of  the 
sweep  Tt  must  exceed  the  time  of  integration  considerably. 
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±n  the  given  case,  the  correlation  function  corresponds  to  the 
noi.-e  at  the  output  end  of  the  oscillatory  system  (Pig. 2.9).  Since 
the  transients  in  this  system  are  oscillatory,  also  the  correlation 
function  has  the  shape  of  a  high-frequency  oscillation  whose  ampli¬ 
tude  decreases  with  increasing  t  and  approaches  zero  if  t  »  l/Af. 

The  zeros  of  the  function  R(t)  are  separated  by  time  intervals  approx¬ 
imately  or  exactly  equal  to  the  natural  oscillation  period  of  the 
system.  The  damping  of  the  correlation  function  aplitude  for  increas¬ 
ing  t  is  connected  with  the  ..urs'rion  and  the  character  of  the  trans¬ 
ients  in  the  system,  which  was  discussed  above. 

The  course  of  the  correlation  func¬ 
tion  can  also  be  explained  from  the 
spectral  point  of  view. 

As  is  well  known  from  the  theory 
of  stationary  random  processes,  the 
Fourier  transform  of  the  correlation 
function  yields  the  spectral  density  of 
the  noise  or  its  energy  spectrum  to 
be  determined  in  the  range  --  00  <  f  <  °°, 

N<1)=]  R(*)e~n'l'dx.  (5) 

— 

In  its  turn,  the  correlation  func¬ 
tion  is  given  by 

*W=JJV(/)e,fc'Trf/.  (6) 

-09, 

Since  R(r)  is  an  even  function,  i.e.,  B(t)  =  R(-t),  N(f)  is  also 
an  even  function.  Consequently,  an  expansion  in  the  frequency  spectrum 
0  <  f  <  »  is  frequently  used.  This  expansion  is  obtained  by  putting 
N(f)  =  N(—f)  =  1/2  NQ(f)  in  Eq.  (6).  In  this  case 
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T 

Pig. 2.14.  Example  of  a  rec¬ 
tangular  interference  spec¬ 
trum  and  the  corresponding 
curve  of  the  correlation 
function. 
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/?  (t)=j //,(/)  cos 


(7) 


In  its  turn,  N0(f)  =  2N(f).  Using  the  fact  that  R(t)  is  even  we 
obtain  finally' 

N* (f)~ 2  J  R (t) e“w’ dxc=4[R (z) cos  2itfxdt. 

-09  a  ( 8 ) 


Figure  2. 14a  shows  an  example  of  rectangular  spectral  density 
distribution  of  th^ noise  Nq(!)  with  a  spectral  width  Af.  This  case 

V 

is  particularly  easy  to  calculate  although  the  frequency  characteris¬ 
tics  of  real  physical  systems,  i,  e.,  also  the  spectral  density  may 
not  be  strictly  limited  as  to  the  frequency. 

Carrying  out  the  calculation  according  to  formula  (7)  we  obtain 


for  this  case 


a(*)=N.J 


cos  2r.  fxdf  — 


“Zolij"' 


(9) 


The  corresponding  curve  of  R(t)  is  drawn  in  Fig. 2.14b  which  illus¬ 
trates  graphically  that 

1)  the  curve  R(x)  is  symmetric  relative  to  r  =  0,  i.e.,  the  cor¬ 
relation  function  is  even; 

2)  at  t  =  0  the  correlation  function  assumes  the  maximum  value 

R(0)=N.{h~ft)=nl, 

equal  to  the  noise  dispersion  or,  in  other  words,  to  its  mean  power 
with  a  resistance  of  1  ohm. 

3)  the  high-^equency  filling  of  the  function  R(x)  has  the  same 
period 

T.=- 1. 

as  the  noise  at  the  output  end  of  the  band  filter. 

Thus,  if  the  distribution  law  of  the  instantaneous  noise  values 


«  •  „  'I  t 


characterizes  .Lhe  noise  statistics  at  each  fixed  instant  of  time  the 
correlation  function  describes  the  statistical  connection  of  noise 
values  at  instants  of  time  separated  by  intervals  t.  The  smaller  the 
ratio  R(t)/R(0),  the  weaker  the  statistical  connection  between  them. 
§2.4.  White  Noise  as  a  Model  of  Fluctuation  Noise 

As  is  well  known,  the  thermal  radiation  spectrum  has  different 
intensities  for  different  frequencies.  Within  the  limits  of  the  radio¬ 
frequency  range,  however,  its  intensity  is  practically  constant.  At 
any  rate,  it  can  be  affirmed  that  within  the  spectral  ranges  occupied 
by  radar  or  other  radio  signals  this  intensity  is  constant.  In  order 
to  simplify  analysis  one  often  passes,  therefore,  to  the  model  of 
thermal  noise  with  a  perfectly  uniform  radiation  spectrum.  In  ana¬ 
logy  to  the  white  light  which  is  characterized  by  an  equal  spectral 
intensity  in  the  whole  frequency  range  corresponding  to  the  visible 
part  of  the  spectrum  this  model  of  thermal  noise  is  termed  white  noise. 

Let  us  return  to  the  problem  concerning  the  connection  between 
the  spectral  density  and  the  correlation  function  in  order  to  extend 
this  connection  to  the  white  noise. 

Figure  2.15  shows  the  transition  from  noise  in  the  frequency 
band  fmmw<f <!*•*«  ,  to  noise  in  the  frequency  band  0  <  f  <  fmaks> 
which  will  be  called  quasiwhite  noise  in  the  following,  and,  finally, 
the  transition  to  the  case  /»«« -*■«>  f  corresponding  to  the  intro¬ 
duction  of  the  white  noise  model. 
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The  area  surrounded  by  the  curve  of 

\ 

the  correlation  function  is  determined 
from  the  relation  [(8)  §2.3]  if  we  put 
f  =  0  in  it: 


fjttn 


OD 


(1) 


*  tjMKC  £)/ 

Fig.  2.15.  Explanation  of 
transition  to  white  noise. 

^min*  fmax^  C)  fmax* 

D)  fmax* 


This  area  does  not  depend  on  the  value 

of  w 

It  is  easy  to  understand  what  hap¬ 
pens  with  the  correlation  function  if 

f  increases.  It  shrinks  relative 
maks 


to  the  axis  of  abscissas  and  is  stret¬ 
ched  in  the  direction  of  the  axis  of  or¬ 
dinates  such  that  the  area  surrounded  by  the  curve  of  the  correlation 
function  always  remains  equal  to  Nq/2.  In  the  limiting  case  if 


maks 


«(,)=Af,fcos2«M=^-f  ewVf, 

•  "i 


or 


Here 


t): 


i(,)=J  tM'df 


(2) 


(3) 


is  the  delta  function  which  is  equal  to  zero  if  t  ^  0.  It  becomes  in¬ 
finite  for  t  =  0  and  is  characterized  by  the  property  that 

(4) 

Thus,  the  correlation  function  of  white  noise  is  described  by  a 
delta  function  except  for  a  factor  NQ/2.  This  implies  that  two  arbi- 
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Fig.  2.16.  Curve  of  correlation  func- 
tion  for  fmln  =  0.  1)  fmaka. 


trary  values  of  noise  correponding  to  a  finite  interval  %  between  the 
moments  of -observation  are  not  correlated  with  one  another; 

One  says  that  white  noise  is  delta  correlated.  This  property  con¬ 
siderably  simplifies  the  mathematical  calculations  when  white  noise  is 
-used  as  an  interference  model. 

§2-5*  Approximation  of  Signals  and  Interferences 

In  the  example  of  optimum  detection  and  measurement  (§1-5  and  1.6) 

considered  earlier  the  probability  densities  pfy)  and  p  (y)  of  a  one- 

P  SP 

dimensional  random  quantity  were  used.  The  introduction  of  these 
functions  was  not  difficult:  the  interference  as  well  as  the  signal 
were  characterized  by  only  -one  numerical  value  The  situation  is  com¬ 
pletely  different  if  the  interference  and  the  signal  are  functions  of 
time.  Obviously,  neither  of  them  can  be  described  by  one  numerical  val¬ 
ue  in  the  general  case.  In  this  connection  the  problem  arises  how  many 
independent  numerical  values  must  be  given  in  order  to  describe,  e.g. , 
the  interference.  In  other  words,  how  many  degrees  of  freedom  has  this 
interference? 


This  pr'-blem  is  closely  connected  with  the  approximation  of  sig¬ 
nals  and  interferences  by  series  of  the  form 

y(  0=Ey»'h(0>  (1) 

* 

where  ^k(t)  are  nonrandom  functions,  and  y^  are  the  expansion  coef¬ 
ficients  with  respect  to  these  functions,  random  for  \.he  expansion  of 
the  interference.  If  an  interference  is  completely  characterized  by 
some  set  v  of  independent  random  coefficients  yk(k  =  2,  ...,  7)  one 

says  that  it  has  v  degrees  of  freedom. 

Most  convenient  for  practical  use  are  expansions  v/here  tfk(t)  are 
orthogonal  functions  of  time,  and  the  expansion  coefficients  of  the 
interference  yfc  are  independent  random  quantities.  In  this  case,  the 
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approximation  (1)  is  termed  canonical  expansion. 

The  entirety  of  quantities  y^  completely  characterizing  the  re¬ 
alization  of  the  interference  y(t)  is  a  moredimensional  random  quanti¬ 
ty  whose  distribution  law  may  be  regarded  as  the  distribution  law  of 
the  realizations.  Thus,  it  is  possible  to  speak  of  a  mcredimensional 
distribution  law  of  one  interference  p  (y^,  y^j  . ..).  If  & 

signal  is  superposed  on  the  interference,  one  has,  however,  to  speak 
of  a  moredimensional  distribution  law  of  signal  and  interference 


Pspfrl'  y2J  *  *  * J  yk*  •*•)* 

We  shall  not  dwell  on  the  general  problems  of  constructing 
canonical  expansions,  but  rather  consider  their  construction  for  the 
quasiwhite  noise  model,  i.e.,  noise  in  the  limited  frequency  band 
0  <  f  <  fmaiKS  with  constant  spectral  density  N0(f)  -  WQ  in  this  band. 
The  passage  to  the  limit  fmalcs  00  makes  it  possible  to  pass  from 
the  relations  obtained  in  this  case  to  the  corresponding  relations 
for  the  white-noise  model. 

First  of  all,  we  shall  consider  the  properties  of  functions  with 
limited  frequency  spectrum  for  the  first  time  established  in  1933 
by  the  Soviet  scientist  V.  A.  Kotel'nikov,  which  equally  belongs  to 
random  and  nonrandom  functions  describing  interferences  and  signals. 
§2.6.  KOTEL'NIKOV'S  THEOREM 


The  essential  statement  of  the  theorem  is  the  fact  that  an  arbi¬ 
trary  function  y(t)  whose  spectrum  is  concentrated  in  the  frequency 
band  0  <  f  <  fmalcs  can  be  expanded  in  a  series  of  functions  of  the 


form 


sin* 

x 


i.  e. 


> 


yk 


«ln  2 

(<-*»)  * 


(1) 


where  yk  =  y(t^)  are  the  expansion  coefficients  having  an  interesting 
property  insofar  as  rhey  are  equal  to  the  instantaneous  values  of 
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the  function  y(t)  at  discrete  instants  of  time 

tk  =  kU  (A=0.  1,  ±:  2, . . .). 

At  is  here  a  time  interval  whose  magnitude  is  determined  by  the  width 
of  the  frequency  spectrum  of  the  function  y(t) 


Functions  of  the  form  (Fig.  217)  whose  values  vary  by  yk 

and  are  shifted  in  time  by  At  to  the  left  and  to  the  right  enter  for¬ 
mula  (1)  as  addends.  Their  summation  yields  a  curve  that  coincides 
with  the  curve  y(t)  in  all  points.  This  is  easy  to  verify  immediately 
for  the  discrete  points  t^  =  kAt,  at  which  all  addends  of  the  sum  (1) 
except  for  one,  vanish.  For  t  =  tk  the  addend  different  from  zero 
assumes  a  value  equal  to  the  instantaneous  value  of  the  function  y(t) 


at  the  instant  of  time  t^. 


I  I*  I*  I* 

-at  t  it  m 


Kit  t 


A 


A 
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Fig. 2. 17.  Explanation  of 
Kotel’nikov's  theorem  A) 
max. 


For  the  intermediate  points  of 
each  interval  At  the  validity  of  for¬ 
mula  (1)  must  be  proved.  It  is,  how¬ 
ever,  evident  without  proof  that  the 
sum  (1)  on  an  arbitrary  interval  At 
cannot  experience  remarkable  oscilla¬ 
tions  since  it  does  not  contain  any 
spectral  components  whose  period  would 


be  shorter  than 


=  2 Af 


The  proof  of  Kotel 'nikov* s  theo¬ 
rem  may  be  obtained  from  the  Fourier 
integral 

m’  ,  f«ee« 

5rtO=TG(/)e'fc''(//=  f  (3) 


if  the  spectra  function  G(f)  given  different  from  zero  in  the  interval 
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^maks  ^  ^  ^  ^maks  reP^-aced  by  the  function  G-^(f)  with  a  period 
2fmaks  coinciding  with  the  spectral  function  in  this  interval  and  con¬ 
tinued  periodically,  and  the  latter  is  expanded  in  a  Fourier  series 

G,(f)^DAe~t3:^[  (4) 

The  periodical  continuation  of  the  function  G(f)  is  illustrated  for 
its  modulus  |G(f)|  by  Fig.  2.18.  Determining  the  Fourier  coefficients 
Dk  in  the  usual  way  and  using  the  formulas  (2)  and  (5)  we  obtain 


fmtat  *  . 

f  di=3~i 


'#(«()• 


i" — iftitn — 


Fig. 2. 18.  Illustration  of  the 
periodical  continuation  of 
the  spectral  density  G(f)  by 
the  example  of  its  modulus. 


Substituting  expression  (4)  for 
G^(f)  into  the  right-hand  side  of 
Eq.  (3)  instead  of  G(f)  and  using  the 
expression  for  the  coefficients  of 
the  series  (5)  we  obtain  an  inter¬ 
changing  the  order  of  integration 
and  summation 


J  «  1  ’“I-  (6) 

at  it 

Carrying  out  uhe  integration  we  obtain  expression  (1)  correspond¬ 
ing  to  Kotel'nikov's  theorem. 


u(t)—  V  ul 

kn-m 

Kotel'nikov's  theoren  may  be  considered  to  be  an  alternative  form 


of  the  series  expansion 


m 

with  respect  to  the  nonrandom  functions, 
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It  can  be  shown  that  these  functions  are  orthogonal  to  each  other 
in  the  interval  — « »  <  t  <  <»,  i.  e., 

J**(0*i(O<tf«O,  if  k^l. 

-•0 

Thus,  Kotel’nikov’ s  tehorem  permits  signals  and  interferences 
with  a.  limited  spectrum  to  be  expanded  in  orthogonal  nonramaon  func¬ 
tions. 

§2.  7.  METHOD  OP  SOLVING  PROBLEMS  OP  DETECTION  AND  MEASUREMENT  OP  RADAR 
SIGNAL  PARAMETERS  ON  A  FLUCTUATION  NOISE  BACKGROUND 

Let  us  remember  the  problem  of  optimum  deteftion  of  radar  signals 

and  measurement  of  their  parameters  formulated  in  §1.4.  An  oscillation 

y  (0 = ft  (0  *4*  Ax(t,  #j,  «n  • .  •  i  Pn  p,i .  •  •), 

is  received,  where  n(t)  and  x(t,  o1#  a2,  ...,  P2,  ...)  are  the 

interference  and  the  signal,  respectively.  The  signal  is  given  as  a 
function  of  the  time  t,  the  measurable  random  parameters  c^,  a2,  . . . 
and  the  unmeasurable  parameters  02,  ...  In  its  turn,  A  is  a  dis¬ 
crete  random  parameter  (0  or  1)  to  be  determined  in  the  detection. 

On  the  basis  of  the  received  oscillation  y(t)  and  the  well  known 
statistics  of  the  interference  and  all  random  parameters  the  estimates 

ft 

A*,  ^ ,  a2,  ...  of  the  discrete  and  the  continuous  parameters  must  be 
given. 

In  order  to  explain  the  method  of  solving  this  problem  we  shall 
simplify  its  conditions  to  some  extent.  To  start  with,  we  shall  assume 
that  there  are  no  unmeasurable  random  parameters.  In  this  case 

fC0=f»(/)+A?(4 

In  particular,  for  the  detection  problem 

*(0=n(/)+Ax{0,  (!) 

and  for  the  problem  of  measurement 
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y(/)  = /I (/)+*(/.  a„  ^ 

The  relations  (1)  and  (2)  differ  substantially  from  the  corres¬ 
ponding  relations  for  the  one dimensional  case  insofar  as  functions  of 
time  enter  into  them. 

We  shall  assume  that  these  functions  do  not  contain  spectral  con¬ 
stants  outside  the  frequency  band  0  <  f  <  f^^g.  Meanwhile,  we  shall 
consider  the  quantity  fmakS  to  be  finite,  intending  to  pass  to  the 
limit  fmalcs  -*■  °°,  finally.  According  to  Kotel'nikov' s  theorem  the  func¬ 
tions  n(t),  x(t),  y(t)  can  be  fully  characterized  by  the  set  of  their 


discrete  values 


•  •  • 


In  other  words,  we  may  pass  over  from  the  random  functions  of  time  to 
multidimensional  random  quantities.  Assuming  their  distribution  to  be 
continuous,  these  quantities  can  be  characterized  by  the  corresponding 
multidimensional  probability  densities,  e.g. ,  p  (y_,  y_,  ...)  and 
psp(yi,  •••)  where  as  before  the  subscripts  "p"  and  "sp"  denote 
the  conditions  that  only  an  interference  or  a  signal  with  interference 
are  present.  When  multiplied  by  dy^dyg  . . .  these  densities  characterize 
the  probability  of  realizing  the  values  of  the  first  discrete  quantity 
within  the  limits  of  y^  and  y^  +  dy^,  and  those  of  the  second  quantity 
within  the  limits  of  yg  and  y2  +  dy2,  etc.  Moreover,  since  the  quanti¬ 
ties  y1,  y2,  ...  uniquely  determine  the  whole  curve  y(t),  the  total 
probability  pp(yx,  y2,  ...J^y^yg  or  Psp(yp  V2>  •••)dy1&Y2  determines 
■the  probability  of  realizing  the  whole  curve  y(t)  in  the  following  sense. 

If  two  noninteracting  curves  (dotted  in  Fig. 2. 19)  satisfying  the  con- 

\ 

ditions  of  Kotel'nikov' s  theorem  are  directed  through  the  points  y^,  y2 
. . .  and  y^  +  dy^,  y2  +  dy2  . . . ,  the  probability  of  the  realization  of 
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y(t)  lying  between  these  curves  in  the  presence  of  solely  the  inter¬ 
ference  will  be  equal  to  Pn(y\,  y2, dyidy2...}  and  in  the  presence  of 
signal  and  interference  Pcu{yi,  yi,-.-)dyldy2...  . 

It  is  well  known  that  the  onedimen¬ 
sional  random  quantities  are  characteriz¬ 
ed  by  points  on  a  straight  line,  the  two- 
dimensional  ones  by  points  on  a  plane, 
and  threedimensional  ones  by  points  in 

Fig. 2. 19.  Explanation 

of  the  concept  of  the  space.  The  threedimensional  quantity 

probability  density  of 

realising  y(t).  y1,  y2,  y^,  e.g. ,  can  be  represented  by 

a  point  in  a  Cartesian  coordinate  system. 


If  the  probability  density  p(y-L,  y2,  y^)  corresponds  to  each  point  of 
the  space,  the  integral 

OO 

jfjpfo..  yt,yt)dyidytdytz=z\. 


Sometimes,  one  speaks  of  a  multidimensional  space,  assuming  it 
to  be  some  abstraction  that  is  illustrated  plastically  by  means  of 
a  three  dimensional,  twodimensional (plane)  or  onedimensional (straight 
line)  space.  Each  realization  y^,  y2,  y  ,  ...  may  in  this  case  be  re¬ 
garded  as  a  point  of  a  multidimensional  space.  Obviously,  also  in  this 
case 

«0 

•)dytdy,  ...=  1.  (3) 

The  use  of  a  multidimensional- space  terminology  causes  the  well 
known  transparency,  but  sometimes  also  gives  rise  to  conceptual  dif¬ 
ficulties.  These  difficulties  can  always  be  avoided  if  the  point  of 
the  multidimensional  space  is  interpreted  as  a  conventional  name  for 
the  realization  of  the  expansion  coefficients  y^. 

In  the  case  of  regular  detection  on  a  regular  solution  must  be 


adopted  for  each  realization  y^,  y2,  . . . 


This  implies  that  a  solution 


function  A*(y^,  y2,  . ..)  can  be  introduced,  which  may  assume  two  values 
according  to  ics  arguments:  1  or  0,  to  which  solutions  of  present  or 
absent  signal  correspond.  In  other  words,  to  each  point  of  the  multi¬ 
dimensional  space  its  value  A*  -  zero  or  unity,  must  be  ascribed.  Thus, 
this  space  is  split  into  sections.  According  to  into  which  section  the 
point  corresponding  to  the  received  oscillation  falls  the  solution  A 
of  present  or  absent  signal  must  be  adopted.  The  choice  of  the  best 
solution  function  A '  ^  (y^,  y2,  ...)  or,  in  other  terminology,  the 

best  splitting  of  the  multidimensional  space  into  two  regions  A  =0 
and  A ‘  =  1  and  represents  a  problem  of  the  theory  of  optimum  detection. 

It  is  easy  to  see  that  there  is  full  analogy  to  the  onedimension¬ 
al  case  of  detection.  There,  the  solution  function  of  only  one  variable 
was  involved  and  the  splitting  into  the  regions  A  =  0,  A  =1  was 
carried  out  for  a  straight  line.  In  this  case,  however,  the  functions 
of  many  variables  are  considered  and  the  splitting  into  regions  must 
be  carried  out  for  a  multidimensional  space. 

Let  us  obtain  the  probabilities  of  correct  detection  and  false 

*  /  X 

alarm  for  an  arbitrary  solution  function  A  (y^  y2,  In  analogy 

to  the  relations  [(7)  §1.5]  we  may  write 

D “  JJ . . .  {{/it  fin  •  •  •)  Pc  n  (y»»  y*>  •  •  •)  dytdyt  • . . ,  (  4  ) 

(^ji  •  •  •) Pa (Vn  y%< •  •  •) dyldyt . . .  .  . 

(5; 

In  order  to  choose  the  optimum  method  of  detection  we  shall,  as 
before,  use  the  weight  criterion  which  is  a  consequence  of  the  criterion 
of  the  mean  risk  minimum. The  expression  D  -  iQF,  corresponding  to  the 
weight  criterion  can  be  represented  in  the  form 

D — ■ t*F= JJ . . .  a*  (yvy»,  •  •  -)Pn  (yt,.y»  •  •  -)l  /  to.  #*•  •  •  0-(6 ) 


where 


ttu  u  i Pfhtviti >•••) 

1  \s/i,  v»>  •  • 


(7) 


Since  a  system  that  maximizes  the  integral  (6)  is  optimum  from 
the.  point  of  view  of  the  weight  criterion  we  obtain  as  in  §1.  5 


(I,  lf  l (jftt  y*i •  •  •) 


•  •  1 1 1  u 


(8) 


We  note  that  the  quantities  y2,  ...  uniquely  depend  on  the 
'eceived  realization  of  y(t),  for  which  reason  the  denotation  y ( t ) ] 

r.ay  be  used  instead  of  the  denotation  .^(y^,  y2>  •••)•  In  analogy,  the 

■ft  ft 

denotation  A  [ y ( t ) ]  may  be  used  for  A  (y^  y2,  ...).  The  solution  (8) 
of  tr problem  of  optimum  detection  may  then  be  written  in  the  form 


A’ 


u  i[y(t)]>i» 


(9) 


Thus,  we  have  established  that  optimum  detection  problems  can 
be  solved  by  the  following  method.  The  probability  ratio  (7)  for 
the  received  oscillation  y(t)  must  be  calculated.  This  probability 
ratio  must  further  be  compared  with  the  threshold  The  solution 
of  present  signal  is  adopted  if  the  probability  ratio  i[y(t)]  > 
and  the  solution  of  absent  signal  if  i[y(t)]  <  The  value  of  Zq 
is  chosen  such  that  the  probability  of  false  alarm  F  does  not  exceed 
the  admissible  value 

When  solving  the  problem  of  optimum  measurement  of.  the  parameters 
ap  0-2)  •••)  we  have  to  apply,  as  also  in  §1.6,  to  their  a-posteriori 
probability  density  p^,  ag,  ...|y1,  yg,  ...),  where  y^  y2,  ...  are 
discrete  values  of  the  received  realization  of  y(t). 

According  to  the  theorem  of  probability  multiplication  we  may 


write 


rv'v-'r  r  --w 


/  ;“V  V“* 

/  >*£-  ^V-* 

, — - - ii—  Win  lilffwlK 


Z=P  (*i»  **»•••)  P  (ill*  Ift*  •  •  •  I  ®i»  ®*»  •  •  •)= 

l  * 

a;fci  fii  •  *  *)^(®i*  **•  •  •  >lvu  y»*  •  •  •)* 


(10) 


whence  we  have  for  a  fixed  realization  of  the  received  signal 

p(*t*  at*  •  •  •  I  ffi*  y%*  •  •  •)  — 

==  ^i/K®  !•  ®»i  •  •  •)  p(y  i»  ifn  •  •  •  I  ®i*  *•»  •  •  •)» 

where 


(11) 


i  - 


II ...  p  («».  ®«. .  -  •)  p iy„  y . I  «i, rf«,rf«t. . .  * 


(12) 


If  the  a-posteriori  probability  density  is  known  the  estimates 
that  are  optimum  from  the  point  of  view  of  the  mean  risk  minimum  can 

be  determined.  In  amny  cases,  the  most  probable,  i.e. ,  those  estimates 

*  *  ,  . 
a  i,  a  2,  ...,  that  maximize  expression  (11)  are,  in  particular,  the 

optimum  estimates. 

When  obtaining  the  optimum  estimates  the  quantity  of  the  proba¬ 
bility  ratio  can  be  successfully  used,  as  in  the  detection  problem. 

In  fact,  the  expression 

PWti  jr»»  •  ♦  •  I  ®i»  •»»  •  •  .)  =  />cn(jfi.  !fv  ••'!*!>  ®»>  •  •  •) 

is  the  probability  density  of  the  realization  of  the  expansion  coef¬ 
ficients  y^,  y2,  ...  under  the  condition  that  an  interference  and  a 
signal  with  the  parameters  a-j_*  a2,  . . .  are  acting. 

The  same  realization  of  the  values  y^,  y 2,  . . .  may  appear  also 
if  only  an  interference  with  a  probability  density  of 

ifn  •  •  •)• 

is  acting.  The  ratio  of  these  probability  densities  is  the  probability 
ratio  as  calculated  for  completely  determined  values  of  the  parameters 


. .  (13) 
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Substituting  the  value  of  p(y1#  y2,  ••• lap  a2, 
formula  (13)  into  (11)  we  obtain 

P(* i»  •»»  •  •  'lift*  ¥ti  •  •  •)— 

••  Ifn  •  •  •  |  ®i»  ®|i  ♦  •  •)» 


),  found  from 


(14) 


where 


(i/t>  Htt  •  •  •)• 


(15) 


Noting  that  yp  yg,  . . .  are  determined  by  the  realization  of 
y(t)  relation  (14)  may  be  written  in  the  form 

••  *ly(01— KtP(an •** •  •  fy(0la»*  a»* •  •  •!»  (^ ) 

where  * 


K,  '=  n - ! - . 

JJ...  ••)*!*  (OK.  «t... 


(17) 


Besides  the  a-priori  parameter  distribution  expression  (16), 
which  is  used  in  obtaining  the  optimum  estimates,  contains  the  proba¬ 
bility  ratio  i[y(t)  |cip  a2,  If  the  role  of  the  a-priori  infor¬ 

mation  is  small  compared  to  that  of  the  information  obtained  by  the 
experiment  the  estimates  are  essentially  determined  by  the  probability 
ratio.  Thus,  the  solution  of  the  problem  of  measurement,  as  well  as 
that  of  detection,  proves  to  be  substantially  connected  with  the  cal¬ 
culation  of  the  probability  ratio. 

We  note  that  in  the  derivation  of  the  relations  (7)  and  (16)  the 
presence  of  unmeasurable  random  signal  parameters  was  not  taken  into 
account.  The  presence  of  these  parameters  changes  the  dependence  of 
Peaiyi,  yi, , . .)  ,  but  has  no  influence  on  the  form  of  the  final  formulas. 

In  this  case,  it  is  only  necessary  to  calculate  the  conditional  prob¬ 
ability  density  Pe n (gu  yt, and  the  probability  ratio  in  a  somewhat 
more  complex  manner  as  will  be  shown  in  the  third  chapter. 

In  the  third  chapter  we  shall  calculate  the  probability  ratio 
under  various  assumptions  on  the  unmeasurable  random  parameters.  The 
measurable  random  parameters  are  always  assumed  to  be  fixed,  in  this 
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chapter  (such  that  they  will  not  be  discussed).  The  dependence  of  the 
probability  ratio  on  these  parameters  will  be  analyzed  in  the  follow¬ 
ing  chapters. 
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[ Footnotes] 


We  do  not  take  account  of  an  additional  phase  modulation 
if  the  antenna  is  rotated.  This  is  only  correct  in  the  case 
where  the  axis  of  rotation  passes  through  the  "phase  center" 

Thus,  a  continuous  variation  of  conditions  (e.g. ,  the  scan¬ 
ning  rate  of  the  antenna  beam  [10])  as  a  function  of  the  vol 
tage  at  the  receiver  input  is  not  considered. 

Various  methods  of  designing  multiplying  circuits  are  known. 
One  of  these  methods  consists  in  obtaining  a  voltage  differ¬ 
ence  at  the  output  of.tfo  diodes  with  quadratic  characteris¬ 
tics  and  Ti  under  the  condition  that  the  half  sum  and  the 
half  difference  of  the  multiplied  voltages  are,  respectively 
fed  to  either  of  them. 


[Transliterated  Symbols] 

Maxc  =  maks  =  makslmal'nyy  =  maximum 
mmh  =  min  =  minimal 'nyy  =  minimum 
cnT  =  opt  =  optimal' nyy  =  optimum 
Aon  =  dop  =  dopustiroyy  =  admissible 

cn  =  sp  =  signal  s  pomekhoy  =  signal  with  interference 
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.  Chapter  3 

THE  PROBABILITY  RATIO  FOR  THE  FUNDAMENTAL  RADAR  SIGNAL 

MODELS  IN  THE  PRESENCE  OF  FLUCTUATION  NOISE 

IN  THE  FORM  OF  WRITE  GAUSSIAN  NOISE 

§3. 1.  THE  PROBABILITY  RATIO  FOR  A  SIGNAL  WITH  COMPLETELY  GIVEN  PARA 
METERS. 

The  simplest  example  of  calculating  the  probability  ratio  refers 
to  the  case  where  the  expected  signal  x(t)  has  no  unknown  parameters. 
In  this  case,  the  received  oscillation  y(t)  differs  from  the  random 
noise  oscillation  by  a  given  function  under  the  condition  of  present 
signal  and  interference 

i  y(0= «(/)+-•;(')• 

The  discrete  values  y^  corresponding  to  this  oscillation  satisfy  the 
equations 

y* = A* -f- x*, 


where  xk  are  given  quantities  (discrete  values  of  the  signal);  k  =  1, 

2,  ... 

Tnis  implies  that  the  presence  of  a  signal  shifts  the  distribu¬ 
tion  of  the  values  yk  relative  to  the  case  where  only  the  interference 
is  acting  and  yfc  =  r^.  In  analogy  to  relation  [(5)  §1.5]  we  may 

write  '•  .  ... 

Pc*(y ii  y»*  •  •.•) — Pn  (y'l — •*■!>  — j(»>  •  •  •)* 

(i) 

Thus,  tue  probability  ratio  for  a  signal  with  completely  given 
parameters  can  be  represented  in  the  form 

//..  ..  t  t_  io\ 
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In  order  to  calculate  the  probability  ratio,  the  dependence  of 
pjt/i.  i/2,  ...)  ,  i.  e. ,  the  total  distribution  law  of  the  discrete  in¬ 
terference  values  must  be  established. 

The  following  assumptions  were  already  made  on  the  interference: 

1)  The  interference  is  a  fluctuation  interference  and  its  in¬ 
stantaneous  values  are  distributed  according  to  a  normal  law  with 
an  average  value  equal  to  zero. 

2)  The  interference  is  stationary,  i.e.,  its  statistical  charac¬ 
teristics  are  constant  in  time. 


3)  The  interference  belongs  to  the  quasiwhite  noise  with  a  uni¬ 
form  spectrum  in  the  frequence  band  0</</*mc  (in  the  following, 
the  passage  to  the  limit  /*«kc-*oo  is  intended). 

It  follows  from  the  first  assumption  that  the  probability  density 
of  any  discrete  value  of  interference  is  equal  to 


I  .  til 


2 

where  n  is  the  dispersion;  k  =  1,  2,  ... 

It  follows  from  the  second  assumption  that  the  dispersion  of  the 

O  p 

interference  is  equal  for  all  discrete  values:  n  =  n' 

It  follows  from  the  third  assumption  that  the  correlation  func¬ 


tion  of  the  voltage  of  this  noise  for  a  resistance  equalto  unity  is 


described  by  the  expression  [(9)  §2.3]  for  f, m-0  ,  i.e.. 


for  m=l,2,..., 
ttt|c«  for  (11  —  0. 


This  implies  that  discrete  values  yk  with  different  numbers  are  uncor¬ 
related  random  quantities  and  that  the  dispersion  of  these  quantities 
is  equal  to  the  product  of  the  spectral  noise  density  and  its  spectral 


width 


n%—R(P)~NJ  muc- 


Us  ing  all  three  assumptions  we  can  write  the  manydimensional 

distribution  law  in  the  following  form: 

Pn  (y,.  y».  •••)=/'«  (y.)  pn  (y.)  •••= 

r  *iir  '*1 


if  n-1 
V  2 in,  __  V  2m,  J 


where  nQ  =  NQf  aks*  Substituting  the  obtained  expression  in  formula 
(2)  we  have 

•  •  .  G 


/(y..y.....)=? - r5 — 5 — ... 

'i  *i 


Rewriting  formula  (4)  and  replacing  in  it  n^  =  N0fmakF  =  N0/2At,  we 


obtain 


y»»  •  •  •) — e 


Expression  (5)  determined  the  sought  probability  ratio  for  a  sig¬ 
nal  with  completely  given  parameters  and  an  interference  in  the  form 
of  quasiwhite  noise.  It  permits  a  simple  limiting  transition  to  the 
case  of  white  noise  if  /*«m— ° o,  and  0  .  In  this  case,  the  sum 

in  the  exponent  of  the  first  factor  goes  over  into  a,n  integral  that 
is  numerically  equal  to  the  energy  of  the  expected  signal 

Jj«S^A/==  l^H)dt  =  9,  (6) 
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and  the  sum  in  the  exponent  of  the  second  factor  goes  over  into  the 
integral 

lim  J  x\{t)y{t)dt, 

U~>0  k  — oo 

which  will  be  termed  correlation  integral  in  the  following. 

Thus,  the  final  expression  for  the  probability  ratio  can  be  given 
in  the  following  form: 

2.  — 

t=Hy(t)\  =  e~Nt  e*\  (7) 

where  NQ  is  the  spectral  noise  density;  3  is  the  energy  of  the  ex¬ 
pected  signal  and  z  is  the  correlation  integral 

2=  f  x(t)y(t)dt=z[y(()\. 

jL  (8) 

§ j.2.  THE  PROBABILITY  RATIO  IN  THE  PRESENCE  OF  UNMEASURABLE  RANDOM 
PARAMETERS 

Let  the  total  oscillation 

yif)=n(t)+x(t,  p„ 

be  received  under  the  condition  of  present  signal  and  interference. 

We  shall  consider  the  total  probability  density  of  the  discrete 
valyes  yfc  of  the  received  oscillation  and  the  unmeasurable  random  pa¬ 
rameters  The  considerations  are  made  on  the  assumption  that  the 
measurable  random  parameters  are  fixed.  According  to  the  multiplication 
theorem  of  probabilities  we  may  write 

Pl9»9v  -.-.P..  ?..-••)= 

—piyv  V*.  •  • .)/»(?«» P».  •  •  -  I  y„  y*.  • .  •)=  ( l ) 

—pfPi*  P*»  ••  •)/*(&•  ia»  •  •  •  I  Pi>  P»*  •  •  •)• 

On  integration  of  an  absolute  or  conditional  probability  density 
within  infinite  limits  we  always  obtain  unity,  in  particular, 

•0 

•  I  Pi*  SrK  •  •  •)  rfPt^Pi . .  .  =  1. 


.  T-v\ 

"  ■ '  ’ .  -o  *:  .7.-1 . 

"  ^T~T5T: 

.•  -k.  '  .  ■ 

*•  .w,  ,  K  ».'  •*  **+  , 


~ "  ;*  ~  yr*. 
-■— »  '  *  »1>'*  ’« 


-ir<;': 


x 

— ‘  i  *.v“ 


...iu. 


■-*«•  -  '*74*. -T^  . 
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Consequently,  we  obtain  as  a  result  of  the  integration  (1) 

•*  *)==  • 

«o 

/*(?»«  f*'  •  •  ')p(Uo  y»t  •  •  •  I?**  ?»>  •  •  •  •  •  ( ^ ) 

— «• 

According  to  the  condition  P(ift.  «/*,••.)  —/»cn(yj,  y*,...)  represents  the  pro¬ 
bability  density  of  realizing  the  values  yk  in  the  presence  of  signal 
and  interference.  Dividing  both  sides  of  Eq.  (2)  by  the  probability 
density  of  the  same  values  y^  in  the  presence  of  the  interference 
alone  P*(yu  yj,...)  ,  we  shall  obtain  the  sought  expression  for  the 
probability  ratio 

My„y„...)=  . 

= jf  _  Xu..  «&*•.... 


The  divisor  may  be  written  under  the  integral  sign  since  it  is  inde¬ 
pendent  of  the  variables  of  integration.  The  quantity 

P(Hv  tu  ••  *1  l«i  ft*  lln  ii  to  r  \ 

- - -My, .Vi,...  I  P>.  p».  -  •  •) 

is  a  special  value  of  the  probability  ratio  for  fixed  values  of  the 
unmeasurable  random  parameters.  In  other  words,  this  is  the  probability 
ratio  for  a  signal  with  completely  given  parameters. 

Hence  it  follows  that  the  sought  probability  ratio  is  obtained  by 
taking  the  mean  of  its  special  values  over  the  unmeasurable  random 
parameters : 

«0 

*  J  J  #  m  Pn»*»)^(yi*  y»»  •••(?,»  (3) 


i  „ ' 

i ' 


r-  .  | 


or 


^|y(01 — ^<</,(P,»P»***,)^(y(0IPi* ?»» •••!*$, ^4) 

According  to  the  results  of  the  preceding  section 


it  /ai»  o  , - ^7^ 


-  lb  - 


(5) 


Jir 


* 1  '  »  'I'V. 


where 


As  to  the  degree  of  complexity,  the  next  model  after  the  signal 
with  completely  known  parameters  is,  as  was  already  remarked  in  §2.2, 
a  signal  with  random  initial  phase 

*<0P)=*(0cos[V  +  ?*(0+Pi.  (1) 

It  is  also  just  this  signal  that  may  be  regarded  as  the  simplest  ex¬ 
ample  of  an  application  of  the  general  relations  of  the  preceding  sec¬ 
tion. 


We  consider  the  initial  phase  p  to  be  distributed  uniformly  in 
the  interval  from  0  to  2tt  with  a  probability  density  of  p(p)  =  1/27T. 

In  order  to  apply  the  general  formula  [(8)  §3.2],  it  is,  first 
of  all,  necessary  to  calculate  the  correlation  integral  and  energy 
for  a  fixed  value  of  the  parameter  p,  making  use  of  the  relations 
[(7)  and  (6)  §3.2], 

Using  the  formula  of  the  cosine  sum  ,  we  obtain  from  (1)  that 

x(t,  P)  =  X  (/)  cos  {*,/  -f  fx  (/)]  COS  jJ — 

—  X  (i)  sin  -fx  (01  s'  n 

Introducing  the  designations 


•M0=*(0cosK/'HM0!.  \ 

*»(*)-=— X (Osin IV+?* (01.  J 
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we  find 


■*(<.  ?) = *.  (0  COS  ?  4- Jf*  (0  sin  ?. 


The  correlation  integral  can  then  be  written 

*t*(QIM  =  J  x(t,  fty(t)dl=:ztcos  P4-rf  sinp, 

-«0 

where 

*»=  5  x‘  y  W* = z»  (01: 

*.=  J  *.(0  *(*)<«=*.  Iff  (01- 


(3) 

(*0 

•kr- 

(5) 


Introducing  the  quantities  Z  and  0,  determined  by  the  relations 


*-VA +T. 


(6) 


cose=-5-, 

jsinft=-^-. 


(7) 


we  shall  finally  write  the  expression  for  the  correlation  integral 
in  the  form 


z  Iff  (0 1  PI = Z  [cos  p  cos  8 +  ** n  ?  sin  0J = Z  cos  ({J 

We  shall  now  obtain  the  energy  of  the  signal 
dilation  amplitude  X(t)  and  phase  <p  (t)  vary  only 
each  high-frequency  oscillation  period,  the  energy 
dependent  of  the  initial  phase  0  such  that 

3(P)=  J  X*(0cos*W+f.(0+W««» 

•0 

j  Xt(t)dt=9. 


-6). 

3(P)  .  If  its  os- 

slight  ly  during 
is  practically  in- 


(8) 


We  may  now  pass  over  to  the  calculation  of  the  probability  ratio. 
Using  formula  (8)  of  the  preceding  section  we  obtain 


We  remember  that 


5.  57 

A. 


tct  (>-#) 


dp. 
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(9) 


.  2% 


0 


is  a  zero-order  modified  Bessel  function  (Fig. 3.1). 

Thus  we  have  for  a  signal  with  random  initial  phase 

(io) 

where  the  value  of  Z  is  determined  from  the  relations  (5)  and  (6). 


U(u) 


Fig.  3*1*  Diagram 
of  the  zero-order 
Bessel  function. 


§3.4.  PROBABILITY  RATIO  FOR  A  SIGNAL  WITH  RANDOM  AMPLITUDE  AND  RANDOM 
INITIAL  PHASE 

The  model  of  the  signal  with  random  amplitude  and  random  initial 
phase  is  written  in  the  form 

X  (t,  3,  B) = BX  (t)  cos  [ayf  ~\-  f,  (t)  4-pj.  ( 1 ) 

Assuming  the  initial  phase  to  be  equally  probable  within  the 
limits  of  0  to  27?  and  the  coerficient  B  distributed  according  to  Ray¬ 
leigh's  law  with  a  root-mean- square  value  equal  to  unity  the  probability 
density  of  the  quantities  p  and  B  may  be  written  in  the  form 

P(?.B)=±  2Be-fl,=4e-BY  (2) 
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; 


where  B  >  0. 

Let  us  pass  over  to  the  calculation  of  the  correlation  integral 

and  the  energy  3  (p,  D)  for  fixed  values  of  the  parameters 
P  and  B.  In  analogy  to  the  way  in  which  this  was  done  the  preceding 
section  we  may  obtain 


*fo<<)!Mi  =  fl2cos{f*-e)  (3)' 

and 

9ft,B)=B'3,  (4) 

where  the  expressions  for  Z,  6  and  3  are  the  same  as  in  §3.3.  It 
is  easy  to  see  that  in  contrast  to  the  preceding  case  the  energy 

depends  on  the  random  factor  B.  Its  mean  value  is  equal  to 


09  2« 


3c,=jdBj  3<p,  B)p$,  fl)dp=3j2fi.c-°VB=3,  (5  ) 

i.e.,  to  the  energy  of  the  signal  for  the  special  value  B  =  ,1. 
Using  the  general  formula  [(8)  §3.2]  we  obtain 


«a  h 


«V>  tBZ 

,»=JrJrf8jfle“a'  e~  "*  tN* 

By  virtue  of  Eq.  [(9)  §3.3]  and  Eq.  (4) 


M>(HI 


d?- 


B'O+H,) 


Using  the  tabulated  integral 


BdB. 


(6) 


,j  xdx=-~z" , 


we  obtain 


(T) 


i  v 

l _  N*  JT,5+fiZ 

9  +  N,  e 


(8) 


where  the  value  of  Z  is  determined  from  the  relations  [(2),  (5),  (6) 


§3.5-  PROBABILITY  RATIO  FOR  A  SIGNAL  IN  THE  FORM  OF  A  RADIOPULSE 
PACKET  WITH  RANDOM  INITIAL  PHASES 

The  model  of  a  signal  in  the  form  of  a  pulse  packet  with  random 
initial  phases  is  described  by  the  relation 

x(t,  ft.  ft...*)=  cos  W+fc(0+M-  (1) 

We  assume  the  pulse  amplitudes  to  be  nonrandom  and  the  initial 
phases  (3^  to  be  independent  random  quantitites  each  of  which  is  uni¬ 
formly  distributed  within  the  limits  from  0  to  27r.  The  total  probability 
density  of  these  quantities  is  described  by  the  relation 

P.(ft»ft»,**)==/,(ft) /?(?*)♦••*  (2) 


where 


/»(ft)=p(ft)==..‘  =  5T*  (3) 

Using  the  cosine  sum  formula  as  in  §3.3,  expression  (1)  may  be 


written  in  the  form 


where 


Hence 


x{t,  ft.  ft,.,  t) = s  l  Jff.*  (0  COS  P*  4-  (/)  sin  M. 


jc,*(Q— X*(0e»W+f*(Ol;  \ 

■*«*  (0 = (0  si n  IV + f *W1  *  I 

*/ , 

■  \n  (01  ft.  ?«.*••]=  j  •*(<.  ft.  ft.  •  •  -)y(0  <it  * 

— *> 

= 2  (*i* cos  p* + ** sin  ?*)• 


where 


With  the  denotation 


1 


xlk(t)y(t)dl, 
—  00 

=  \xtk(t)y{t)dt. 
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*4^' 


W* 


1/ 


2t- 


expression  (6),-  as  in  §3.3,  may  be  written  in  the  form 

*  lif  (0 1  P.c  K  •  • .]  =  S  **  cos  (p*  -  0*).  ( 7 ) 

On  the  assumption  that  the  packet  consists  of  non overlapping  pul¬ 
ses  its  energy  can  be  determined  as  the  sum  of  the  energies  of  the  in¬ 
dividual  pulses.  Assuming  the  amplitude  and  the  initial  phase  of  each 
.pulse  to  vary  only  slightly  during  a  high-frequency  oscillation  period 
■we  obtain 

3(K.  fc.  ...)■=  S  a»(P*)*=E-r  f  x\Wt=Yi9k' 

*  t  *  (8) 

where  3k  is  independent  of  the  random  initial  phase  Pk. 

To  calculate  the  probability  ratio  we  use,  as  before,  the  general 
formula  [ (8)  §3.2]  which  by  virtue  of  Eqs.  (2),  (7),  (8)  may  be  writ¬ 
ten  in  the  form  of  a  product 

cot  ) 

/=oJJe~*.JLJe  *  dp*. 

*  * 

On  integration  we  obtain  according  to  formula  [(9)  §3.3] 

2 zh\ 


»=rie-*/.0Sr> 


.  -  (9) 

It  is  easy  to  see  that  the  probability  ratio  for  a  packet  of  non¬ 
overlapping  pulses  with  random  independent  initial  phases  is  determin¬ 
ed  as  the  product  of  the  probability  ratios  for  each  pulse  of  the  pack¬ 
et. 

§3.6.  PROBABILITY  RATIO  FOR  SIGNALS  IN  THE  FORM  OF  A  PACKET  OF  RADIO¬ 
PULSES  WITH  RANDOM  AMPLITUDES  AND  INITIAL  PHASES 

For  the  model  of  a  signal  in  the  form  of  a  packet  of  nonoverlap¬ 
ping  pulses  with  random  amplitudes  and  initial  phases  we  have 
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•^(^t  Pi*  Pt*  •  •  •  *  ^i»  •  •  •)  — 

='EiBkXh(t)cos  [»,<-{“¥*  (0+P*l- 


(1) 


In  this  case,  we  shall  restrict  our  considerations  to  two  limiting 


cases : 


a)  the  case  of  independent  fluctuations  where 

p(P»»  Bt,  B%*  •  •  *) ==  /^{pi»  Pit  •  •  •) P(Bt) p(Bt) . . . 


(2) 

(3). 


b)  the  case  of  friendly  fluctuations  where 

/>(Pi,  P, . B„  Bt,...)— 

=/>(?..  Pi.  ~  •)*(£,  -  B)  ?  p(3).  . 

In  the  first  case  the  aplitude.  factors  B^,  B2,  . .  v  are  indepen¬ 
dent  random  quantities.  In  the  second  case  they  are  identical  random 


quantities,  i.  e., 

[if  they  were  not  equal  at  least  one  delta  function  in  the  expression 
(3)  would  become  zero].  As  to  the  distribution  function  of  the  initial 
phases  p(|3p  P2,  . ..),  it  can  be  chosen  equal  to  that  in  the  preceding 
section  [formulas  (2)  and  (3)  §3. 5]»  The  quantities  B2,  ...  in 
(2)  and  B  in  (3)  are  assumed  to  be  distributed  according  to  Rayleigh's 
law 

,«u=2&~'.  {It) 

In  analogy  to  the  corresponding  relations  of  the  preceding  sec¬ 
tions  we  may  write  for  the  case  of  independent  fluctuations 

*  fe(Q 1  P»«  P»»  •  •  • » ^i*  Bt, . .  .J = ^  Sh^k  cos  (P*  —  8*), 


&  (Pi»  Pi*  •  •  *  t  Btt  Bt, . . .)  —  Bj^  3k» 


(5) 

(6) 


where  3*  is  the  mean  energy  of  the  kth  pulse  of  the  packet. 

Substituting  the  relations  (2),  (k),  (6)  into  the  general  formula 
[(8)  §3.2]  we  obtain 
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The  same  transformations  as  in  the  derivation  of  Eq.  [(8)  §3.^] 
may  be  carried  out  for  each  factor  of  the  obtained  product.  For  the 
case  of  independent  fluctuations  of  the  packet  pulses  we  then  obtain, 
finally. 


‘l 


/  =  n _ — _ e**  ** 

*  *  3k  +  Nt  e 


(T) 


For  the  case  of  friendly  packet  fluctuations  we  may  obtain,  sim- 

l 

llarly "  •  - 

i  1  *  v  (8) 


where  3t  is  the  mean  packet  energy 

* 

The  forinula  for  the  probability  ratio  is  considerably  simpler  for 
independent  packet  fluctuations  (?')  than  formula  (8)  for  the  case  of 
friendly  fluctuations. 

We  must  note  that  formula  (7)  is  not  only  applicable  to  a  packet 
of  pulse  signals  nonoverlapping  in  time,  but  also  in  several  other  cases. 
It  is  also  correct  in  the  case  where  the  signal  overlap,  but  have 
nonoverlapping  spectra,  and  their  fluctuations  are  independent.  In  sev¬ 
eral  works  on  radar  these  signals  are  recommended  for  reducing  the  in¬ 
fluence  of  target  fluctuations  (the  case  that  signal  fading  on  one  of 
the  carrier  frequencies  will  be  accompanied  by  fading  on  another  fre¬ 
quency  is  not  very  probable  if  the  frequency  separation  is  great  enough). 
It  is  easy  to  see  that  the  calculations  carried  out  will  remain  correct 
also  for  the  aforementioned  class  of  signals  if  in  Eq.  (1)  the  phase 
W+»pfc(0  is  replaced  by  In  this  case,  also  Eis.  (5),  (8) 
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and,  consequently,  also  Eq. (?)  will  remain  valid. 


Manu- 

Page*^  [Transliterated  Symbols ] 

No. 

70  on  =  sp  =  signal  s  pomekhoy  =  signal  with  interference 


70 

71 


n  =  p  =  pomekha  =  interference 
Mai<c  =  maks  =  maksimal'nyy  =  maximum. 


Chapter  4 

THEORY  AND  PRINCIPLES  OP  DESIGNING  DEVICES  FOR 

OPTIMUM  DETECTION  AND  MEASUREMENT  OP  PARAMETERS 

§4.1.  GENERAL  CONSIDERATIONS  CONCERNING  THE  CONSTRUCTION  OP  DEVICES 
FOR  OPTIMUM  DETECTION  AND  MEASUREMENT  OP  PARAMETERS 

As  shown  before,  the  problem  of  optimum  detection  may  be  solved 
in  the  following  way:  the  probability  ratio  for  the  received  oscilla¬ 
tion  y(t)  is  calculated;  it  is  then  compared  with  some  threshold 
whose  value  is  determined  such  that  the  probability  of  false  alarm  F 
does  not  exceed  an  admissible  value  Faop.  Not  only  the  probability 
ratio,  but  also  any  quantity  connected  monotonically  with  it  can  be 
compared  with  the  threshold.  The  calculations  of  this  quantity  may  be 
automatized  or  not,  but  it  is  just  the  automatized  calculations  rea¬ 
lizable  by  means  of  optimum  receivers  that  are  most  interesting  for 
present-day  radar. 

The  situation  occurring  in  the  solution  of  the  problem  concerning 
optimum  measurement  of  parameters  is  analogous.  An  optimum  receiver 
must  calculate  the  a-posteriori  probability  density  [ ( 16 )  §2.7]  or  any 
quantity  connected  with  it  monotonically  as  a  function  of  the  possible 
values  of  the  measurable  parameters.  As  a  result,  some  uptimum  esti¬ 
mates,  e.g. ,  the  most  probable  estimates  corresponding  to  the  maximum 
of  the  a-posteriori  probability  density  must  be  worked  out.  The  optimum 
measurement  devices  must  carry  out  the  calculation,  of  these  estimates, 
depending  on  the  high-frequency  oscillations  entering  the  input  of  the 
receiver,  in  which  case  it  is  desirable  to  carry  out  these  calculations 
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automatically. 

The  purpose  of  this  chapter  is  to  consider  the  possibilities  of 
synthesizing  detection  and  measurement  • -  revealed  by  theory. 

The  values  of  the  probability  ratios  obtained  in  the  preceding  chapter 
for  fundamental  signal  models  in  the  presence  of  an  interference  in 
the  form  of  white  Gaussian  noise  will  be  the  starting  point  in  the 
synthesis  of  these  devices. 

§4.2.  SIMPLEST  CORRELATION  CIRCUITS  OP  OPTIMUM  RECEIVERS 


To  start  with,  we  shall  consider  the  problem  of  synthesizing 
optimum  receivers  as  applied  to  detection  devices  for  the  three  simp¬ 
lest  radar  signal  models:  a  signal  with  completely  given  parameters, 
a  signal  with  random  initial  phase  and  a  signal  with  random  amplitude 
and  random  initial  phase.  The  probability  ratios  for  these  signals  read, 
respectively: 


a  2* 


(1) 


Here 


where,  in  its  turn. 


and 


(2) 

(3) 

W 

(5) 

(6) 

(7) 


For  a  signal  with  completely  given  parameters  the  probability 
ratio  (1)  is  a  monotonic  function  of  the  correlation  integral  z  to  be 
determined  from  relation  (4).  The  comparison  of  the  probability  ratio 
with  the  threshold  is  equivalent  to  the  comparison  of  the  correla¬ 
tion  integral  with  the  corresponding  threshold  zQ,  which  is  illustra¬ 
ted  by  Fig. 1. 7j  except  for  the  designations. 


Fig.  4. 1.  Structural  diagram  of  the  simp- 
'  lest  correlation  detector.  A)  Multiplier; 

B)  integrator;  C)  threshold  device;  D)  if; 

E)  if. 

Thus,  the  device  for  optimum  detection  of  a  signal  with  complete¬ 
ly  given  parameters  must  calculate  the  correlation  integral  (4)  and 
compare  it  with  the  threshold  zQ. 

Figure  4. 1  shows  the  structural  diagram  of  such  an  optimum  detec¬ 
tor.  It  consists  of  a  multiplier,  an  integrator  and  a  threshold  device 
(a  minimum  limiter).  A  reference  oscillation  x(t)  corresponding  to  the 
expected  signal  and  the  received  signal  y(t)  are  fed  to  the  multiplier. 
Immediate  integration  of  the  product  x(t)y(t)  yields  the  correlation 
integral.  Such  a  receiver  is  termed  a  correlation  receiver.  The  value 
of  the  correlation  integral  is  compared  with  the  threshold  zQ  in  the 
limiter  circuit.  The  threshold  level  is  chosen  such  that  if  there  is 
no  useful  signal  the  probability  of  exceeding  the  threshold  (the  prob¬ 
ability  of  false  alarm  F)  is  not  greater  than  the  admissible  one. 

For  signals  with  random  initial  phase  and  signals  with  random 
amplitude  and  initial  phase  either  of  the  probability  ratios  [(2)  or 
(3)]  is  a  monotonic  function  of  the  quantity  Z=  /*;+*;  .  zlj2  are 

here  the  correlation  integrals  to  be  determined  from  Eq.  (6).  Thus,  in 
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these  cases  the  optimum  detector  circuit  must  calculate  the  correlation 


integrals  z^  and  Zg.  After  the  y/  zjf operation  the  comparison  of 
the  obtained  quantity  Z  with  the  threshold  zQ  which  is  chosen  by  the 
same  considerations  as  in  the  first  case  must  be  made.  Figure  4.2  shows 
the  structural  diagram  of  the  corresponding  device.  The  oscillations 
x1(t)  and  x2(t),  which  are  phases  shifted  by  90°  are  fed  to  its  multi¬ 
pliers  as  reference  vibrations.  In  radio  engineering  such  oscillations 
are  usually  called  quadrature  oscillations.  Consequently,  also  the  dia¬ 
gram  shown  in  Fig.  4. 2  may  be  termed  correlation  diagram  with  two  quad- 
rature  channels. 


Fig.  4.2.  Diagram  of  a  correlation  detec¬ 
tor  with  two  quadrature  channels.  A) 
Threshold  device. 


The  existence  of  two  channels  excludes  the  possibility  of  losing 
the  useful  signal  owing  to  the  fact  that  its  initial  phase  is  unknown. 
If,  e.g. ,  the  useful  signal  does  not  yield  an  increase  of  the  correla¬ 
tion  integral  in  the  first  channel  on  account  of  a  phase  shift  by  9°° 
relative  to  the  reference  voltage,  it  certainly  yields  an  increase  of 
the  correlation  integral  in  the  second  quadrature  channel.  As  can  be 
seen  from  the  expressions  (5)-(7)>  the  result  of  reception  in  the  pre¬ 
sence  of  two  quadrature  channels  is  independent  of  the  random  initial 
phase.  It  is  remarkable  that  this  rule  is  taken  into  account  by  theory 
on  the  basis  of  general  considerations  on  the  optimum  way  of  process¬ 
ing,  without  previously  analyzing  the  circuit  solutions. 

The  circuits  (Fig. 4.1  and  4.2)  are  only  optimum  if  the  position  of 
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the  expected  signal  on  the  axis  of  time  is  known.  The  case  where  the 
delay  time  of  the  signal  is  unknown  was  not  analyzed  here  in  detail 
owing  to  difficulties  of  computational  character.  An  answer  to  the  prob 
lem  whether  a  signal  with  unknown  delay  time  is  present  may,  however, 
be  given  if  the  fact  of  presence  or  absence  of  this  signal  is  estab¬ 
lished  for  different  values  of  the  delay  time,  the  interval  between 


which  does  not  exceed  the  corresponding  resolving  power.  Hence  we  can 
apply  a  multichannel  correlation  circuit  in  which  each  channel  or  each 
pair  of  quadrature  channels  is  calculated  as  to  its  de.’y  *ime  (Pig. 4.  3) 
Multichannel  correlation  circuits  may  be  used  ■co  receive  signals  dif¬ 
fering  not  only  by  the  delay  time,  but  also  by  their  carrier  frequency 
(e.g. ,  on  account  of  the  Doppler  effect). 


We  have  to  note  that  the  reception  of  sig¬ 
nals  with  arbitrary  time  delay  is  particularly 
widespread  and  important  in  radar.  The  fact 
that  a  correlation  reception  circuit  must  have 
a  great  number  of  channels  for  scanning  the 
whole  range  proves  to  be  its  drawback.  In  the 
following  sections  we  shall  familiarize  our- 


Fig.  4. 3.  Princi¬ 
ple  of  construct¬ 
ing  a  multichan¬ 
nel  correlation 
circuit. 


selves  with  the  circuit  of  optimum  reception 
permitting  optimum  detection  in  a  wide  range  of 
delay  times  using  one  receiving  channel. 


§4.  3.  USE  OF  OPTIMUM  LINEAR  FILTERS  IN  THE  CONSTRUCTION  OP  OPTIMUM  RE¬ 
CEIVERS.  PULSE  RESPONSE  OF  THE  OPTIMUM  FILTER. 


We  require  that  a  circuit  element  of  optimum  reception  should  com¬ 
pute  the  correlation  integral  for  arbitrary  delay  time  of  the  expected 
signal 

(1) 

where  u(t)  is  the  function  describing  the  signal  with  vanishing  time  de 
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lay.  We  shall  assume  that  this  function  is  completely  known. 

In  this  case  the  correlation  integral  is  not  only  a  function  of 
the  realization  of  the  received  oscillation  y(t),  but  also  of  the  delay 
time  of  the  expected  signal,  i.  e., 

*=*IW0|£l  (2) 

or,  rewriting  it  in  a  slightly  different  way. 

*=*(/.)=?  y  (t)u  (/  -  /,)  at.  ( 3 ) 

—oo 

Thus,  a  circuit  realizing  the  mathematical  operation  (3)  for  an 
arbitrary  given  function  u(t)  and  an  arbitrary  parameter  tz  must  be 
designed. 


Lw 

r(t) 
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A' 

— -O 
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Fig,  4.4.  Explanation  of  Pulse  re¬ 
sponse  Determination.  A)  Filter. 


It  is  easy  to  see  that  Eq.  (3)  is  a  convolution  integral.  It  is 
wellknown  from  the  theory  of  linear  electric  circuits  that  the  convolu¬ 
tion  integral  expresses  the  voltage  at  the  output  end  of  the  linear 
filter.  Consequently,  in  order  to  carry  out  the  mathematical  operation 
(3)  it  is  also  possible  to  use  a  filter  which  yields  a  convolution  in¬ 
tegral  of  the  required  form.  In  the  following  such  a  filter  will  be 
called  optimum,  since  it  carries  out  the  basic  operation  of  opt imam  pro 
cessing  -  the  calculation  of  the  correlation  integral. 

One  of  the  fundamental  characteristics  of  an  arbitrary  linear  fil¬ 
ter  is  its  pulse  response,  or  weight  function,  v(t).  It  is  wellknown 
that  the  pulse  response  describes  the  reaction  of  the  system  on  an  in¬ 
put  voltage  in  the  form  of  a  single  pulse  6(t),  supplied  at  the  instant 
of  time  t  =  0  (Fig.  4.4).  Of  course,  the  pulse  response  assumes  values 
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different  from  zero  only  at  t  >  0,  since  the  effect  cannot  precede  its 
cause. 

The  reaction  of  the  filter  on  an  arbitrary  action  y(t)  is  given 
as  the  convolution  integral  of  the  function  y(t)  and  the  pulse  response 
v(t) 

»(0=  *)*(*)*.  (4) 

The  derivation  of  relation  (4)  is  illustrated  by  Fig.  4.5.  The 
action  of  the  oscillation  y(t)  at  the  instants  of  time  from  s  to  s  +  ds 
is  equivalent  to  the  input  of  a  very  short  pulse  with  an  "area"  of 
y(s)ds.  The  reaction  on  this  pulse  at  an  arbitrary  instant  of  time 
t  >  s  is  equal  to  v(t  -  s)y(s)ds  and  zero  if  t  <  s.  Using  the  super¬ 
position  principle  we  obtain 

*(0=  J  o(t—s)y(s)ds 
— «0 

and 

•0 

Q=  §v{t—s)y(s)ds. 

t 

Summing  up  these  expressions  terms  by  term  we  obtain  Eq.  (4). 

As  follows  from  Eq.  (4),  the 
voltage  at  the  output  end  of  the  fil¬ 
ter  at  an  arbitrary  instant  of  time  t 
depends  not  only  on  the  supplied  vol¬ 
tage  y(t),  but  also  on  the  pulse  re¬ 
sponse  v(t). 

In  order  to  determine  the  pulse 
response  of  the  optimum  filter  we 
shall  require  that  the  voltage  at  its 
output  end  at  the  instant  of  time 
t  =  tz  +  tg  (tg  is  some  constant  va- 


Fig.  4.5*  Explanation  con¬ 
cerning  the  calculation  of 
the  voltage  at  the  output 
end  of  an  optimum  filter. 
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lue)  except  for  a  real  factor  C  should  be  equal  to  the  value  of  the  co¬ 
rrelation  integral,  i.e., 

w(/,-K)=C*(g.  (5) 

This  requirement  boils  down  to  the  demand  that  the  values  of  the 
correlation  integral  should  be  reproduced  at  the  output  end  of  the  fil¬ 
ter  one  after  another  with  some  constant  delay  tQ.  In  this  case,  the 
use  of  the  time  base  permits  the  fact  of  exceeding  the  threshold  level 
to  be  determined  for  any  delay  time  of  the  signal.  The  greater  the  de¬ 
lay  time,  the  later  the  correlation  integral  will  be  formed.  This  cor¬ 
responds  to  the  picture'  usually  observed  on  the  amplitude  marker  when 
the  signal  from  the  target  is  placed  at  a  distance  from  the  base  head 
that  grows  with  the  distance  from  the  target. 

By  virtue  of  Eqs.  (3),  (4)  and  (5)  we  obtain 

00  oo 

J  —s)y{s)ds  =  C  lu(s  —  tt)y(s)ds:  (6) 

-oj 

Eq.  (6)  is  identically  fulfilled  if 

(7) 

Introducing  a  new  independent  variable  t  =  t^  +  tQ  -  s,  we  obtain 
the  final  expression  for  the  pulse  response  of  an  optimum  filter 

(8) 

where  C  and  tQ  are  constants  to  be  determined  by  its  parameters. 

At  any  instant  t2  +  tQ  such  a  filter  yields  the  value  of  the  cor¬ 
relation  integral  z(tz)  at  the  output  (except  for  a  factor  C),  i.e., 
it  may  serve  as  the  sought  element  of  the  optimum  reception  circuit. 

Expression  (8)  shows  that  the  pulse  response  of  the  optimum  filter 
is  obtained  from  the  function  u(t)  describing  the  signal  with  zero  time 
delay,  by  replacing  its  argument  t  by  tQ  -  t»  Such  a  transformation  co¬ 
rresponds  to  a  mirror  reflection  of  the  function  u(t)  relative  to  the 
straight  line  t  =  t0/2.  The  latter  is  easy  to  verify  if  in  Eq.  (8)  the 
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substitution  of  variables  t  =  tQ/2  +  £  is  carried  out.  In  this  case, 

Eq.  (8)  may  be  rewritten  in  the  form 

0#>t  ("^*+  —  {), 

which  attests  to  the  fact  that  the  transformation  (8)  is  a  mirror  re¬ 
flection  relative  to  the  straight  line  tQ/2.  As  follows  from  all  these 
considerations  set  forth,  the  mirror  pulse  response  of  the  optimum  fil¬ 
ter  guarantees  the  best  signal  detection  on  a  white  Gaussian  noise 

c 

background. 

Figure  4.6  a,  b,  c,  d,  illustrates  the  considerations  made  above. 
In  particular.  Fig.  4.6a  shows  a  signal  ‘With  definite  delay  time  x(t)  = 
*=  u(t  -  t^)  as  superposed  on  fluctuation  noise.  The  wider  the  frequency 
band  in  which  the  noise  is  acting  the  greater  is  its  dispersion.  For 
white  noise  the  dispersion  is  infinite.  Consequently,  the  figure  shows 
a  noise  whose  spectral  width  is  about  the  same  as  with  the  useful  sig¬ 
nal. 

Figure  4.6b  shows  a  signal  u(t)  analogous  to  a  useful  one  but  with 
zero  delay  time  and  without  noise.  Figure  4.6c  shows  the  corresponding 
pulse  response  at  C  =  1.  The  values  of  the  pulse  response  and  the  sig¬ 
nal  for  points  on  the  time  axis  lying  on  opposite  sides  of  tQ/2  at  a 
distance  of  the  same  magnitude  £  coincide. 

Figure  4,6c  shows  the  result  of  optimum  filtration  as  a  function 
of  the  time  t.  It  was  calculated  with  the  help  of  formula  (4)  under  the 
condition  that  the  pulse  response  v(t)  is  determined  by  Eq.  (8),  i.e., 
that 

w{l)=C  J «(/. — f-f  s)y{s)ds.  (9) 

— «0 

In  this  case 

J  u{s—  t,) y  (s) ds  =  Cz {{,). 
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The  envelope  of  the  useful  signal  oscillations  at  the  output  end 
of  the  filter  (in  case  there  is  no  noise)  is  shown  by  the  dotted  line 
in  Fig.  4. 6d. 


Fig.  4. 6.  Explanation  of  the  determination  and  the  principle  of  action 
of  an  optimum  filter,  a)  Total  voltage  y(t)  of  noise  and  useful  signal 
at  the  input  end  of  the  filter;  b)  expected  signal  u(t)  with  zero  delay 
time;  c)  pulse  response  v(t)  =  v  ^(t);  d)  total  voltage  w(t)  of  noise 

and  useful  signal  at  the  output  end  of  the  filter.  A)  At. 


In  this  case,  the  maximum  corresponds  to  the  time  tz  +  tQ. 


The  noise  distorts  the  useful  signal.  Thus,  the  total  voltage  of 
signal  and  noise  at  the  output  end  of  the  filter  w(t)  at  the  instant  of 
time  t  =  tz  +  tQ  will  not  be  maximum,  in  all  probability.  The  value  of 
w(t  +  tQ)  =  cz(tz),  however,  always  corresponds  to  the  value  of  the 
correlation  integral  for  a  given  signal  with  an  expected  delay  time 
tz.  This  value  appears  the  later  the  greater  the  value  of  tQ  which,  in 
this  way,  characterizes  the  delay  of  oscillations  in  an  optimum  filter. 

It  can  be  seen  from  the  figure  that  after  the  filtration  (Fig.  4. 6d) 
the  separation  of  the  signal  from  the  noise  background  is  better  than 
before  the  filtration  (Fig.  4.6a).  The  difference  will  be  still  more 
remarkable  if  the  interference  acts  in  a  wide  frequency  band,  similar 
to  the  white  noise  model. 

We  must  pay  attention  to  the  constant  quantities  C  and  tQ  which 
enter  Eq.  (8)  for  the  pulse  response.  They  permit  the  demands  which  must 
be  fulfilled  in  the  realization  of  optimum  processing  of  the  received 
oscillations  with  the  help  of  a  filter  to  be  taken  into  account. 

As  a  matter  of  fact,  if  the  signal. amplitude  is  small  the  transfer 
constant  of  the  circuit  must  be  chosen  to  be  great,  which  is  allowed  for 
by  a  factor  C  /  1  in  relation  (5)*  At  the  same  time,  the  corresponding 
level  of  the  limiting  threshold  must  be  determined  in  order  to  guarantee 
the  given  probability  level  of  false  alarm. 

Furthermore,  a  filter  cannot  be  realized  by  choosing  the  value  of 
tQ  in  an  arbitrary  way.  By  way  of  example,  for  the  signal  u(t)  (Fig. 

4.6b)  at  tQ  =  0  the  pulse  response  of  the  filter  v(t)  will  lie.  in  the 
region  t  <  0.  Such  a  response  cannot  be  realized. 

Thus,  the  value  of  t^  must  be  chosen  such  that  the  values  of  the 
pulse  response  v(t)  different  from  zero  lie  in  the  region  t  >  0.  Hence 
It  follows  that  the  duration  of  the  delay  in  an  optimum  filter  t^  can- 
not  be  shorter  than  the  duration  of  the  signal  x^. 
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§4.  4.  S IGNAL- TO- NOIS E  RATIO  AT  THE  OUTPUT  END  OP  AN  OPTIMUM  FILTER 
Owing  to  the  linearity  of  the  filter  the  voltage  at  its  output 
end  is  the  sum  of  the  results  of  the  independently  acting  voltages  of 
the  useful  signal  x(t)  and  the  fluctuation  noise  n(t).  As  a  matter  of 
fact,  carrying  out  the  substitution 

y(s)=n(s)-{-u(s-ta),  (1) 

in  Eq.  [(9)  §4.3]  we  obtain 

w{t)  —  Wc(t)+wu(t)>  (2) 

where 


— /-f  s)u(s  —  tn)ds, 

— 00 

00 

wn  (i)  —  C  ^  u(ti—t-\-s)n(s)ds. 


(3) 

(4) 


The  voltage  of  the  useful  signal  wg(t)  is  a  nonrandom  function  of 
time.  This  function  attains  a  maximum  at  t  =  tz  +  tQ  (Pig*  4.6d,  dot¬ 
ted  line)  if  both  factors  of  the  expression  under  the  integral  sign  in 
Eq.  (3)  are  identical  functions  superposed  in  time.  In  this  case,  the 
value  of  the  maximum  proves  to  be  <proport-i-  ial  to  the  energy  of  the 
expected  signal  and  independent  of  its  form: 

«>c(4i  +  *,)  =  C  jVfc  —  i»)ds—C9=WcutM’  (5) 

We  may,  by  the  way,  conclude  from  this  fact  that  the  instant  tz  + 

+  tQ  of  reading  off  the  correlation  integral  from  the  output  voltage  is 
quite  justified.  The  correlation  integral  is  read  off  at  the  moment  of 
maximum  expected  voltage  of  the  useful  signal  at  the  output  end  of  the 
filter. 

This  noise  voltage  w  (t)  is  a  random  function  of  time.  Its  mean 

XT  _ 

value  is  equal  to  zero  since  n(s)  =0.  In  fact, 

wu(l)  =  C  J  u s)ti(s)ds=0. 

— «o 
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The  noise  dispersion  is,  therefore,  equal  to  the  mean  square  of 
the  voltage  wp(t): 

«£(0=[c  (7) 

Replacing  the  square  of  the  integral  by  the  product  of  two  iden¬ 
tical  integrals  with  different  variables  of  integration  and  passing 
over  to  a  double  integral  we  obtain 

^)=C*  J u(tt-t-\-s)ds  j u(t,—f+r)ms)n(r)f''.  (8) 

For  a  stationary  interference  n(t)  with  a  mean  value  equal  to  zero 
the  value  of  the  product  n(s)n(r)  is  a  correlation  function  of  a  dif¬ 
ference  argument 

n  (s)n(r)=R(s  —  r). 

As  to  an  interference  in  the  form  of  white  noise  with  a  spectral 
density  NQ  we  have  by  virtue  of  Eq.  [(2)  §2.4] 

(9) 

Substituting  expression  (9)  into  (8)  and  using  the  general  proper¬ 
ty  of  integrals  with  delta  functions 

Jf  (r)*(s—r)dr=zf(s), 

— m 

we  obtain 

(10) 

The  effective  (root-mean  square)  interference  voltage  w^  is, 
thus,  equal  to 

=c/?p.  (li) 

The  ratio  of  the  maximum  value  of  the  signal  to  the  effective  va¬ 
lue  of  the  interference  wg  ma-KS/wp  is  called  signal-to-noise  voltage 


ratio.  Its  value  is  found  with  the  help  of  Eqs.  (5)  and  (11), 


w»  MM 
»«*♦ 


ca  ns 
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It  is  characteristic  that  the  signal-to-noise  voltage  ratio  at  the 


output  of  the  optimum  filter  depends  only  on  the  energy  of  the  useful 


signal  and  the  spectral  noise  density  NQ  and  not  on  the  form  of  the 
signal.  The  same  holds  for  the  signal-to-noise  power  ratio 

gg..  no\ 

(13)  , 

There  is  no  filter  which  can  yield  a  greater  signal-to-noise  ratio 

*  j 

than  the  optimum  filter. In  fact,  let  us  assume  that  such  a  filter  ex¬ 
ists.  In  this  case,  putting  it  before  the  threshold  circuit  instead  of 
the  optimum  one  a  greater  probability  of  correct  detection  D  can  be 
obtained  if  the  probability  of  false  alarm  F  is  given.  But  it  is  just 
the  optimum  receiver  that  yields  the  highest  proability  D  for  a  given 
probability  F.  This  implies  that  also  the  optimum  filter  of  this  re¬ 
ceiver  under  given  conditions  yields  a  signal-to-noise  ratio  which  is 
the  highest  compared  to  other  linear  filters. 

§4. 5-  FREQUENCY  CHARACTERISTIC  OF  AN  OPTIMUM  FILTER 

Besides  the  pulse-response  characteristics  of  filters  the  use  of 
their  frequency  characteristics  is  very  widespread.  The  frequency 
characteristics  are  particularly  convenient  if  signal  filtration  from 
noise  by  means  of  resonance  oscillatory  systems  is  considered.  But 
they  can  also  be  used  in  other  cases. 

The  frequency  characteristic  K(f)  of  a  linear  circuit  (in  complex 

i 

form)  is  determined  in  the  following  way.  We  assume  that  a  harmonic 


oscillation 


is  fed  to  the  input  end  6 f  the  circuit. 

i 

In  this  case,  the  voltage  at  its  output  must  be  equal  to 
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*(i)=K{f)tluK  (2) 

Or,  the  frequency  characteristic  is,  by  definition,  the  relation 

*</>==$  forj,(0=e'fc".  (3) 

Substituting  expression  (1)  into  formula  [(4)  §4.3]  for  the  vol¬ 
tage  at  the  output  end  of  the  filter  and  replacing  w(t)  according  to 


formula  (2)  we  obtain 


Dividing  both  sides  of  the  equation  by  the  factor  and  car¬ 

rying  out  the  substitution  of  variables  t  —  s  =  t,  we  find  an  expres¬ 
sion  for  the  frequency  characteristic  in  terms  of  the  pulse-response 


characteristic : 


K(f)=  JoWe-^Vx. 


Equation  (4)  shows  that  the  frequency  characteristic  is  the 
Fourier  transform  of  the  pulse-response  characteristic. 

Making  use  of  relation  (4)  we  find  the  frequency  characteristic  of 


the  optimum  filter.  In  view  of 


p*«*  (0 — Cu  (/,  —  t), 


we  obtain 


Konr(f)=C  $ 

—00 

Carrying  out  the  substitution  of  variables  tQ  -  t  =  t,  we  find 

/Com  (f)=cju  (t)  c™  dt  e“/2,"\  ( 5 ) 


Hence  it  follows  that  the  frequency  characteristic  of  the  optimum 


filter  Kopt(f)  will  be 


Here  C  and  tn  are  real  constants  (as  also  in  §4. 3),  g*(f)  is  the 


complex  conjugate  value  of  the  spectral  density  g(f)  of  the  expected 
signal  u(t), 

*•(/)=  J  (7) 

— tOO 

The  expression. g*(f)  differs  from  expression  (7)  only  by  the  sign 

in  front  of  the  factor  ^  in  the  power  exponent. 

We  shall  pass  over  to  a  more  detailed  analysis  of  relation  (6)  de- 

% 

termining  the  frequency  chai  -°cteristic  of  an  optimum  filter. 

Evidently,  this  characteristic  is  described  by  the  complex  conju¬ 
gate  spectral  density  g*(f)  of  the  expected  signal  u(t),  except  for  an 
arbitrary  real  factor  C  and  the  delay  factor  e-/*/' o  . 

We  shall  rewrite  the  spectral  density  of  the  expected  signal  in 
terms  of  its  modulus  and  its  argument 

(8) 

where  |g(f)|  corresponds  to  the  amplitude  frequency  spectrum  of  the  ex¬ 
pected  signal,  and  arg  g(f)  to  its  phase-frequency  spectrum.  Obviously, 

(9) 

i.e.,  in  the  conjugate  spectrum  the  modulus  is  the  same,  but  the  argu¬ 
ment  has  the  opposite  sign. 

Substituting  expression  (9)  into  formula  (6)  we  obtain 

Kw  ( 10  ) 

Taking  the  modulus  and  the  argument  of  both  sides  of  Eq.  (10)  it 
is  possible  to  go  over  to  the  amplitude-frequency  and  the  phase-fre¬ 
quency  characteristics  of  the  optimum  filter,  respectively. 

To  start  with,  we  shall  deal  with  the  modulus.  Noting  that 


|e»a|  =  l,  we  obtain 


\Ko»T(f)\=C\g(f)\. 


(ii) 


timum  filter  is  proportional  to  the  amplitude-frequency  spectrum  of  the 


expected  signal.  An  optimum  filter  must,  therefore,  be  most  pernieable 
for  those  spectral  components  which  are  most  distinctly  expressed  in 
the  spectrum.  Weak  spectral  components  of  the  signal  are  suppressed  by 
the  filter  since  in  the  opposite  case  besides  tbpm  intense  noise  compo¬ 
nents  would  pass  through  in  a  wide  frequency  range.  The  shape  of  the 
amplitude-frequency  spectrum  at  the  output  end  of  the  filter  is  distort¬ 
ed,  which  is  one  of  the  reasons  for  the  jistortion  of  the  signal  (e.g. , 

vrr 

Pig.  4.6d).  The  problem  of  filtration  in  the  given  case  is,  however, 
the  best  discrimination  of  this  signal  on  the  noise  background  rather 
than  an  exact  reproduction  of  the  signal  shape. 

Taking  the  argument  of  both  sides  of  Eq.  (10)  we  obtain 

arg  Kent  (/) = -  arg  g([)  -  2T.fi,.  (12) 

Equation  (12)  shows  that  the  argument  of  the  frequency  characteris¬ 
tic  of  the  optimum  filter  is  the  sum  of  the  argument  of  the  expected 
signal  spectrum,  taken  with  the  reverse  sign,  and  the  argument  of  the 
delay  -27rftQ.  Such  a  choise  of  the  phase-frequency  characteristic  is, 
obviously,  very  valuable  from  the  viewpoint  of  guaranteeing  an  optimum 
filtration  effect. 

In  order  to  convince  ourselves  of  this  fact,  we  shall  express  the 
signal  component  of  the  voltage  at  the  output  end  of  the  filter  in 
terms  of  the  corresponding  frequency  characteristics.  If  a  useful  sig¬ 
nal  u(t  -  tz )  enters  the  input  end  of  the  filter,  and  the  spectral 
density  of  the  function  u(t)  is  equal  to  g(f),  the  spectral  density  of 
the  signal  u(t  -  tz)  will  be  g(f  )e~^2lxf  °z,  according  to  the  delay  the_ 
orem.  The  corresponding  spectral  density  at  the  output  end  of  the  x li¬ 
ter  is  equal  to 

Konx  (/)£(/)  C-'2*"’ 
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and  the  voltage  of  the  useful  signal  at  the  output  end  of  the  filter  at 
an  arbitrary  instant  of  time  t  will  be 


®«(0  =  J  KonrMgM^'W'df.  (X3) 

—CO  I 

according  to  the  superposition  principle. 

Substituting  here  instead  of  K  ^.(f)  its  expression  (10)  we  obtain 
the  relation 

«M0 =C  J  (3.4) 

which  is  the  spectral  analog  of  the  preceding  expression  [(3)  §4.4]. 

Using  the  Euler  formula  and  the  oddness  of  the  function  sin[27rf(t  —  tz 

r- 

—  tQ ) ] ,  we  find  finally, 

«M0=C  J  |  g  (f) !'  COS  [2*/  (/—/,— /,)!  df. 

It  is  evident  from  the  expression  obtained  that  the  voltage  at 
the  output  end  of  the  filter,  which  is  a  superposition  of  narmonic  com¬ 
ponents  of  different  frequencies,  is  determined  by  the  amplitude-fre¬ 
quency  spectrum  of  the  signal.  It  does  not  depend  on  the  phase-frequ¬ 
ency  spectrum  since  the  latter  is  compensated  by  the  phase-frequency 
characteristic  of  the  filter.  Consequently,  all  harmonic  components 
simultaneously  attain  the  amplitude  values  at  the  instant  of  time  t  = 

=  tz  +  tQ,  and  these  values  are  superposed  on  each  other  (Fig.  4.7)*  At 
this  instant  of  time  tne  voltage  maximum  of  the  useful  signal  at  the  out¬ 
put  end  of  the  filter 

»C  X.KO  =  Wo  (<3  4-4)  =  C  J  |  g  (f)\  'df. 


occurs. 


By  virtue  of  Parseval's  theorem 


]\gW<if=  ]u'(t)dt. 
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i.e . ,  this  maximum  is  determined  by  the  value  of  the  energy  of  the  use¬ 
ful  signal 

»C  M>KC  —  C3» 

It  is  easy  to  understand  the  results  of  deviations  from  an  optimum 
phase-frequency  characteristic.  If  the  latter  does  not  compensate  the 
phase  shifts,  the  maxima  of  the  harmonic  components  (Fig-  4.7)  will 
move  apart,  and  the  peak  of  the  total  oscillation  of  the  useful  signal 
will  begin  to  fade  away.  This  fact  aggravates  the  conditions  of  dis¬ 
criminating  the  signal  on  the  noise  background. 
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Fig.  4.7.  Superposition  of  the  maxima  of  the  useful  signal's  harmonic 
components  at  the  output  end  of  the  filter  in  the  case  of  an  optimum 
phase-frequency  characteristic. 

§4.  6.  APPLICATION  OF  THE  METHOD  OF  ENVELOPES  IN  THE  ANALYSIS  OF  THE 
OPTIMUM  FILTRATION  PROCESS 

In  the  case  of  high-frequency  oscillations  with  slowly  varying  am¬ 
plitude  and  initial  phase  the  relations  used  for  calculation  may  be 
simplified  considerably  by  using  the  so-called  method  of  envelopes. 

We  shall  represent  the  oscillations  at  the  input  end  of  the  filter 
in  complex  form 

y(0—Y  (0  cos  [rnj  4-  fv  (01  =  Re  [  Y{t)  ew|.  ( 1 ) 

Y^t)  is  here  the  envelope  of  the  amplitudes,  and  Y?t)  is  the  complex 
amplitude  (complex  envelope)  including  the  initial  phase 
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Y(t)=Y{t)t/%*l,K  (2) 

In  an  analogous  way*  the  complex  amplitudes  lt(t),  U(t),  'v(t),  *W(t)  may 
be  introduced. 

All  relations  for  the  complex  amplitudes  follow  from  the  corres¬ 
ponding  relations  for  the  instantaneous  values  y(t),  x(t),  u(t),  v(t), 
w(t),  as  can  be  shown  by  several  examples. 

As  the  first  example,  we  shall  consider  the  expression  for  an  ex¬ 
pected  signal  arriving  with  some  delay: 

or 

x(t)—X (t)  COS  [«,f  +  fx  (/)]  =  £/(/  —  t3)  COS  [a,, (t  -  /,) 4- 

Introducing  complex  amplitudes  we  obtain 

Re  [X(0  tlmJ\ = Re \U(t  -  /,)  e-w*ew]. 

Since  this  equation  is  correct  for  arbitrary  values  of  the  complex 
quantity  e^'V,  also  the  complex  factors  with  are  equal  to  one 

another,  i.e., 

(3) 

We  pass  to  the  corresponding  expression  for  the  pulse-response 
characteristic  of  the  optimum  filter 

at  (0  “  Cu  (/»  —  t). 

Introducing  complex  amplitudes  we  obtain 

Re  I  V0Bt  (<)  e'*! = Re  \CU(t,  - 1 )  ( 4 ) 

It  is  still  inconvenient  to  use  this  expression  to  compare  the 
complex  amplitudes  since  the  factor  e^O^  enters  the  left-hand  side  of 
Eq.  (4),  whereas  the  factor  e'^O^  enters  the  right-hand  side.  We  shall, 
therefore,  replace  the  complex  expression  the  right-hand  side  of  Eq. 

(4)  by  its  complex  conjugate  value:  in  this  case  the  real  part  will 
not  change  and  the  equation 


Re  tV0„  (t)  ewJ  =  RC  [CU‘  (/.  -  /)  e~/v*ow|. 

remains  correct. 

The  obtained  relation  holds  for  arbitrary  values  of  e^O^.  Con¬ 
sequently, 

Von,(0  =  Ci/‘(/.-0c-/V*.  (5) 

Expression  (5)  establishes  the  connection  between  the  complex 
amplitudes  of  the  pulse-response  characteristic  and  the  expected  sig¬ 
nal. 

We  shall  now  consider  the  connection  of  the  complex  amplitudes  at 
the  input  and  output  ends  of  the  optimum  filter.  As  before,  we  shall 
choose  the  corresponding  expression  for  the  instantaneous  values  [(4) 
§4.3]*  to  be  the  basis.  Introducing  complex  amplitudes  into  it,  we  ob¬ 
tain 

Re[W(0e/vl=  J  Rc  [  V  (/  -  s) e* ""'’i Re [K(s) e^'l dsi  (6) 

—00 

In  order  to  transform  (6)  we  use  an  auxiliary  relation  that  is 
well-known  from  the  theory  of  complex  numbers,* 

ReaRe6=Re[^-+^].  (7) 

Besides,  we  shall  take  account  of  the  fact  that  the  real  part  of  the 
sum  is  equal  to  the  sum  of  the  real  parts  and  that  this  relation  remains 
correct  if  we  go  over  from  sums  to  integrals.  The  right-hand  side  of 

i 

expression  (6)  may  then  be  rewritten  in  the  form 

00  00 

Re [-J-  JflWs  +  T  J^5]* 

-00  -09 

where 

6  =  K(s)eK‘. 

As  a  result  of  transforming  (6)  we  obtain 


RelWrWe^l^ReUW.W+V.Wle^}, 


(8) 


where 

00 

W,(0=“  §V(t-s)r(s)dst  (9) 

■  —00 

00 

w,  (/)=  4-  Jv(/-s)  K*  (s)  (T-'Mfc.  (10) 

— oo 

It  follows  from  relation  (8)  that  the  expression  for  the  complex 
voltage  amplitude  at  the  output  end  of  the  filer  may  be  written  in  the 
form 

W(0=Wl(/)+W1(/),  (11) 

where  the  quantities  W^(t)  and  Wp ( t )  are  determined  in  terms  of  the 
complex  input  voltage  amplitude  by  Eqs.  (9)  and  (10). 

— r 

In  the  case  of  a  sufficiently  high  carrier  frequency  (compared  to 
the  spectral  width  of  the  signal)  the  complex  amplitudes  vary  slowly 
whereas  the  factor  e_J'2a30°  in  expression  (10)  oscillates  rapidly,  com¬ 
pared  to  them.  Consequently,  on  integrating  expression  (10)  we  obtain  a 
negligibly  small  value  of  the  second  term  in  (11)  compared  to  the  first 
one,  i.e., 

00 

W(<)  W ^(0=4-  JV(‘~S)  y(s)ds'  ( 12 ) 

Formula  (12)  is  a  very  convenient  calculational  aid  for  analyzing 
linear  electric  filters. 

In  particular,  we  obtain  for  an  optimum  filter  by  virtue  of  rela¬ 
tion  (5) 

09 

W0BT (t)  « 4* Ce~ 5)  K(s) ds.  (13) 

—09 

If  a  useful  signal  without  any  interference  Y(t)  =  X(t)  [relation 
(3)]  acts  on  the  input  end  of  the  optimum  filter 
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We  (0  =  4-  Ce"'-*  <'•  +,.>  j  ir(tt  —  t-{-s)U(s  —  /,)  JS. 


The  envelope  of  the  useful  voltage  at  the  output  end  of  the  filter 
can  be  found  as  the  modulus  of  the  corresponding  complex  amplitude 

W,(/)=IWC(/)|  e=4~C  |  j  ir{s-t  +  tt)U(s~l>)ds\.  (14) 

It  is  characteristic  that  factors  oscillating  with  high  frequency 
do  not  enter  relation  (14),  for  which  reason  the  calculation  of  the 
envelope  is  simpler  than  that  with  the  help  of  the  formula  for  the  in¬ 
stantaneous  values  [(4)  §4.3.]. 

By  way  of  example,  let  us  calculate  the  result  of  the  action  of 
a  radio  pulse  with  constant  instantaneous  frequency  on  the  optimum  fil¬ 
ter.  We  assume  the  shape  of  the  envelope  to  be  similar  to  a  rectangu¬ 
lar  one,  supposing  the  duration  of  the  fronts  to  be  small  compared  to 
the  pulse  duration  (but  great  compared  to  the  oscillation  period). 
For  numerous  calculations  v/e  shall  restrict  ourselves  to  the  rectangu¬ 
lar  approximation,  on  the  assumption  that  the  function 

u(t— /,) = cos  CD.  (/  —  /,)  =  Re  [e^* 

if  t.7  <  t  •<  i,  +  T; ,  and  that  this  function  is  euual  to  zero  for  all 
other  t.  Hence  it  follows  that  its  complex  amplitude 


\0,  if  /<fs  or 


In  the  given  case,  the  complex  amplitude  is  described  by  the  isal 
function  U(t  —  tz)  =  U(t  —  tz).  In  this  case,  also  each  factor  in  the 
expression  under  the  integral  sign  of  relation  (14)  will  be  real: 

The  diagrams  of  these  factors  and  their  product-  nr  function*  of  the 


integration  variable  s  are  shown  in  Fig. 
pond  to  the  following  four  cases: 


-a ,  O ,  C ,  , 
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Pig.  4.8.  Typical  calculation  of  voltage  envelope  at  optimum-filter 
output. 


a  t  —  (Fig.  4.8a). 

b  t0<t — (Fig.  4.8I>) 
C  #.«-/.</,  + 1„  (Fig.  4.8c). 

^  /,  (Fig.  4.8d). 


It  is  easy  to  see  that  for  the  cases  a.  and  d  the  integral  (14)  is 
equal  to  zero  since  the  expression  under  the  integral  sign  vanishes  i- 
dentically. 

For  the  cases  b  and  c  we  find,  respectively: 

*-*.+»« 

BMO =4C  j  <fr==~CK-t(* 
u 

<•+’« 

W„(l)=-rC  f  <fc=-I-C  [t„ 

I--I, 


or  else. 


«M*)=  2 

10. 


Cfr, -](/-*.) -Ml.  if  |( 

if  j  |  >%», 


Figure  4. 9a  and  b  show  diagrams  of  the  envelope  of  the  useful  sig¬ 
nal  voltages  at  the  input  and  output  ends  of  the  filter  as  functions  of 
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time.  Analogous  diagrams  of  the  instantaneous  values  of  the  same  volta¬ 
ges  are  drawn  in  Fig.  4. 9c  and  d.  The  maximum  of  the  output  voltage 
envelope  corresponds  to  the  instant  of  time  tz  +  t^-.  The  filter  reali¬ 
zability  condition  t^  >  corresponds  to  the  fact  that  the  voltage  peak, 
at  the  output  end  of  the  optimum  filter  cannot  be  obtained  before  the 
pulse  has  come  to  an  end.  In  the  opposite  case,  it  would  be  quite  xm- 
possible  to  make  use  of  all  its  energy. 


Fig.  4.9.  Diagrams  showing  the  envelopes  and  instantaneous  values  of  a 
useful  signal  at  the  input  and  output  ends  of  an  optimum  filter  for  a 
rectangular  radio  pulse  with  constant  carrier  frequency. 


§4.7.  RECEIVER  WITH  OPTIMUM  FILTER  IN  THE  CASE  OF  RANDOM  INITIAL  PHASE 
OF  THE  SIGNAL 

We  may  approach  the  problem  of  designing  a  receiver  with  optimum 
filter  in  the  case  of  random  initial  phase  of  the  signal  from  two  points 
of  view. 

It  is,  e.g. ,  possible  to  analyze  the  behavior  of  the  voltage  at  the 
output  end  of  the  filter  if  the  initial  phase  is  random  and  hence  to 
provide  for  the  corresponding  modifications  in  optimum  processing. 

More  rigorous  will,  however,  be  the  synthesis  of  a  pi  cessing 
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device  with  optimum  filter  immediately  from  the  probability  ratio  for  a 
signal  with  random  initial  phase  or  with  random  amplitude  and  initial 
phase.  We  shall,  therefore,  begin  with  the  analysis  of  the  probability 
ratio. 

It  follows  from  expressions  [(2)  and  (3)  §4.2]  that  the  probabi¬ 
lity  ratios  are  monotonic  functions  of  the  quantity  Z  =  °r 

these  cases.  It  was  just  this  fact  which  was  chosen  to  be  the  basis  of 
designing  a  correlation  reception  circuit  with  two  quadrature  channels. 
When  using  an  optimum  filter  it  is  not  necessary  to  have  a  circuit  with 
two  quadrature  channels.  We  shall  confirm  this  by  appropriate  mathema¬ 
tical  calculations. 

From  Eqs.  [(7)  §4.2]  we  obtain 

j:,  (/) = Re  [X(t)  e^J = Re  (**  (/)  .  a.  (i) = -  Ito  [*  (0  e.'-'j = Im  (/)  «TW], 

where  X(t)  =  X(t)e^<px^t\  Hence  by  virtue  of  [(6)  §4.2] 


z,=Re|  jvWJT 

*.=im  f  J 


Let  us  remember  that  for  any  complex  number  a  =  Re  a  +  jlm  a  the 
equation 

is  valid. 

Consequently, 

z=yj+?tJ 


(1) 


(2) 


Using  the  obvious  equation 

y(t)=Y(t)  cos  [../+  (/)]  =  Y(t)^  + 

we  rev/rite  the  expression  under  the  integral  sign  (1)  as  the  sum  of  two 
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terms 


Tl'W^(0+4-y*^^(0e-/w, 

the  second  of  which  is  rapidly  oscillating  with  the  high  frequency  2(uQ. 
Neglecting  its  integral  we  obtain 


2« 


00 

t  j  nyx-m 


(3) 


or,  owing  to  Eq.  [(3)  §4.6] 


<Z(M~ 


4-  J  Y(t)(r(t-t,W^dt . 

—o* 

Putting  the  constant  factor  e^O^  in  front  of  the  integral  sign 
and  realizing  that  its  modulus  is  equal  to  unity  we  obtain 


*(*.)= 


00 

T  J  K(*)ff*(s-/.)<fc 


(5) 


Let  us  compare  the  obtained  expression  with  expression  [(13)  §4.6] 
for  the  voltage  at  the  output  end  of  the  optimum  filter  as  calculated 
for  a  given  signal  u(t)  with  arbitrarily  chostn  initial  phase.  We  sub¬ 
stitute  into  [(13)  §4.6]  the  value  of  t  =  t^  +  tQ  corresponding  to  rea¬ 
ding  off  the  amplitude  peak  of  the  useful  signal  at  the  output  end  of 
the  filter.  Passing  over  to  the  modulus  and  taking  into  account  that 
|e“w';=;,  we  obtain 


m 

J  V(s)W{s-U)ds 


(6) 


or 


flP0Bt  (/,  -{-  l,y~CZX<3)  •  *  ( 7 ) 

Thus,  the  voltage  amplitude  at  the  output  end  of  the  optimum  fil¬ 
ter  at  the  instant  t  +  t^  represents,  except  for  a  factor,  the  quanti¬ 
ty  Z(tz),  which  also  has  to  be  compared  with  the  threshold  for  each 
trial  delay  time.  Thus,  in  order  to  obtain  the  quantity  7( t7j),  it  is 
sufficient  to  have  only  one  channel.  In  order  to  go  over  from  the  in- 
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stantaneous  voltage  values  at  the  output  end  of  the  filter  to  the  amp¬ 
litude  values  an  envelope  detector  must  be  set  up.  In  other  words,  an 
optimum  receiver  must  contain  a  detector,  besides  the  filter. 


We  may  come  to  the  same  conclusion  by  directly  analyzing  the  vol¬ 
tage  at  the  output  end  of  the  optimum  filter  in  the  case  of  a  random 
initial  phase  of  the  signal,  which  was  remarked  at  the  beginning  of  the 
section.  The  phase  of  the  input  voltage  is  also  random  in  this  case.  In¬ 
formation  on  the  presence  of  a  signal  is,  therefore,  only  yielded  by  the 
envelope,  which  may  be  obtained  by  amplitude  detection. 

The  voltage  after  the  detector  must  be  compared  with  the  threshold 
whose  level  is  chosen  by  taking  account  of  the  transmission  factor  C  of 
the  filter.  One  channel  of  optimum  processing  (Fig.  4.10)  permits  targ¬ 
ets  differing  by  the  delay  time  to  be  detected. 

The  significance  of  the  results  obtained  is  sufficiently  general. 

The  processing  system  consisting  of  the  optimum  filter  and  the  amplitu¬ 
de  detector  may  be  used,  as  will  be  shown  in  the  following,  as  an  element 
of  the  system  of  optimum  delay  time  measurement  for  the  type  of  signal 
under  consideration.  Besides,  the  conclusions  obtained  for  signals  with 
random  initial  phase  may  also  be  applied  to  more  complex  signal  models. 
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Fig.  4. 10.  Principle  o.C  designing  a  single-channel  receiver  with  opti¬ 
mum  filter  for  a  signal  with  random  initial  phase.  A)  Optimum  filter; 
B)  envelope  detector;  C)  toward  the  threshold  and  measuring  device. 


§4.8.  CORRELATION-FILTRATION  RECEPTION 

Considering  various  versions  of  optimum  processing  we  satisfied 
ourselves  of  the  fact  that  in  each  of  them  we  encountered  on  the  calcu¬ 
lation  of  the  correlation  integral 


*=  ]x(l)y(t)dt.  (1) 

In  §4.2  the  computation  of  this  integral  by  means  of  direct  multi¬ 
plication  and  integration  with  the  help  of  a  correlator  was  considered: 
In  §4. 3-4.7  we  intended  to ^  obtain  this  integral  as  the  voltage  at  a 
certain  instant  of  time  at  the  output  end  of  a  linear  optimum  filter. 

A  combined  method  of  calculating  this  integral  is  also  possible,, 
in  which  both  multiplication  of  the  voltages  and  filtration  of  the  os¬ 
cillation  obtained  in  doing  so  are  used.  We  will  call  a  receiver  desig¬ 
ned  according  to  this  principle  a  correlation-filtration  receiver. 

Let  us  assume  that  the  expected  oscillation  x(t)  can  be  represen¬ 
ted  as  the  product  of  two  functions 

*(/)=*,(/)*,(/).  (2) 

Figure  4. 11  shows  that  the  computation  of  the  correlation  integ¬ 
ral  (1)  is  carried  out  in  two  stages.  First,  the  received  oscillation 
y(t)  is  immediately  multiplied  by  x1(t).  The  received  oscillation 

Vi(t)=U(l)xt(f)  (3) 

is  fed  to  the  filter  which  is  optimum  for  the  oscillation  x2(t).  At  a 
certain  instant  of  time  the  correlation  integral 

J  IU  (i)  «*.  (/)<«=  J  y  (t)  xt  (i)  x%  [l)dl.  (4) 

— 0»  ~aa 

is  formed  at  the  output  end  of  the  filter. 

By  virtue  of  relation  (2)  this  integral  coincides  with  the  given 
correlation  integral  (1). 


Fig.  4. 11.  Structural  diagram  of  the 
simplest  correlation-filtration  re¬ 
ceiver.  A)  Multiplier;  B)  optimum 


filter  for  x2(t), 
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Figure  4. 12  shows  a  coherent  sequence  of  rectangular  radio  pulses 
x(t)  as  an  example  illustrating  the  representation  of  a  real  signal  by 
means  of  relation  (2).  It  is  represented  as  the  product  of  two  func¬ 
tions  -  the  function  x-^(t),  which  corresponds  to  a  sequence  of  video 
pulses,  and  the  function  Xg(t)  corresponding  to  a  single  radio  pulse 
of  long  duration. 

a 

b 


c 

Fig.  4. 12  Representation  of  a  coherent 
sequence  of  pulces  as  a  product  of  two 
functions. 


The  multiplication  of  an  arbitrary  function  y(t)  by  x]L(t)  (Fig. 
4.12a)  is  equivalent  to  a  gating  of  the  oscillation  y(t)  by  means  of 
rectangular,  selecting  video  pulses  x1(t).  In  its  turn,  designing  a 
filter  for  a  single  radio  pulse  x2(t)  (Fig.  4.12b)  is  a  simpler  prob¬ 
lem  than  designing  it  for  a  series  of  pulses  (Fig.  4.12c). 

The  simplest  approximation  to  an  optimum  filter  for  a  radio  pulse 
of  long  duration  x2(t)  is  a  narrow-band  circuit  whose  band  is  inverse¬ 
ly  proportional  to  the  duration  of  the  pulse, 

9 

We  must,  however,  mention  that  the  reduction  of  the  demands  made 
on  the  filter  is  achieved  on  account  of  a  limitation  of  the  possibili¬ 
ties  of  using  the  circuit.  Optimum  work  of  the  circuit  is  only  possible 
if  the  gated  pulses  coincide  with  the  pulses  subject  to  processing.  In 
the  opposite  case  transition  to  multichannel  circuits  is  necessary  as 
shown  in  Fig.  4.  3. 
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For  the  example  under  consideration  the  receiver  (Fig.  4.11), 
thus,  proves  to  be  a  device  with  gating  of  the  pulses  to  be  processed 
and  their  coherent  storage  in  the  narrow-band  system  on  the  high  fre¬ 
quency  applied. 

Let  us  consider  another  important  but,  compared  to  the  preceding 
one,  modified  case  of  correlation-filtration  reception  which  leads  to 
optimum  processing  making  use  of  filtering  systems  on  an  intermediate 
frequency.  Let 

where  • 

X(i) =xy(t)XM 

(0=?i  (*)+?*  (0- 

(£f  the  functions  x-^(t)  =  X1(t )cos[co1t  +  q>1(t)]  and  x2(t)  =  X2(t) 
cos[o)2t  +  q>2(t)]  are  introduced,  their  product  yields  x(t)  up  to  a 
difference  frequency  term  -  <jd2  and  an  unimportant  factor  1/2: 

(0  x,  (/) =-rXt  (t)  x,  (t)  cos  k* + (/)] + 

+4-^(<)^(0cos{k —,)/+?, (0-?.(01- 

Let  the  sum  and  the  difference  frequency  terms  have  nonoverlapping 
spectra,  and  the  frequency  interval  -  acd/2  <  u>  <  coQ  +  nU)/2  complete¬ 
ly  cover  all  components  of  the  spectrum  of  the  sum  frequency 

In  this  case,  the  oscillation  x(t)  can  be  formed  by  filtering  the 
product  x1(t)x2(t)  with  the  help  of  a  filter  which  does  not  distort  in 
the  Acu  band  and  suppresses  the  oscillations  outside  this  band. 

Let  us  denote  the  pulse-response  characteristic  of  such  a  filter 
by  vf(t)  =  2x^(t  -  tf),  where  tf  characterizes  the  delay  time  in  the 
filter.  The  expression  for  x(t)  can  then  be  represented  by  a  convolu¬ 
tion  integral 

x[t)=2  J  xt(s)xt(s)xt(t— /*  —  s)ds.  .  x  ) 

— 00 
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Eq.  (5)  is  'a  generalization  of  Eq.  (2)  and  goes  over  into  (2)  for 
x^(t)  =  6(t)  and  tp  =  0. 

If  x(t)  is  represented  by  Eq.  (5),  the  calculation  of  the  correla¬ 
tion  integral  reduces  to  the  operation 


00  09 


On  interchanging  the  order  of  integration  this  operation  may  be 
replaced  by  the  following  operations: 


1)  we  calculate 


2)  we  calculate 


3)  we  calculate 


Vt(s)=2  J y(t)xt(t—U—s)dl; 


&(*)=&(*)«*»(*); 


*—  j  y,(s)xt(s)ds. 

■KD 

The  first  operation  may  be  carried  out  with  the  help  of  a  filter, 
the  second  one  by  multiplying  by  x-^(s)  and  the  third  one  by  means  of 
a  filter,  as  well. 

In  particular,  if  we  put  =  cu  ,  -  a)  ,  Xg(t)  =  X(t), 

pr  *  P^-*  t 

cp2(t)  =  <px(t),  X^(t)  =  1,  cp-^(t)  =  0,  the  indicated  operations  will  re¬ 
duce  to  the  following  ones: 

1)  preselection  of  the  high-frequency  oscillation  spectrum  be¬ 
fore  heterodyning. 

2)  heterodyning  with  the  help  of  a  heterodyne  whose  frequency  is 

t 

o^l  =  00q  —  o>  ,  an(*  w^ose  amplitude  and  phase  are  not  modulated. 

3)  optimum  filtration  of  the  signal  on  an  intermediate  frequency. 
Thus,  the  given  case  corresponds  the  ordinary  superheterodyne  re¬ 
ception  method. 

If  we  put  o)  =  a)  ,  a).  =  cd,,  -  , 

^  pr’  1  0  pr’ 
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Xi(t)  =  X(t),  cp1(t)  =  <px ( t ) , 


X2(t)  =  1  (in  a  section  greater  than  the  signal  duration)  cp2(t)  =  0, 
the  processing  operations  will  reduce  to  the  following  ones: 

1)  preselection  before  heterodyning. 

2)  heterodyning  with  the  help  of  a  heterodyne  whose  law  of  modula¬ 
tion  corresponds  to  the  modulation  law  of  the  signal,*  and  whose  carrier 
frequency  is 

3)  optimum  storage  on  an  intermediate  frequency  o)pr  with  the  help 
of  a  narrow-band  circuit.  . 

If  we  put  o>2  =  copr,  o)^  =  C30  -  o>pr,  X2(t)  =  X(t),  <p2(t)  =  0,  Xx(t)  = 
=  1,  cp,'(t)  =  9x(t),  this  implies  that  the  heterodyne  voltage  on  the 
carrier  frequency  cd^  =  oj0  —  cupr  must  take  account  of  the  phase  modula¬ 
tion  law  of  the  signal,  and  the  characteristic  of  the  optimum  filter  on 
the  intermediate  frequency  must  allow  <for  the  amplitude  modulation  law 
of  the  signal. 

In  the  latter  two  cases  we  are  concerned  with  modified  operations 
of  superheterodyne  reception  differing  by  the  distribution  of  the  func¬ 
tions  between  correlation  and' filtration  processing.  It  is  easy  to  rea¬ 
lize  that  very  many  variants  of  this  distribution  are  possible. 

§4. 9„  RECEIVER  WITH  OPTIMUM  FILTER  FOR  A  PACKET  OF  RADIO  PULSES  WITH 
RANDOM  INDEPENDENT  INITIAL  PHASES 


Let  us  pass  on  to  the  synthesis  of  optimum  receivers  for  a  signal 
in^the  form  of  a  radio  pulse  packet  with  random  initial  phases.  We 
shall  choose  the  expressions  for  the  probability  ratios  ( §3- 5 j  3.6)  to 
be  the  starting  point: 

a)  in  the  case  of  a  nonfluctuating  packet 

■  i1) 

b)  in  the  case  of  independent  fluctuations  of  the  pulse  packet 
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We  shall  not  consider  the  case  of  friendly  fluctuations.  Taking  the 
logarithm  of  these  expressions  we  obtain 

A  A 

la/==3vrS  +  +Sln  3*  +  N*‘  (4) 

*  * 

In  doing  so,  the  operations  of  multiplication  are  replaced  by  the  sim¬ 
pler  operations  of  addition. 

It  is  essential  that  rhe  logarithmic  functions  is  monotonic.  Con¬ 
sequently,  instead  of  calculating  the  probability  ration  H  and  compar¬ 
ing  it  with  the  threshold  it  suffices  to  calculate  the  quantity  In  l 
and  to  compare  it  with  its  threshold  In  which  simplifies  the  real¬ 
ization  of  optimum  detection  devices.  When  realizing  optimum  detection 

*1  n  fh 

devices  it  is  possible  to  start  from  the  obvious  relation  i  -•  e  . 
Substituting  In  Jl  into  it  from  relation  (3)  or  (4)  the  values  of  l 
needed  to  calculate  the  aposteriori  probability  density  of  the  parame¬ 
ters  to  be  measured  may  be  obtained. 

Thus,  we  may  assume  th<  in  detection  and  measuring  systems,  the 
cascades  of  an  optimum  receiver,  except  for  the  terminal  ones,  must 
carry  out  the  mathematical  operations.; 


in  the  processing  of  a  nonfluctuating  packet  and 


Sz\ 

dk  +  N< 


in  the  processing  of  a  packet  with  independent  pulse  fluctuations. 

In  both  cases,  the  initial  stage  of  processing  is  the  calculation 
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of  the  quantities  for  each  pulse  separately 

4*  J  n<i*km .  (?) 

— «0 

where  X^(t)  =  Xj.( t )e^h('fc )  iS  a  given  functic,  expending  on  the  time 
position  of  the  kth  pulse,  its  amplitude  and  its  law  of  modulation  (it 
does  not  depend  on  the  random  unmeasurable  parameters  and  B^,  see 
§3.5,  3.6). 

Let  us  introduce  amplitude  factors  characterizing  the  shape  of 
an  undistorted  packet.  For  the  greatest  pulse  of  the  undistorted  packet 
S  =  1.  Denoting  the  kth  pulsing  moment  by  t^>  and  its  delay  time  by 
^zk  we  rePreserrfc  the  function  X^(t)  in  the  form 

xk  (t) = SkU(t  ~  tk  -t,k)  ( 8 ) 

In  this  case, 

=  SkZtkt  ( 9 ) 

where  for  any  pulse  number 


m 

-f  J  rmirv 


(10) 


This  implies  that  all  quantities  ZQk  may  be  obtained  with  the  help  of 
the  circuit  diagram  considered  earlier  (Fig.  4.10)  for  a  signal  with 
random  initial  phase.  This  circuit  consists  of  an  optimum  filter,  in¬ 
tended  to  process  the  pulse  T5(t),  and  the  envelope  detector.  In  order 
to  obtain  the  quantities  X^  after  the  detector  it  is  necessary  to  add 
a  circuit  introducing  weight  factors  S^. 

Thus,  a  weighted  packet  of  video  pulses  is  obtained  as  the  result 
of  the  first  stage  of  processing  an  Incoherent  packet  of  radio  pulses. 

For  a  nonfluctuating  packet  the  following  processing  reduces  to 
the  calculation  of  the  values  of  In /» and  their  summation.  The 
result  of  summation  does  not  depend  on  the  initial  phases  of  the  high- 

frequency  oscillations  since  video  pulses  are  summed.  Such  a  summation 
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is  called  incoherent.  The  v.hole  diagram  of  optimum  processing  Is  shown 
in  Pig.  4. 13.  It  consists  of  an  optimum  filter  for  the  single  radio 
pulse,  a  linear  detector,  the  circuit  of  multiplication  by  the  factors 
of  the  packet  envelope  S.  ,  a  nonlinear  element  with  a  characteristic, 
of  the  form  lnIQ(u)  and  an  incoherent  summation  and  storing  device  re¬ 
alizing  the  actions  of  combining  video  pulses  which  do  not  act  at  the 

same  time  and  of  summing  them.  Judging  by  its  outside  this  diagram  re- 

\ 

minds  somewhat  of  a  correlation-filtration  diagram.  It  differs,  however, 
from  it  insofar  as  the  multiplication  by  is  carried  out  after  the 
detector. * 


A 


id) 


Cnmumut- 
\aw0unmp 
if  U(t ) 


_ Ik 


[  0‘JNtUHHU  1  »  j 
imtumtp 


C  ifttitk  D  w* 


Cie**t 
yMMtMce  - 
*U0 


1ft 


44 HeAuneuikiO 
ftt 


J  OjMuamop- 


t 


monumeA* 


IS 


Fig.  4. 13.  Structural  diagram  of  optimum  pro¬ 
cessing  of  a  packet  of  radio  pulses  with  ran¬ 
dom  initial  phases.  A)  Optimum  filter  for 
U^t);  B)  linear  detector;  C)  multiplier  cir¬ 
cuit;  D)  nonlinear  element;  E)  summation  and 
storing  device. 


For  the  limiting  cases  of  weak  and  strong  signals  the  diagram  in 
Fig.  4.13  may  be  simplified  in  an  essential  way.  In  fact,  for  small 
values  of  the  argument  u  =  2SkZQk/Nr.  the  function  lnl0(u)  is  well  ap¬ 
proximated  by  the  first  term  of  its  power  series  expansion  in  u 

u<%\,  (11) 

i. e.,  it  has  a  parabolic  initial  part.  For  great  values  of  the  argu¬ 
ment  its  asympotic  representation  can  be  used 

«>1,  (12) 

which  corresponds  to  the  linear  region  in  its  diagram  (Fig.  4. l4). 
This  implies  that  for  a  packet  of  pulses  whose  amplitudes  are 

-  119  - 


1 


*?*&?*>  gfV  l'K«l' 


’  P 


-iL.  Itt j 


\ 
1 

1  |  1 
1 ! 
1- 
'  i  ' 


1 

\ 


!• 


It . 


■ 


W 


4 


j &ir 


grr*  k 


(13) 


y**W.^WSis 


'? 


I 


small  compared  to  the  noise 


and  for  great  amplitudes 


(14) 


Thus,  the  summation  of  logarithms  is  replaced  by  the  summation  of 
linear  or  quadratic,  functions  of  the  quantity  ZQ^,  The  incoherent  sum¬ 
mation  proves  to  be  weighted.  The  weight  coefficients  are  quantibites 
proportional  to  the  square  or  first  power  of  the  expected  value  of  the 
pulse  amplitude  S^,  respectively.  This  summation,  as  well  as  the  for¬ 
mation  of  the  correlation  integral  may  be  realized  with  the  help  of  a 
special  filter. 


In  this  connection,  the  schematic  dia¬ 
gram  of  Fig.  4. 15  shows  the  optimum  filter 
of  post-detector  processing  (its  possible 
realizations  as  well  as  the  realizations  of 
pre-detector  filters  will  be  considered  in 
Chapter  5)-  In  the  diagram  of  Fig.  4.15  a 
linear  detection  is  provided  in  order  to 
realize  processing  in  accordance  with  rela¬ 
tion  (14).  If  the  processing  (13)  is  needed  the  detector  is  replaced 
by  a  quadratic  one.  In  this  case,  also  the  necessary  pulse  response 
characteristic  of  the  post-detector  processing  filter  is  changed. 

let  us  pass  on  to  the  construction  of  a  circuit  for  optimum  pro¬ 
cessing  of  a  packet  with  independent  fluctuations  of  the  pulse  ampli¬ 
tudes.  By  virtue  of  Eqs.  (6)  and  (9)  this  circuit  must  realize  the 
mathemat ic  al  ope  ration 
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Fig.  4. 14.  Diagram  of 
the  function  lnIQ(u). 
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Zj3k  +  N,  &,2j  sl  +  V.I9t  *  (!5) 

where  5#=  is  the  mean  energy  ex'  the  greatest  pulse  of  the  undis- 

> 

torted  packet.  As  in  the  preceding  case  (13),  the  mathematical  operation 
reduces  to  the  weighted  summation  of  squares  of  the  quantities  7,0k‘ 
Consequently,  uhe  circuit  diagram  of  Fig.  4. 15  in  which  the  linear  de¬ 
tector  is  replaced  by  a  quadratic  one  is  adequate  also  in  the  given 

l 

case.  But  in  contrast  to  the  case  (13)  the  quadratic  detection  is  op¬ 
timum  also  for  strong  and  for  weak  signals,  and  the  weight  factors  are 

proportional  to  _ .Si _ .  For  a  pulse  packet  with  rectangular  env- 

SI  +  NJ3. 

elope  the  weighted  summation  is  equivalent  to  a  nonweighted  one  since 
all  weight  coefficients  are  equal  to  each  other. 

Thus,  the  considered  circuits  solve  the  problem  of  optimum  pro¬ 
cessing  of  signals  in  the  form  of  packets  of  pulses  with  random  initi¬ 
al  phases  without  fluctuations  and  with  independent  fluctuations  from 
pulse  to  pulse.  In  order  to  guarantee  optimum  detection  on  the  basis 
of  these  circuits  it  is  sufficient  to  set  up  the  last  element  in  the 
form  of  a  threshold  circuit.  To  realize  the  optimum  measurement  of  a 
parameter  also  an  appropriate  last  element  is  necessary.  An  example  of 
designing  such  an  element  for  measuiing  the  delay  time  t  =  const  is 

Zr 

given  in  the  following  section. 


Fig.  4. 15.  Simplified  circuit  diagram  of 
optimum  processing  of  an  incoherent  pack¬ 
et  of  great-amplitude  radio  pulses.  A)  Op¬ 
timum  filter  for  U(t);  B)  linear  detector; 
C)  post-detector  processing  filter. 
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§4.10  OFTIMUM  MEASUREMENT  OP  DELAY  TIME 

The  expression  for  the  a-posteriori  probability  density  (§2.7) 

/»P.U(#Jl=^(/.)/(y(/)|/,l  .(1) 

is  represented  in  the  form 

PVM)]=KMp(U)e,n,ltU,U3] ;  (2 ) 

For  a  packet  of  radio  pulses  with  independent  initial  phases  the 
logarithm  of  the  probability  ratio  will  be 


(3) 


The  quantity  zok^3^  here  determined  from  the  value  of  the  vol¬ 
tage  envelope  at  the  output  end  of  the  optimum  filter  \ 


^(/*+<V+/.)=CZ,*(/,).  (4) 

where  tfc  is  the  instant  at  which  the  corresponding  sounding  pulse  is 
given. 

Taking  account  of  the  results  of  the  preceding  section  we  obtain 
the  circuit  suitable  to  determine  the  a-posteriori  probability  density 
of  the  delay  time  (Fig.  4.15)  with  the  addition  of  a  terminal  device 
(Fig.  4. 16).  » 


Fig.  4. 16.  Circuit  diagram  of  a  terminal  device  for  obtaining,  the  most 
probable  a-posteriori  estimate.  A)  Nonlinear  element;  B)  Circuit  in¬ 
troducing  a-priori  data;  C)  device  for  working  out  the  estimate. 


This  device  contains: 

1)  a  nonlinear  element  with  exponential  characteristic. 

2)  a  circuit  introducing  a-priori  data.  At  the  output  end  of  the 
latter  the  a-posteriori  probability  density  p[tz|y(t)]  is  obtained  ex- 
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cept  for  a  factor. 

The  circuit  introducing  a-priori  data  is  an  element  realizing  the 
multiplication  of  the  probability  ratio  and  the  a-priori  probability 
density  as  functions  of  a  possible  value  of  the  measurable  parameter 
delay  time  a  =  tz.  In  particular,  if  the  distribution  of  the  distance 
from  the  target  is  equally  probable  in  some  interval  interval  r^  <  r  < 
<  r2,  an  ordinary  gate  amplifier  which  is  turned  on  for  an  interval  of 
delay  time  values  of  t  ^  <  t2  <  t2g, 

/  _ 3f|,« 

‘ai.i  — -7-- 

may  serve  as  the  circuit  introducing  a-priori  data. 

The  estimate  of  the  measurable  parameter  may  be  carried  out  from 
the  curve  of  the  a-posteriori  distribution  of  this  parameter  in  ac¬ 
cordance  with  the  criterion  of  the  mean  risk  minimum.  In  analogy  to 
the  case  of  one-dimensional  measurement  the  center  of  gravity  of  the  a- 
posteriori  distribution  curve  ,  ■ 

OO  .  ^ 

“L.r—M* {* Ilf  (0) =  liftyl  d* 

proves  to  be  the  optimum  estimate,  or,  by  virtue  of  [(16)  and  (17) 

§2.7] 

00  . 

\  «/»(«)/ WO 

a *  — IT?* _ _ 

(5) 


m' 


omt  m 


J*(«H&r(OM* 


As  was  already  shown  before,  frequently  the  most  probable  estimate,  i. e. 
an  estimate  a*  =  t*  such  that 

^My(OI=Ofor/.=<;.  (6) 

is  chosen  to  be  the  optimum  estimate.  This  estimate  corresponds  to  the 
maximum  of  the  a-posteriori  distribution  curve  of  the  parameter  tz .  The 
device  for  working  out  this  estimate  is  also  the  output  stage  of  the 
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circuit  in  Fig.  4.  l6« 

In  these  cases  where  the  a-priori  probability  distribution  in  the 
interval  of  measurable  values  of  the  delay  time  tZJL  <  tz  <  tz2  may  be 
assumed  constant  the  optimum  measurement  circuit  is  simplified  consi¬ 
derably.  By  virtue  of  (I }  and  (2)  one  of  the  following  two  conditions 
is  sufficient  to  fulfill  iso-  (6): 

^/IW0IM=O  f0r/,=<,  (7) 

£ln/(y(//IM=0  for  ta=f  (8) 

Using  Eqs.  [(3)-(6)  §4.9]  we  conclude  that  in  this  case  the  most 
probable  estimate  corresponds  to  the  voltage  maximum  at  the  output  of 
the  summation  circuit  (Fig.  4.13  or  4.15).  Otherwise,  the  structural 
diagram  of  the  device  (Fig.  4.16)  for  working  out  the  estimate  can  be 
replaced  by  a  simpler  one  (Fig.  4.17). 


Fig.  4. 17,  Modification  of  the  circuit  of  Fig.  4. 16  for  a  rectangular 
law  of  a-priori  distribution  in  the  case  of  delay  time  measurement. 

A)  Gate  amplifier;  B)  device  for  working  out  the  estimate;  C)  gate; 

D)  at. 


Since  the  values  of  the  functions  Z0k(tz)  are  working  out  for  va¬ 
rious  expected  tz  in  chronological  succession  they  may  be  estimated  by 
means  of  the  voltage  envelope  of  the  individual  pulses  at  the  output 
of  the  optimum  filter.  The  same  successi/e  influw  of  data  usually  takes 
place  also  after  an  incoherent  summation  circuit.  Consequently,  the 
differentiation  (8)  practically  boils  down  to  the  determination  of  the 
instant  of  time  at  which  the  maximum  of  the  strongest  voltage  pulse  ar¬ 
rives  at  the  output  of  the  inchoherent  summation  circuit. 
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If  each  individual  pulse  of  the  packeJ  is  remarkably  discriminated 
from  the  noise  after  the  detector  one  may  do  without  an  incoherent  sum¬ 
mation  circuit  when  working  out  the  optimum  estimate  t*.  In  doing  so, 

Cj 

the  necessary  accuracy  of  measurement  can  be  secured  by  taking  the  mean 
of  the  delay  time  estimates  obtained  independently  from  each  pulse  of 
the  chosen  packet,  a  fact  that  follows  from  Eq.  (8).  Using  [(3)  and  (14) 
§4.9]  we  obtain 

-j[i^YiskZok(tt)—0  npH  /,  —  /*= const.  (9) 

* 

In'  its  turn,  when  estimating  the  delay  time  of  only  the  kth  pulse 
of  the  packet  we  have 

*5^"  Zok  (U)  —  0  nPH 

where  t*^  is  the  optimum  estimate  of  the  delay  time  tz_,  obtained  after 
receiving  only  the  kth  pulse. 

Expanding  each  of  the  functions  Zok(t2)  In  a  Taylor  series  in  the 
neighborhood  of  the  corresponding  estimate  t*k  we  obtain  by  virtue  of 
Eq.  (10) 

1  0&-C  j\  (ii) 


i. e.,  the  optimum  estimate  of  the  delay  time  measured  once  for  the 
whole  packet  is  the  weighted  sum  of  the  results  of  independent  measure- 


i, 

h 


u*/  *  \ 


merits  for  the  individual  pulses.  The  weight  coefficients  are  quantities 
that  are  the  reciprocals  of  the  dispersions  ‘of  the  independent  measure¬ 
ments,  a  fact  one  may  realize  after  studying  Chapter  6. 

The  following  modification  of  the  calculation  carried  out  which 
is  particularly,  interesting  in  case  one  object  is  observed  for  a  long 
time  while  tracking  it  is  possible.  Aiming  merely  at  the  explanation  of 
the  ideas  and  results  of  the  modified  calculation  we  maintain  the  as¬ 
sumption  that  the  true  delay  time  is  the  same  as  measured  from  (m  -  1) 
and  from  m  pulses  (a  somewhat  more  complete  consideration  is  contained 
in  Chapter  8). 

We  denote  the  sum  entering  (9)  for  m  —  1  pulses  by 


I 

I  S*Zi*ft)==Zi<(B-.>ft).  (13) 

and  the  optimum  delay  time  estimates  from  all  (m  -  1)  and  m  pulses  by 
t^(m  q)  and  respectively  (in  contrast  to  the  estimate  t^  from 

the  mth  pulse  only). 

The  conditions  for  determining  these  optimum  estimates  will  then 
assume  the  form,  owing  to  (9)  and  (13), 

•-!)(*«)— 0  for*»==*i(w_|)*  M 

^  5mZ#„(4)]=0  for (15) 

Using  the  Taylor  expansion  for  the  functions  Z2(m-l)^z^  and  ^Om 
(tz)  for  the  neighborhoods  of  the  corresponding  optimum  estimates  we 


find 


^*<*~l)ft)  ~  **  (<n-l)  ft  (m-\)  2" I  (»*-l)  ft  («-l))  !X 

«ft«)  2* I  ft  ” ^«)a* 


(16) 

(17) 


On  the  assumption  that  the  corresponding  neighborhoods  overlap  and 

substituting  (16),  (17)  into  (15)  we  may  obtain 
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where 


A.=: 


s-lOO 


(18) 


(19) 


1 (m-nJI  +  ^l^an  (*0  «K 
Eq.  (18)  shows  that  the  optimum  delay  time  estimate  from  m  pulses 
is  the  sum  of  the  preceding  estimate  from(m  -  3)  pulses  and  the  time  sig- 


* 


m 


nal  of  the  error  (t^  -  multiplied  by  some  weight  factor  An 

Differentiating  (17)  and  substituting  tz  =  t^m  the  time  sig¬ 
nal  of  the  error  may  be  determined 


w.i'jji lor 

Expression  (18)  then  reduces  to  the  form 


m —  *1  <*-!)+ 


where 


«»=■ 


|z*{)w_|)(/r  (n;_|p  |+5-!fom(<Q1It)| 


(20) 


(21) 


The  quantity  zom('tz)  characterizes  the*  voltage  of  the  error  signal. 
Ovjing  to  (17)  it  vanishes  at  -the  point  t  =  tgm,  and  passing  through 
this  point  with  increasing  tz  the  sign  changes  from  positive  to  negative. 

If  in  the  case  of  prolonged  observation  the  quantities  Am  and  am 
which  vary  from  reading  to  reading  are  replaced  by  constants  in  (18) 
and  (20)  the  operations  (18),  (20)  will  reduce  to  the  wellknown  opera¬ 
tions  for  the  range  self-tracKlng  (see  Chapter  8).  The  operation  of  ob¬ 
taining  the  voltage  of  the  error  signal  in  the  form  of  the  derivative 
Z-m(t2)  corresponds  to  time  discrimination  with  selecting  pulses  of 
short  duration  since  only  under  this  condition  the  derivative  will  be 
taken  at  the  point  t  as  a  result  of  the  discrimination. 

The  latter  conclusion  was  obtained  from  the  found  calculaticnal 
relations  as  the  consequence  of  the  assumption  on  the  small  scatter  of 
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the  values  of  and  ^Om*  In  the  °PPos:J*te  case  one  usually  aims 

at  increasing  the  duration  of  the  selecting  pulses  in  order  to  reduce 
the  probability  of  a  tracking  collapse. 

§4.11.  THE  PRINCIPLE  OP  BROAD- BAND  RADIO  PUI£P  COMPRESSION 

All  preceding  discussions  were  concerned  with  the  optimum  proces¬ 
sing  of  radio  signals  of  arbitrary  form.  Let  us  now  deal  with  the  pro¬ 
perties  of  optimum  processing  of  signals  having  the  form  of  broad-band 
radio  pulses,  i.  e.,  of  radio  pulses  the  product  of  whose  spectral  width 
the  duration  is  essentially  greater  than  unity.  It  is  assumed  that  pro¬ 
cessing  is  realized  by  optimum  filtration  on  a  high  or  intermediate  fre¬ 
quency.  The  pulse  parameters  are  assumed  to  be  given  except  for  the  am¬ 
plitude,  the  initial  phase  and  the  delay  time  which  is  the  same  during 
the  whole  duration  of  the  pulse  (a  somewhat  more  general  case  will  be 
considered  in  Chapter  7). 

As  was  shown  in  §4. 5  the  shape  of  the  signal  voltage  at  the  out¬ 
put  of  the  filter  which  is  optimum  for  it 

•O 

Wc(l)  =  C  J  I £(/) |* COS [2r/ (/-/,_ (1) 

— «0 

depends  only  on  the  amplitude-frequency  spectrum  of  the  signal.  By  de¬ 
finition,  the  spectral  density  of  an  arbitrary  real  function  of  time 
u(t)  is 

U> 

*(/)=!«  (0  = £'(-/)• 


The  amplitude -frequency  spectrum  is,  therefore,  symmetric  relative  to 

■X* 

the  axis  cf  ordinates  f  =  0,  i.e.,  |g  (-f)j— jg(f)|  and  the  expression 
(1)  reduces  to  the  form 

to 

(<) =2Cf|*  (/)  P  COS  [2k/  (/  —  /.—  Q]dU  ( 2 ) 

0 

We  introduce  the  function  G(f)  describing  the  distribution  of  the 

spectral  density  around  the  carrier  frequency  on  the  semia  is  of  positive 
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frequencies 

GU)=Z  or  /.+Fi*0,‘ 

lo  for 

After  replacing  the  variable  of  integration  f  =  f^  +  F  in  (2)  we 


find 


w  . 

wc  (/) = 2C  J  I G  (F)  |*  cos  [2*  (/,  -f-  F)  —  — 1»)\  dF. 


Using  the  formula  for  the  cosine  of  a  sum  we  obtain 

»cW-^i(Ocost2«/o(/-/,-/o)J- 
•  — Wt  (t)  sin  (2n/0  (/— 4— /o)  ]. 

where 


(3) 


2C  j  { G (/-/,-/,)] dF.  (4) 


Or 


wc  (0  -  «?•(/)  cos[2n/0  +'«(/)  1 


(5) 


-  V, 


‘1 


where 

V(0*/V?W  +  1^(0.  0(O=arctgM.  (6) 

The  expressions  (6)  describe  the  law  of  amplitude  and  phase  mo¬ 
dulation  of  a  radio  pulse  at  the  output  of  an  optimum  filter. 

As  can  be  seen  from  expression  (4-6)  the  function  <J>(t)  vanishes  if 
the  amplitude-frequency  spectrum  is  symmetric  relative  to  the  carrier 
frequency  fQ  and  the  output  pulse 

®c(0  -•  IPj  (/)  cos  [2nf « (/— /*— /o)]  (?) 

proves  to  be  nomodulated  as  to  the  phase  (even  if  the  input  pulse  is 
phase  modulated).  The  phase  of  the  output  pulse  may  also  vary  by  7r  if 
the  sign  of  the  function  W1(t)  describing  the  envelope  changes. 

The  envelope  WJ[(t)  is  the  narrower  the  broader  the  amplitude-fre¬ 
quency  spectrum  of  the  signal.  In  particular,  if  a  spectrum  of  the  width 
Af  is  approximated  by  the  rectangle 


1 
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0(F) 1= 


I  for 

Ofor|f|>^.t 


(8) 


we  have,  according  to  (4) 


w  it\ _ wr  »ti>  *^l(t  — t, —  (t) 

*W  “'m  *A/(<  —  /,  —  /,)  • 


(9) 


where  Wm  =  2CAf.  Hence  it  follows  that  the  pulse  duration  at  the  out¬ 
put  of  the  optimum  filter  is  2/Af  on  the  first  zeros,  and  1/Af  on  the 
level  JLasO!G4  •  Thus,  the  duration  of  the  output  radio  pulse  is  not 
determined  by  the  duration  of  the  input  pulse,  but  by  its  spectral  wid- 
th. 


•The  spectral  width  of  a  radio  pulse  may,  generally,  be  considerably 
greater  than  the  quantity  which  is  the  inverse  of  its  duration.  Only  if 
the  pulse  is  not  phase  modulated  the  spectral  width  is  inversely  pro¬ 
portional  to  the  duration  of  the  radio  pulse. 

Using  internal  pulse  modulation  as  to  phase  (frequency)  or  even 
amplitude  it  is  possible  to  broaden  the  spectrum  remarkably  compared  to 
1/t^  if  the  duration  is  given,  i. e. ,  to  achieve  substantial  compres- 
s ion  of  the  output  radio  pulse  compared  to  the  input  radio  pulse. 

Since  the  compression  takes  place  in  a  linear  system  the  superposi¬ 
tion  principle  is  applicable.  The  compression  of  two  overlapping  broad¬ 
band  radio  pulses  that  are  shifted  in  time  is  realized  independently, 
for  which  reason  it  is  possible  to  receive  the  compressed  radio  pulses 
separately  even  if  the  reflected  radio  pulses  arriving  at  the  input  of 
the  optimum  filter  overlap  considerably. 

Hence  it  follows  that  using  compression  of  broad-band  radio  pulses 
in  optimum  filters  the  resolving  power  as  to  delay  time  and  range  is 
determined  by  the  duration  of  the  compressed  rather  than  by  that  of  the 
sounding  signal  and  inversely  proportional  to  its  spectral  width. 

Thus,  an  increase  of  the  duration  of  the  sounding  radio  pulses 
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without  impairing  (or  even  with  considerable  improvement  of  the  resol¬ 
ving  power  of  a  pulse  radar  as  to  range  is  made  possible. 

The  increase  of  the  duration  permits  the  energy  of  the  radio  pul- 

} 

ses  and  the  radar  range  to  be  increased  without  raising  the  peak  power 
which  is  usually  limited  by  the  conditions  of  generating  and  break¬ 
downs  in  the  transmission  lines. 

The  increase  in  the  resolving  power  in  the  case  of  spectral  broad-, 
ening  and  optimum  signal  processing  is  a  property  of  the  latter  and  may 
be  realized  not  only  in  case  the  pulses  are  compressed  in  optimum  fil¬ 
ters.  Let  us,  e.g. ,  turn  to  a  correlation  circuit  of  optimum  process¬ 
ing  (Pig.  4.1  or  4.2).  We  shall  feed  a  radio  pulse  with  a  spectral 
width  of  Af  »  1/t.  into  its  input.  Evidently, there  will  not  be  any  com 
pression  in  this  circuit.  The  correlation  will,  however,  be  disturbed 

providing  this  pulse  is  shifted  relative  to  the  reference  voltage  by 
a  time  |t|  =  l/Af  «  t^.  Hence  it  follows  that  among  all  overlapping 

identical  broad -band  radio  pulses  at  the  input  of  the  correlation  cir¬ 
cuit  only  the  pulse  for  which  this  processing  is  optimum  will  be  dis¬ 
criminated. 

Thus,  the  pulse  compression  in  optimum  filters  must  be  considered 
to  be  one  of  the  variants  of  raising  the  resolving  power  on  account  of 
spectral  broadening. 
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[Footnotes] 


104  As  a  matter  of  fact,  ab  =  (Re  a  +  j  Im  a)  (Re  b  +  j  Im  b), 

from  which  Re  ab  =  Re  a  Re  b  -  Im  b.  Similarly,  Re  ab*  =  Re 
a  Re  b*  -  Im  a  Im  b*  =  Re  a  Re  b  +  Im  a  Im  b.  The  half  of  the 
sum  of  the  given  relations  yields  expression  (7). 

110  The  character  of  relation  (7)  is  more  general  than  that  of 

(3)  since  it  can  be  proved  without  neglecting  the  rapidly  os¬ 
cillating  terms  in  the  expression  under  the  integral  sign. 

116  When  heterodyning  in  the  case  of  discrete  signals  the  func- 
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119 


tions  of  gating  are  carried  out  at  the  same  time. 

Multiplication  is  also  possible  before  the  detector;  in 
this  case  it  is,  however,  possible  to  join  a  linear  detector 
and  a  nonlinear  element. 
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Chapter  5 

THE  ELEMENTS  OF  OPTIMUM  DETECTION  AND  PARAMETER 
MEASURING  DEVICES 

§5. 1.  THE  ELEMENTS  OF  OPTIMUM  DEVICES  UNDER  CONSIDERATION 

Among  the  elements  of  Optimum  detection  and  measuring  devices 
there  are:  optimum  fillers,  incoherent  storing  devices,  threshold  ue- 
vices,  signal  delay  and  memory  devices,  etc.  Specific  selective  ele¬ 
ments  arc,  in  particular,  the  optimum  filters;  we  have  established  on¬ 
ly  the  general  rules  by  which  they  are  governed,  but  did  not  discuss 
the  principles  of  their  construction,  as  yet. 

In  widespread  types  of  radar  receivers  the  main  selectivity  and 
amplification  are  guaranteed  by  resonance  amplifiers  of  intermediate 
frequency  containing  a  great  number  of  cascades.  The  problem  arises  as 
to  what  extent  these  amplifiers  can  simultaneously  perform  the  func¬ 
tions  of  optimum  filters.  Moreover,  it  must  be  clarified  how  to  design 
optimum  filters  in  case  their  functions  are  not  performed  by  resonance 
amplifiers. 

Let  us  pass  on  to  a  consideration  of  the  problems  posed. 

§5-  2.  CONDITIONS  UNDER  WHICH  MULTISTAGE  RESONANCE  AMPLIFIERS  CAN  BE 
APPLIED  IN  ORDER  TO  ACHIEVE  OPTIMUM  FILTRATION 

The  selective  properties  of  resonance  amplifiers  are  characterized 
by  their  amplitude-frequency  and  their  phase  frequency  characteristics. 
The  main  approximations  of  these  characteristics  are: 

1)  The  bell-shaped  for  the  amplitude-frequency,  and  the  linear 
approximation  for  the  phase-frequency  characteristic  (Fig.  5.1a); 
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Pig.  5* 1.  Bell-shaped  approximation  of  the  amplitude-frequency  and 
linear  approximation  of  the  phase-frequency  characteristic  (a);  cor¬ 
responding  pulse-response  characteristic  (b). 


2)  The  rectangular  for  the  amplitude-frequency  and  the  linear 
approximation  for  the  phase-frequency  characteristic  (Fig.  5.2a). 

The  corresponding  frequency  characteristics  K(f)  will  be  written 
in  complex  form  fcr  the  frequency  range  f  >  0.  For  the  range  f  <  0  it 


is  implied  that 


In  this  case  we  obtain:  for  the  bell-shaped  approximation 

.-(W 

/f1(/)=»/f,e  . V  '«-*•*“**,  (2) 


and  for  the  rectangular  one 


*.(/)= 


;  if.  i/—J. !<-?-• 


if 


Here  fQ  is  the  carrier  frequency; 

Kq  is  the  transmission  factor  on  the  carrier  frequency; 

tQ  is  the  slope  coefficient  of  the  phase-frequency  characteristic; 
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If  is  the  transmission  band  (for  the  bell- shaped  characteristic 
on  a  level  of  c  4  0,4g) 


!&*. 


Pig.  5.2.  Rectangular  approximation  of  the  amplitude-frequency  and  lin¬ 
ear  approximation  of  the  phase-frequency  characteristic  (a);  corres¬ 
ponding  pulse-response  characteristic  (b). 


The  corresponding  pulse-response  characteristics  are  determined 
from  the  Fourier  transformation 


»(Q  =  Jf  K(heP'"df 


and  will  be 


-'(—V 

*.(0  =V#e  '  *  'cos  2 


iln  k  T 

»,w=v.— cos2kV- 


(*) 

(5) 

(6) 


Vq  =  2K0^f  is  here  the  maximum  value  of  the  pulse-response  character¬ 
istic  amplitude,  and  =  1/Af  is  a  quantity  characterizing  its  dura- 

ft 

tion.  The  value  of  is  measured  on  a  level  of  ,e”T  ~o,46  for  the  first 
characteristic  and  on  a  level  of  —  ®0,64  for  the  second  one  (in  the 
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latter  cese  it  is,  besides,  the  half-width  of  the  characteristic  with 
respect  the  first  zeroes).  The  pulse-response  characteristics  (5) 
and  (6)  are  shown  in  Pig.  5* lb  and  5* 2b.  It  follows  from  these  figures 
that  the  characteristics  (5)  and  (6)  can  only  be  realized  for  suffi¬ 
ciently  great  (theoretically  infinite)  values  of  tQ  since  otherwise 
the  condition  v(t)  =  0  for  t  <  0  is  not  satisfied.  This  fact  is  a  draw¬ 
back  of  the  chosen  approximations.  It  is,  however,  in  agreement  with 
the  fact  that  real  systems  satisfy  well  the  approximations  (2)  or  (3) 

>  tth  a  great  number  of  stages.  The  more  stages  the  greater  is  the  slope 
coefficient  of  the  resulting  phase-frequency  characteristic  of  tQ,  at 
the  same  time  characterizing  the  delay  time  in  the  amplifier. 

Using  the  expression  for  the  optimum  pulse-response  characteristic 

®o«t  (*) — (^»  —  s)i  ( 7 ) 

we  shall  pass  over  to  the  explanation  of  the  shape  of  signals  u(t)  for 
which  the  considered  approximations  (2)  and  (3)  of  the  frequency  cha¬ 
racteristics  are  optimum.  Substituting  tQ  -  s  =  t  we  obts.in 

u{t)==-£- Vqut(?* — 0’  (8) 

Thus,  the  sought  signals  are  the  mirror  reflection  of  the  corresponding 
pulse-response  characteristics  (Pig.  5* lb  and  5* 2b) 


-'(f 

f 

«t(0=tv 

cos  (2*/,/-?), 

(9) 

«.(')=*/. — r- 

-cos  (2 rfJ  —  9), 

(10) 

where  UQ  =  Vq/C  and  <p  -  27rf0t0  are  arbitrary  constants. 

As  we  see,  an  amplifier  with  a  bel.L- shaped  amplitude-frequency  and 
a  linear  phase-frequency  characteristic  is  an  optimum  filter  for  a  bell¬ 
shaped  adio  pulse  of  the  resonance  frequency  fp  (without  phase  modu¬ 
lation).  The  pulse  duration  Tq  and  the  transmission  band  Af  on  the 

i  _ 

level  n  4  .*0,46  must  satisfy  the  condition 


/ 


form  of  a  convolution  integral 


w(t)—  J  v(t~s)u(u)ds. 


Using  expressions  (6)  and  (12) 
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i.  (ii) 

In  its  turn,  a  band  amplifier  with  a  rectangular  amplitude-fre¬ 
quency  and  a  linear  phase-frequency  characteristic  is  an  optimum  filter 
for  a  radio  pulse  with  an  envelope  of  the  form  sin  x/x.  The  pulse  du¬ 
ration  t0  on  the  level  2/rr  ~  0.  64  is  connected  with  the  transmission 
band  of  the  amplifier  by  relation  (11).  The  shorter  the  pulse  duration 
the  broader  the  transmission  band  must  be,  and  vice  versa. 

In  the  general  case,  agrement  of  the  pulse  shape  with  the  pulse- 
response  characteristic  of  the  filtering  system  is  required.  If  there 
is  no  exact  agreement,  the  system  will  not  be  an  optimum  filter,  rig¬ 
orously  speaking.  Its  characteristics  may,  however,  be  similar  to  op¬ 
timum  characteristics.  Let  us  consider  the  following  practically  im¬ 
portant  case  in  order  to  satisfy  ourselves  of  this  fact. 

Let  the  frequency  characteristic  of  the  resonance  system  be  ap¬ 
proximated  by  expression  (3),  and  the  input  pulse  u(t)  have  a  rectang¬ 
ular  envelope  and  a  constant  carrier  frequency  fQ: 


«(0=j 


f  l/,cos2s/./for|/l<-£.> 


(12) 


f  Or|/|>-y-, 


i.e.,  there  is  no  exact  agreement  between  the  pulse-response  character¬ 
istic  of  the  system  and  the  input  pulse  u(t). 

Let  us  calculate  the  signal- to-noise  energy  ratio  at  the  output  of 
the  system  and  compare  it  with  the  optimum. 

We  shall  represent  the  voltage  at  the  output  of  the  system  in  the 


1  I 
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■4T  Vu K.  .  '  .0. 


'  V 


'  «rr*  *?.  - 
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.«)=2Wf  J 

-V* 

X  coc  2*f,  ( t—s )  cot  2 *f,sdt. 

In  view  of  the  equation 

cot  2*f,  ( t — t)  cot  2*fts*=-j-cos  2 *fj  -| — y~  coc  2*{,  (t — 2s) 

and  the  fact  that  the  second  term  of  the  right-hand  side  oscillates  with 
a  high  frequency  of  2fQ  »  Af  as  a  function  of  the  variable  of  integ¬ 
ration  s  we  neglect  the  integral  of  this  term.  In  this  case 

»W=lT(/)cos2*/.<, 

where  W(t)  is  the  voltage  envelope  at  the  output  of  the  system 


(13) 


The  function  3i  y  is  here  the  integral  sine 


The  maximum  of  the  envelope  W(t)  is  attained  at  the  instant  of 

time  t  where  W»(t  )  =  0.  Thus,  t  is  determined  as  the  root  of  the  equ- 
m  '  m/  ’  m 


at  ion 


sin  n&f  (/„  -  -y-  /.)  sin  *&f  (tm  +  -y-i.) 

*Af  y-/,)  *&l  +  y  -  i,  J 


This  root  is  t  =  t0.,  which  follows  from  the  evenness  of  the  function 
sin  x/x.  By  virtue  of  Eq.  (13)  the  maximum  of  the  envelope  will  be 

The  effective  noise  voltage  referred  to  a  resistance  of  1  ohm  is 
determined  by  the  relation 


K  *= J  i . K  (I)  |«  N,  (/)  df = Kl  Nt  A/. 


The  integration  will  here  be  carried  out  only  on  the  positive  semi¬ 
axis  since  Ng(f)  =  Nq  is  the  spectral  density  for  positive  frequencies. 
Thus,  the  sought  signal-to-noise  energy  ratio  will  be 


Pcm.kc  <  ttnSt‘(  a') 


the  obtained  expression  has  a  maximum  for  the  optimum  value  of  the 
product  Af  tx  =  1. 37*  In  this  case 


/y. ....  V  __4_  0a*.  S1*(  2  ) 
V  ;«««  »•  -V.  «.37 


Noting  that  is  the  energy  of  the  radio  pulse  also  re¬ 

ferred  to  the  resistance  of  1  ohm  we  obtain  after  carrying  out  the 


calculation 


(hF f-T  =°*83l-- 

\  Wm'*  June  N».  • 


This  value  is  attained  with  the  optimum  band  of  the  rectangular  fre¬ 


quency  characteristic 


A/ 

al  onr —  — . 


Comparing  (17)  with  expression  [(13)  §4.4)]  we  satisfy  ourselves 
of  the  fact  that  a  band  filter  with  a  nonoptimum  frequency  character¬ 
istic,  but  an  optimum  band  yields  a  loss  in  the  signal-to-noise  energy 
ratio  of  17$  or  by  1/0.83  ~  1.2  times,  for  the  type  of  signal  under  con 


sideration. 

The  last  conclusion  is  only  correct  for  the  type  of  signal  under 
consideration  if  the  initial  phase  is  unmodulated.  If  the  initial 
phase  is  considerably  modulated  the  band  filter  cannot  yield  results 
that  are  so  similar  to  the  optimum. 


this  realization  are  possible.  Fig.  5»  3  shows  one  of  the  methods  of 
designing  an  optimum  filter.  The  use  of  a  delay  line  with  branches  ser¬ 
ves  as  its  basis.  Amplifiers  with  amplification  factors  K^,  Kg,  . . . ,  Km 
are  connected  to  the  branches,  and  the  outputs  of  all  amplifiers  are 
fed  to  the  total  load. 

Let  the  distance  between  the  connection  points  of'  the  branches 
correspond  to  a  delay  by  At.  We  shall  feed  a  rectangular  pulse  of  the 
same  duration  At  to  the  output  of  this  line.  In  this  case  we  obtain 
the  oscillation  v(t)  consisting  of  a  sequence  of ' rectangular  pulses  at 
the  output  end.  Taking  a  sufficiently  great  number  of  branches  from 
the  delay  line  and  choosing  amplification  factors  K^,  Kg,  . . . ,  Km  as 
well  as  their  signas  any  step-like  curve  may  be  obtained.  Continuous 
oscillations,  among  them  also  one  that  is  similar  enough  to  the  mirror- 
reflection  of  the  given  signal  may  be  formed  by  smoothing  this  curve. 

In  the  limit  if  At  -*■  0  we  may  assume  that  the  input  pulses  approximates 
a  delta  function,  and  the  output  oscillation  the  pulse-response  cha¬ 
racteristic. 


it 


Fig.  5.  3.  Principle  of  forming  the 
pulse-response  characteristic  by 
using  a  delay  line  with  branches. 

A)  Input;  B)  delay  line;  C)  output. 

Thus,  it  is  possible,  in  principle,  to  form  a  pulse-response  cha¬ 
racteristic  that  is  sufficiently  similar  to  the  given  one.  Obviously, 
the  circuit  (Fig.  3*3)  will  practically  be  an  optimum  filter  in  the 
latter  case.  The  shorter,  however.  At  the  more  branches  from  the  delay 


% 


line  are  required,  and  the  limiting  case  -*■  0  corresponds  to  a  con¬ 
tinuous  extraction  of  oscillations  from  this  line.* 

The  number  of  oranch  lines  from  the  line  of  delay  may  be  reduced 

if  before  it  an  additional  filter  of  low  frequencies  0  <  f  <  P 

nisix 

is  inserted  (Pig.  5 .4),  and  the  delay  at  is  chosen  equal  to  At  =  1/2F 

max 

(see  §2.6).  Such  a  filter  converts  a  unit  pulse  to  an  oscillation  of 
the  type  sin  x/x  with  a  duration  of  2At  as  measured  between  the  zeroes. 
Summing  these  oscillations  any  function  with  a  limited  spectrum  may  be 
reproduced  according  to  Kotel 'nikoy ' s  theorem  (except  for  boundary  ef¬ 
fects).  It  is  here  implied  that  the  duration  of  the  pulse-response 
characteristic  »  At.  Instead  of  an  ideal  low-frequency  filter  an  or¬ 
dinary  filter  which  is  similar  to  it  may  be  used,  but  in  this  case  a 
denser  spacing  of  branches  may  be  necessary. 

In  several  cases  the  necessary  characteristics  can  be  obtained 
comparatively  simply  by  combining  a  delay  line  and  a  resonance  filter¬ 
ing  system.  Let  us,  e.g. ,  assume  that  it  is  necessary  to  form  the  pulse- 
response  characteristic  in  the  form  of  a  rectangular  radio  pulse  of  the 
duration  in  =  mTQ  where  m  is  a  great  number  of  periods  TQ.  It  turns  out 
that  such  a  pulse-response  characteristic  may  be  formed  with  the  help 
of  a  line  of  delay  by  the  time  on  with  two  branches  and  an  oscillatory 
circuit  with  a  great  quality  factor.  Figure  5. 5a,  b  show  different 
forms  of  the  corresponding  circuits.  The  pulse-response  characteristic 
is  obtained  as  the  result  of  subtracting  two  .free  oscillations-  an  un¬ 
delayed  one  and  one  which  is  delayed  by  t^.  Owing  to  the  great  quality 
factor  of  the  circuit  it  represents  the  required  radio  pulse  of  a  du¬ 
ration  i\  similar  to  a  rectangular  one. 

The  frequency  characteristic  of  an  optimum  filter  corresponds  to 
the  spectrum  of  this  pulse.  In  particular,  the  amplitude-frequency 
characteristic  has  the  foim  sin  x/x;  its  width  as  measured  between  the 


zeroes  is  equal  to  2/t^. 


Pig.  5*4.  Formation  of  the  pulse- response 
characteristic  v(t)  with  a  limited  frequ¬ 
ency  spectrum  0  <  f  <  PmaX*  A)  Input; 

B)  filter;  C)  delay  line;  D)  output. 

If  a  rectangular  radio  pulse  acts  on  the  input  of  the  filter  a 
rhombiform  radio  pulse  is  obtained  at  the  output  as  it  must  be  accord¬ 
ing  to  Pig.  4. 9.  In  this  case  a  linear  Increase  of  the  voltage  ampli¬ 
tude  during  the  duration  of  the  pulse  and  a  very'  slow  damping  of  the 
oscillations  after  it  has  come  to  an  end  takes  place  in  the  high  quali¬ 
ty  circuit.  As  a  result  of  subtracting  the  two  transient  processes, 
the  undelayed  and  the  delayed  one,  a  rhombiform  radio  pulse  of  the  du¬ 
ration  of  2t^  (Pig.  5.6)  is  obtained  at  the  output. 


Pig.  5*5.  Formation  of  a  pulse-response 
characteristic  in  the  form  of  a  rectan¬ 
gular  radio  pulse.  A)  Input;  B)  output. 


Pig.  5-6.  Optimum  filtering  process 
for  square  radio  pulse  in  circuit  of 
Fig.  5-5* 

§5.4.  OPTIMUM  FILTER  FOR  A  COHERENT  SEQUENCE  OF  RADIO  PULSES 

We  shall  pose  the  problem  of  synthesizing  an  optimum  filter  for 
an  expected  signal  in  the  form  of  a  packet  of  coherent  radio  pulses, 
i.e.,  pulses  whose  phases  are  rigidly  connected  with  each  other.  Only 
the  initial  phase  of  the  first  radio  pulse  of  the  packet  may  be  random. 
For  the  sake  of  definiteness,  we  will  assume  that  all  puses  have  the 
same  initial  phase.  We  shall  assume  the  period  with  which  the  pulses 
arrive  at  the  input  of  the  receiver  to  .be  equal  to  T. 


Fig.  5.7.  Shaping  of  pulse  characteristic  in 
form  of  coherent  packet  of  square  radio 
pulses.  1)  Delay  line;  2)  final  filter. 
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Applying  the  method  set  forth  above  we  shall  choose  a  line  (Fig. 
5.7)  with  branches  of  a  distance  T  and  a  total  delay  time  MT  where  M 
is  the  number  of  pulses  in  the  packet.  The  branches  are  connected  to 
the  summation  device.  We  shall  establish  a  terminal  filter  at  its  out¬ 
put  end  (Fig.  5- 5*  a  or  b)  which  is  optimum  for  a  single  radio  pulse. 

Let  us  consider  the  formation  of  the  pulse-response  characteris¬ 
tic  of  the  filter.  If  a  unit  pulse  acts  on  the  input  of  the  delay  line 
a  sequence  of  unit  pulses  is  picked  up  from  the  output  of  the  summation 
device.  Each  of  them  generates  its  own  rectangular  radio  pulse  at  the 
output  of  the  end  filter.  As  a  result  the  required  pulse-response  cha¬ 
racteristic  is  formed. 

Let  us  track  the  result  of  an  expected  coherent  packet  of  pulses 
acting  on  an  optimum  filter.  Fig.  5* 8a  shows  the  voltages  as  picked  up 
from  the  branches  of  the  line*  and  Fig.  5*  8b  the  voltage  at  the  out¬ 
put  of  the  summation  device.  As  we  see,  the  optimum  filtration  of  the 
packet  boils  dcwn  to  a  coherent  summation  of  the  mutually  shifted  pul¬ 
ses  of  the  packet.  This  leads  to  an  improvement  of  the  signal-to-noise 
ratio  at  the  output  of  the  filter  since  the  pulses  are  added  in  phase, 
and  the  interferences  with  random  phases.  Instead  of  the  term  coherent 
summation  also  the  term  coherent  integration  of  the  packet  pulses  is 
is  used. 

The  end  filter  that  is  located  after  the  summation  device  performs 
optimum  filtration  of  each  of  these  radio  pulses. 

As  a  wholse,  the  voltage  that  is  schematically  drawn  in  Fig.  5.8c 
is  obtained  at  the  output  of  the  optimum  filter. 

The  result  of  filtration  will  not  be  changed  if  the  order  of  op¬ 
timum  filtration  of  a  single  pulse  and  optimum  summation  of  the  packet 
pulses  is  interchanged. 

As  shown  in  §5.2,  replacing  the  optimum  filter  for  a  single  radio 
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Figure  5. 9  shows  the  amplitude-frequency  characteristic  of  the  op¬ 
timum  summation  circuit.  It  consists  of  a  number  of  peaks  and  is,  there¬ 
fore  termed  comb -shaped.  Taking  account  of  an  optimum  filter  for  a  single 
radio  pulse  the  resulting  comb-shaped  characteristic  shown  in  Fig.  5.10a 
is  obtained.  If  Instead  of  an  optimum,  filter  a  band  filter  is  used  the 
shape  of  the  envelope  of  the  amplitude -frequency  characteristic  will 
be  changed  (Fig.  5* 10b). 

Filters  using  optimum  summation  of  the  packet  pulses  are  often  cal¬ 
led  comb-filters  (more  accurately,  band-pass  comb  filters). 


Fig.  5.9.  Comb-shaped  amplitude-frequency  character¬ 
istic  for  an  optimum  summation  circuit. 


Comb  filters  can  also  be  designed  by  not  only  using  a  delay  line, 
but  also  oscillator  circuits  tuned  to  the  comb  frequencies.  As  can  be 
seen  from  Fig.  5. 10  however,  a  considerable  number  of  circuits, is  ne¬ 
cessary  such  that  this  method  is  only  appropriate  for  systems  of  low_ 
pulse  ratio. 
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Pig.  5. 10.  Comb-shaped  amplitude-frequency  character¬ 
istics  for  an  optimum  summation  circuit,  together  with 
a  filter  of  a  single  radio  pulse  of  the  packet,  a)  In 
case  this  filter  is  optimum;  b)  if  it  is  replaced  by 
a  band  filter. 


§5.  5.  AN  EXAMPLE  OP  SYNTHESIZING  AN  OPTIMUM  FILTER  FOR  THE  COMPRESSION 
OF  A  RADIO  PULSE  WITH  A  COMPLEX  LAW  OF  MODULATION 

Let  us  consider  a  radio  pulse  of  a  duration  of  with  a  complex 
law  of  modulation  characterised  by  the  fact  that  it  consists  of  ele¬ 
mentary  pulses  of  the  duration  =  Tj/n  (Fig.  J5. 11a).  In  the  course  of 
each  time  interval  rQ  oscillations  of  the  same  frequency  fQ  with  con¬ 
stant  initial  phase  which  may  change  by  a  jump  by  tt  when  passing  over 
to  the  following  elementary  pulse  are  emitted.  In  other  words,  if  the 
initial  phase  is  constant  and  the  same  for  all  oscillations  some  of  the 
elementary  pulses  are  multiplied  by  +1,  and  some  by  -1,  which  is  shown 
schematically  in  Fig.  5* lib* 

The  optimum  pulse-response  characteristic  corresponding  to  this 

signal  is  schematically  represented,  in  Fig.  5*  He.  In  order  to  design 
an  optimum  filter  with  such  a  characteristic  a  delay  line  with  branches 
and  a  general  summation  device  to  which  some  of  the  branches  are  connect¬ 
ed  via  inverse  cascades  may  be  used  (Fig.  5*12).  The  output  voltage  of 
the  summation  device  is  fed  to  the  end  filter  which  is  optimum  for  an 
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elementary  pulse  of  the  duration  -fQ  =  T^/n  (see  §5.3). 


c 


Pig.  5* 11.  Radio  pulse  with  complex  law  of  modulation-phase-manipu¬ 
lated  radio  pulse  (a);  conventional  representation  of  a  phase-mani¬ 
pulated  radio  pulse  (b);  conventional  representation  of  an  optimum 
pulse-response  characteristic  (c). 


Let  us  track  the  process  of  optimum  filtration  of  a  pulse  (Pig. 
5.11a)  with  a  complex  law  of  modulation.  Figure  5.  13a  shows  schemati¬ 
cally  the  input  radio  pulses  shifted  in  time  allowing  for  the  presence 
of  inverse  cascades.  The  result  of  their  summation  is  shown  in  Pig. 

5.  13b,  and  the  output  voltage  of  the  optimum  filter,  as  a  whole,  in 
Pig.  5.  13c. 


Fig.  5.  12.  Formation  of  a  pulse-response  characteristic  which  is  opti¬ 
mum  for  a  phase-manipulated  radio  pulse.  A)  Delay  line;  B)  end_filter. 
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The  considered  example  is  interesting  from  two  points  of  view.  On 
the  one  hand,  it  shows  the  possibilities  of  synthesizing  optimum  fil¬ 
ters  with  rather  complex  pulse-response  characteristics.  On  the  other 
hand,  it  illustrates  the  afore-mentioned  effect  of  compression  of  a 
pulse  with  a  complex  law  of  modulation  in  the  case  of  optimum  processing. 
It  is  easy  to  see  that  the  duration  of  the  main  overshoot  of  the  output 
signal  can  be  made  essentially  shorter  compared  to  the  duration  of  the 
signal  at  the  input. 

We  note  that  also  a  band-pass  filter  with  an  optimum  band 
1,  37 A0  =  1.  37/1^  n  may  be  used  as  the  end  filter  of  the  circuit  (Pig. 
5.12).  In  this  case,  the  band-pass  filter  transforms  the  elementary 
rectangular  radio  pulses  (Pig.  5»  13b)  into  radio  pulses  the  shape  of 
whose  envelope  is  somewhat  different  from  the  rhombiform  one  (Pig.  5* 
13c).  Although  as  a  whole  the  processing  will  not  be  optimum,  the  loss 
in  the  signal-to-noise  energy  ratio  is  only  17$. 
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Fig.  5* 13*  Optimum  filtration  pro¬ 
cess  of  a  phase-manipulated  radio  pulse. 
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§5.6.  SIGNAL  DELAY  (MEMORY)  DEVICES 

In  order  to  design  devices  for  optimum  processing  the  received 
signals  must  be  recorded  (remembered).  The  latter  is  necessary  both  in 
designing  optimum  filters  and  incoherent  storing  devices.  Delay  lines, 
potentialoscopes,  magnetic  recording  devices,  etc.,  are  used  to  solve 
numerous  problems.  There  are  electrical  and  ultrasonic  delay  lines. 

In  the  electrical  delay  lines  the  effect  of  finite  time  of  propa¬ 
gation  of  electromagnetic  oscillations  in  a  system  containing  storing 
devices  of  electric  and  magnetic  energy  (capacity  and  inductance)  is 
used.  The  delay  lines  may  have  concentrated  and  distributed  storing 
devices.  Besides  the  distributed  inductance  of  the  winding  there  is  a, 
distributed  capacity  between  this  winding  and  the  screen  in  lines  with 
distributed  storing  devices.  Usually,  the  screen  consists  of  longitu¬ 
dinal  conductors  that  are  insulated  among  each  ether  in  order  that  the 
transverse  currents  do  not  shunt  the  distributed  inductance  of  the  wind¬ 
ing  nor  give  rise  to  excessive  losses.  On  the  edges  the  conductors  are 
Joined  with  each  other. 

Electric  delay  lines  guarantee  a  delay  of  the  order  of  some  micro¬ 
seconds  (in  several  cases  also  of  the  order  of  several  tens  of  micro¬ 
seconds).  The  greater  the  time  delay  the  narrower  is  the  frequency  band. 

With  the  help  of  the  ultrasonic  delay  lines  a  delay  up  to  some  mil¬ 
liseconds  for  a  frequency  band  of  the  order  of  some  megahertz  (or  even 
tens  of  can  be  obtained.  Such  a  great  delay  is  guaranteed  by  the  fact 
that,  first  of  all,  the  electric  oscillations  are  transformed  into 
ultrasonic  ones.  The  latter  are  delayed,  and  then  again  transformed 
into  electric  ones.  With  the  limited  dimensions  of  the  lines  great  de¬ 
lay  is  achieved  since  sonic  speed  is  considerably  lower  than  the  velo¬ 
city  of  light.  The  direct  and  the  inverse  piezoelectric  effects  appear¬ 


ing  in  the  case  of  quarts  crystals,  barium  titanate,  etc.,  are  used  to 
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transform  electric  oscillations  into  mechanic  ones,  and  vice  versa. 

The  direct  piezoelectric  effect  lies  in  the  fact  that  when  there 
are  electric  charges  on  the  surface  of  a  crystal  capacitator  it  is 
compressed  or  stretched  depending  on  the  sign  cf  the  charge.  Inversely, 
the  compression  or  stretching  of  a  crystal  gives  rise  to  electric  char¬ 
ges  (inverse  piezoelectric  effect).  Consequently,  applying  a  variable 
electric  field  along  the  axis  cf  a  crystal  capacitor  mechanic  oscilla¬ 
tions  cf  the  crystal,  which  are  then  transferable  to  a  sound-ccnduct- 
ing  medium,  can  be  generated.  Inversely,  if  mechanic  oscillations  ar¬ 
rive  from  a  sound-conducting  medium  electric  oscillations  can  be  ob¬ 
tained.  Special  amplifiers  will  be  inserted  in  the  channel  cf  the  delay 
line  in  order  to  amplify  these  oscillations. 

The  magnetostrictive  effect  is  sometimes  used  to  excite  ultrasonic 
oscillations  in  thin  scund-conducting  bodies.  This  ei'fect  consists  in 
the  fact  that  mechanic  oscillations  which  will  then  be  propagated  in 
the  sound- conducting  medium  are  excited  if  a  variable  magnetic  field 
acts  along  a  sound-conducting  body  made  of  an  appropriate  kind  of  me¬ 
tal  (e.g. ,  nickel).  Thus,  the  magnetostrictive  delay  line  is  a  modifi¬ 
cation  of  the  ultrasonic  one,  in  which  the  oscillations  are  excited  by 
the  magnetostrictive  rather  than  by  the  piezoelectric  effect.  The  in¬ 
verse  magnetostrictive  effect  may  be  used  to  pick  up  oscillations. 

Recently,  the  piezoresistive  effect,  i. e.,  an  effect  which  lies  in 
the  variation  of  the  resistance  of  the  transition  layer  at  the  boundary 
with  a  semiconductor  if  the  latter  is  compressed  or  stretched  began  to 
be  used  to  transform  electric  oscillations  into  ultrasonic  ones.  This 
fact  permits  ultrasonic  oscillations  of  super-high  frequencies  to  be 
delayed  with  small  energy  losses  and  guarantees  the  transmission  of 
broad-b(-nd  signals. 

Potentialoscopes  are  devices  in  v;bich  electric  oscillations  are 
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recorded  on  a  dielectric  target  in  the  form  of  a  potential  relief.  For 
this  purpose  the  target  surface  must  have  the  property  of  secondary  em¬ 
ission.  This  implies  that  more  than  one  electron  leaves  the  target  if 
a  high-energy  electron  falls  on  it.  The  more  electrons  hit  the  target 
the  more  electrons  will  leave  it  and,  consequently,  the  greater  is  the 
positive  charge  remaining  on  the  target.  If  the  electron  beam  arises 
along  the  surface  of  the  dielectric  target  and  at  tne^.same  time  the  in- 

*  * f 

tensity  of  the  electron  flow  varies  also  the  charge  distribution  at  the 
target  surface  will  vary  accordingly.  This  means  also  that  the  electric 
oscillations  are  recorded  on  the  dielectric  target  in  the  form  of  a 
potential  relief.  If  the  electric  conductivity  of  the  target  is  juffi- 
c iently  small,  the  potential  relief  is  maintained  all  the  time  needed 
for  optimum  processing.  The  measurement  of  the  potential  relief  may  be 
carried  out  by  various  methods,  among  them  with  the  help  of  a  special 
counting  electron  beam. 

If  magnetic  recording  is  used  the  electric  signal  remains  in  the 
form  of  a  magnetic  relief  on  the  magnetic  tape  or  drum,  which  move  in 
the  neighborhood  of  the  magnetic  field  of  the  recording  coil.  In  con¬ 
trast  to  the  electric  recording,  the  magnetic  one  permits  an  infinitely 
great  time  delay  to  be  obtained.  The  magnetic  recording  may  be  kept 
for  many  years.  The  frequency  band  of  this  recording  is,  however,  usua¬ 
lly  narrower  than  that  of  the  electric  one. 

§5.?.  INCOHERENT  STORING  DEVICES 

When  processing  radio  pulse  packets  with  independent  random  initial 
phases  we  must  be  concerned  with  the  summation  of  these  pulses  after 
the  detector,  or,  in  other  words,  with  incoherent  summation.  Incoherent 
summation  takes  place  already  in  case  the  data  are  put  out  visually  from 
a  radar  indicator  since  afterglow  occurs.  In  the  case  of  automatized 
output  it  can  be  realized  with  the  help  of  aelay  lines,  potentialoscopes. 
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etc. 

In  the  case  of  visual  output  the  pulses  acting  in  different  scan¬ 
ning  periods  successively  excite  the  same  point  of  the  screen.  In  its 
effect,  such  a  summation  approximates  the  quadratic  one  though  it  is, 
of  course,  different  from  the  optimum. 

The  fact  that  there  is  no  incoherent  storing  in  the  case  of  auto¬ 
matized  output  may  considerably  raise  the  level  of  the  threshold  sign¬ 
al,  even  compared  to  visual  output.  Consequently,  when  designing  an 
automatized  detection  (or  measurement)  system  one  must  try  to  make  it 
similar  to  an  optimum  processing  system.  As  will  be  shown  in  Chapter  6, 
the  deviation  from  optimum  summation  in  details,  e.g. ,  the  replacement 
of  quadratic  summation  by  linear  one  and  vice  versa,  has  no  substantial 
influence  on  the  level  of  the  threshold  signal.  On  the  other  hand,  it 
is  quite  inadmissible  to  give  up  incoherent  summation  completely. 

In  order  to  realize  incoherent 
summation  in  an  approximate  way  suc¬ 
cessive  recording  on  a  potentialos- 
cope  wi’th  readout,  magnetic  record¬ 
ing,  etc. ,  may  be  used. 

A  circuit  of  post-detector  fil¬ 
ters  with  delay  lines  can  be  used  for 
incoherent  summation. 

Thus,  e.g.,  a  filter  in  the  form 
of  a  delay  line  with  a  finite  number 
of  branches  connected  to  the  summation  device  may  be  used  for  post-de¬ 
tector  processing  of  a  signal  having  the  form  of  a  packet  of  radio  pul¬ 
ses.  The  number  of  branches  from  the  delay  line  must  be  equal  to  the 
number  M  of  pulses  in  the  packet,  and  the  delay  between  the  connection 
points  must  be  equal  to  "the  pulse  repetition  period  T  (Fig.  5*1^)- 


Fig.  5* 14.  Principle  of  con¬ 
structing  a  post-detector 
filter  on  a  delay  line  with 
branches.  A)  Packet  of  video 
pulses ;  B)  delay  line. 
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At  some  instant  of  time  a  voltage  (Pig.  5.15)  equal  to 

&<£/<.  (1) 

i 

is  obtained  at  the  output  of  the  summation  device,  where  U,  is  the  vol- 

( 

tage  of  the  ith  pulse  at  the  output  of  the  detector,  and  K±  is  the  am¬ 
plification  factor  of  the  ith  weight  amplifier. 

For  Uj,  =  Zq±  and  =  S![/N^  expression  (1)  reduces  to  expression 
[(13)  §4.9]i  for  U±  =  Zq±  and  K±  =  S^/(S^  +  NQ/^0)  expression  (1)  cor¬ 
responds  to  expression  [(15)  §  4.9]* 

It  is,  however,  rather  difficult  to  realize  an  ultrasonic  line 
with  a  delay  time  to  be  measured  by  the  duration  of  tne  pulse  packet. 
Consequently,  sometimes  a  delay  only  for  one  pulsing  period  is  used, 
but  a  positive  feedback  from  the  output  cf  the  line  to  its  input  is 
introduced  (Pig.  5.  16). 


t 


Pig.  5* 15.  Process  of  optimum  processing 
in  a  post-detector  filter.  A)  Pulse  pack¬ 
ets  at  the  output  of  the  weight  amplifiers; 
B)  packet  at  the  output  of  the  summation 
device. 
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Fig.  5*16.  Recirculator.  A)  Delay  line. 


The  feedback  factor  p  is  chosen  such  that  the  pulse  is  only  slightly 
weakened  when  returning  to  the  input  of  the  line  after  running  through 
a  selay  line  with  a  transmission  factor  K.  The  process  is  then  repeat¬ 
ed  ( recirculation) . 

If  the  delay  time  of  the  line  is  equal  to  the  pulsing  period  the 
signal  will  be  stored  if  a  packet  of  pulses  is  fed  to  its  input.  In 
this  case  the  quantity  Kp  must  be  chosen  such  thac  the  first  pulse  is 
not  damped  very  strongly  until  the  instant  when  the  last  pulse  of  the 
packet  arrives.  On  the  other  hand,  if  the  quantity  Kp  is  too  close  to 
unity  the  superposition  of  noise  will  be  amplified  considerably  whereas 
no  additional  superposition  of  packet  pulses  will  occur-  Usually,  one 
chooses  Kp  =  0.8-0.95- 


Fig.  5-17-  Amplitude -frequency 
characteristic  of  a  recircula¬ 
tor.  A)  For. 


The  amplitude -frequency  characteristic  of  such  a  device  is  comb- 


like  (Fig.  5.17);  it  may  be  called  comb  band -pass  filter  for  a  packet 


We  note  that  the  recirculator  (Fig.  5*16)  may  not  only  be  used  for 
incoherent  storage.  If  it  guarantees  stable  work  for  sufficiently  high 
frequencies  it  can  also  be  used  for  coherent  storage  as  may  be  seen  by 
comparing  Figs.  5-17  and  5-9- 

A  practically  important  realization  of  incoherent  storage  is  the 
digital  storage.  In  this  case,  the  quantities  to  be  summed  are  rounded 
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Pig.  5*18.  On  replac¬ 
ing  optimum  incoher¬ 
ent  summation  by  dig¬ 
ital  summation. 


off,  first  of  all,  in  order  that  they  can  be 
expressed  in  terms  of  one  or  several  binary 
discharges.  The  simplest  method  of  rounding 
off  lies  in  feeding  the  pulses  to  be  summed 
into  a  threshold  circuit  with  a  characteris¬ 
tic  (Fig.  5.18) 


t(Z*)s/1(  if 

\0,  if  Zk<a. 


The  voltage  at  the  output  of  this  circuit  is 


expressed  in  terms  of  only  one  binary  discharge  (0  or  l).  For  the  pur¬ 
pose  of  comparison  the  optimum  characteristic  [see  (5)  §4.9]  approxi¬ 
mated  by  the  characteristic  is  represented  by  the  dotted  line  in 

Fig.  5-18. 

The  threshold  circuit  may  be  considered  an  additional  nonlinear 
element)  if  it  is  switched  on  the  whole  circuit  of  processing  will  not 
become  fully  optimum.  On  the  other  hand,  the  operations  of  processing 
may  be  realized  with  the  help  of  digital  devices  -  memory  and  summation 
devices.  This  permits  information  from  a  great  number  of  integrated 
pulses  from  a  single  gated  target  to  be  stored.  The  digital  memory  of  a 
binary  discharge  (0  or  l)  may  be  realized  with  the  help  of  triggered 
circuits  in  electron  tubes  or  transistors  having  two  stable  states  of 
equilibrium.  Recently,  the  use  of  ferrites  and  ferromagnetic  films  has 
become  widespread,  for  this  purpose. 

In  order  to  detect  a  target  the  number  obtained  after  summation 
must  be  compared  with  the  corresponding  threshold,  i.e.,  as  a  whole, 
the  detection  circuit  will  have  two  thresholds  (Fig.  5.19a). 

The  diagram  of  Fig.  5* 19a  shows  that,  first  of  all,  the  detected 
pulses  enter  the  first  threshold  circuit.  To  its  output  an  M-pulse  dig¬ 
ital  summation  device  is  connected.  It  is  implied  that  it  realizes  the 
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Fig.  5*19>  Double -threshold  circuits  of  digital  storage,  a)  With  con¬ 
servation  of  information  on  all  M  pulses  of  the  packet;  b)  with  conser¬ 
vation  of  information  on  a  number  of  pulses  m  <  M.  A)  First  threshold 
circuit;  B)  or;  C)  digital  summation  device  for  M  pulses;  D)  second 
threshold  circuit;  E,F)if;  G)  first  threshold  circuit;  H)  or;  I)  digital 
summation  device  for  m  <  M  pulses;  j)  second  threshold  circuit;  K)  if; 
L)  if. 


memory  and  summation  operations  and  is  analogous  to  a  circuit  with  de¬ 
lay  line  as  to  the  functions  it  performs  (Fig.  5*l^)j  but,  in  contrast 
to  the  latter,  requires  compulsory  dropping  of  obsolete  data.  After  the 
summation  device  there  is  a  second  threshold  circuit  with  a  figure 
threshold  n. 

As  a  whole,  the  detection  of  a  whole  packet  by  means  of  a  double - 
threshold  circuit  is  recorded  if  and  only  if  the  threshold  level  of  the 
first  circuit  is  exceeded  by,  at  least,  n  pulses  of  the  M  pulses  that 
are  possible.  M  possible  pulses  are  here  understood  to  be  the  entirety 
of  all  successive  pulses  of  the  packet  which  correspond  to  a  certain 
range  section. 

Figure  5- 19b  shows  a  simplified  variant  of  a  double -threshold  cir¬ 
cuit.  As  before,  the  digital  summation  device  is  intended  to  the  memory 
and  summation  of  the  excesses  over  the  first  threshold,  but  for  the 
smaller  number  m  <  M  of  the  successive  pulses  of  the  packet.  This  im¬ 
plies  that  the  solution  on  the  presence  of  a  target  is  adopted  even  if 
only  during  the  duration  of  the  packet  the  level  of  the  first  threshold 
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is  exceeded  by  n  pulses  of  the  m  pulses  that  are  possible. 

The  choice  m  <  M  considerably  simplifies  the  circuit,  particularly 
if  ra  is  small  (e.g.,  m  =  2,  3 )i  this  means,  however,  a  certain  devia¬ 
tion  from  optimum  processing. 

It  is  in  place  here  to  carry  on  the  analogy  of  the  work  of  the 
digital  summation  device  (Pig.  5«19)  and  the  summation  circuit  (Pig. 
5*14).  The  replacement  m  <  M  is  equivalent  to  ar  appropriate  reduction 
of  the  number  of  branches  and  the  length  of  the  line  in  this  circuit. 

In  this  case  the  peaks  of  its  frequency  characteristic  (see,  e.g..  Pig. 
5.17)  are  broadened,  which  impairs  the  signal-to-noise  ratio.  Or  else, 
we  may  say  that  the  signal-to-noise  ratio  is  impaired  since  the  energy 
of  the  packet  is  not  fully  made  use  of  (m  <  M),  which  gives  rise  to 
energy  losses.  These  losses  are,  however,  partly  filled  up  (see  §6.4). 
As  a  matter  of  fact,  in  order  to  detect  a  packet  it  is  sufficient  to 
exceed  the  second  threshold  if  only  for  one  group  m  of  successive  puls¬ 
es,  for  a  total  number  of  pulses  in  the  packet  M  >  m. 

§5-8.  ON  THE  USE  OF  THE  PHENOMENON  OF  DISPERSION  IN  DELAY  LINES  IN  THE 
CASE  OF  OPTIMUM  FILTRATION  OF  BROAD-BAND  RADIO  PULSES 

In  §§  5* 3-5* 7  a  number  of  examples  of  the  use  of  delaying  devices 
and,  in  particular,  of  delay  lines  aiming  at  pre-  and  post -detector  'op¬ 
timum  processing  was  given.  It  was  understood  that  distortions  of  the 
signals  are  undesirable.  In  this  section  the  possibilities  of  a  profit¬ 
able  use  of  phase -frequency  distortions  in  delay  lines  will  be  men¬ 
tioned. 

Before  analyzing  the  application  of  distorting  lines  it  is  expedi¬ 
ent  to  premise  a  brief  consideration  of  the  frequency  characteristics 
of  nondistorting  lines.  A  delay  line  for  which  the  input  and  output 
voltages  are  connected  by  the  relation 
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where  c  and  tQ  are  constants  will  be  called  perfect. 

The  corresponding  spectral  densities  are  connected  by  the  relation 

from  which  the  complex  frequency  characteristic  K(f)  =  Svyjchl(f )/svki>(f ) 
is  determined.  The  amplitude -frequency  characteristic  of  the  perfect 
delay  line  corresponding  to  it  is  uniform 

|/C(f)-| -const, 

and  the  phase -frequency  characteristic  is  linear  and  passes  through 
zero  (Pig.  5*2Ca). 

arg/C{f)=— 


Fig.  5*20.  Phase -frequency  characteristics  and  frequency  characteris¬ 
tics  of  the  group  delay  time  of  nondistorting  (a,  b.  d,  e)  and  distort¬ 
ing  (c,  f)  delay  lines.  A)  gr;  B)  gr;  C)  gr  maks;  D)  gr  min;  E)  min; 

F)  maks. 

In  the  case  of  a  high-frequency  delay  line  working  in  a  compara¬ 
tively  narrow  frequency  spectrum  around  the  carrier  frequency  fQ  undis¬ 
torted  reproduction  is  usually  understood  in  a  narrower  sense.  The  re¬ 
quirement  of  reproducing  the  delayed  envelope  except  for  a  constant 
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initial  phase  V  without  distortion 

is  made;  the  requirement,  however,  that  the  initial  phase  of  the  vibra¬ 
tions  should  be  conserved  for  an  arbitrarily  chosen  initial  point  of 
the  envelope  is  not  made.  Such  a  delay  is  obtained  in  the  case  of  an 
amplitude -frequency  characteristic  which  is  uniform  in  the  neighborhood 
of  the  carrier  frequency  fQ  (within  the  limits  of  the  signal  spectrum), 
and  in  the  case  of  a  linear  (within  the  same  limits)  phase -frequency 
characteristic.  The  phase -frequency  characteristic  itself  does  not  nec¬ 
essarily  pass  through  zero  (Fig.  5.20b)  such  that 

argK(/)  «argK(/o)— 2n/o<r— M.  (l) 

where,  generally, 

arg/C(/o)=£2n//0. 

The  extremely  narrow  spectrum  around  an  arbitrary  frequency  fQ  is 
called  a  group  of  frequencies,  and  the  delay  time  of  the  envelope  cor¬ 
responding  to  it  the  group  delay  time  t  .  Within  the  limits  of  a  fre- 
quency,  group  a  linear  approximation  of  any  phase -frequency  characteris¬ 
tic  arg  K(f)  may  be  used.  Keeping  only  the  first  two  terms  of  the  Tay¬ 
lor  expansion 

arg  K  (f) = arg  K  (/,) + (/  -  /.}  ^arg/f  (/,),  ( 2 ) 

comparing  (l)  and  (2)  and  identifying  t  with  tQ  we  obtain 

Replacing  the  arbitrary  frequency  fQ  by  f  we  find  the  following 
final  expression  for  the  group  delay  time 

(3) 

The  preceding  result  (l)  may  now  be  treated  in  the  following  way. 
In  order  to  reproduce  the  signal  envelope  without  distortion  the  group 
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delay  time  must  remain  unchanged  within  the  limits  of  the  whole  fre¬ 
quency  spectrum  of  the  signal  (Fig.  5*20d,  e). 

In  the  case  of  optimum  filtration  it  is  not  always  admissible  to 
strive  for  .an  undistorted  reproduction  of  the  envelope.  A  nonlinear 
phase -frequency  characteristic  of  the  delay  line  may  be  used  to  compen¬ 
sate  immediately  the  phase -frequency  spectrum  of  the  signal ,  without 
use  of  any  intermediate  branches  from  the  delay  line. 

For  this  purpose  the  group  delay  time  in  the  line  must  vary  in  the 
frequency  range  of  the  signal  according  to  some  law,  e.g. ,  to  a  linear 
one  (Fig.  5* 20c,  f). 

The  inconstancy  of  the  group  delay  time  for  different  spectral 
components  is  classed  among  the  phenomena  of  dispersion  of  propagation 
velocity.  Delay  lines  with  variable  group  delay  time  are,  therefore, 
termed  dispersion  delay  lines. 

As  is  known  from  §4.11,  optimum  filtration  of  broad-band  radio 
pulses  gives  rise  to  their  compression  in  time.  The  compensation  of  the 
phase -frequency  spectrum,  being  part  of  this  filtration,  is  also  con¬ 
nected  with  pulse  compression.  Moreover,  it  is  just  the  compensation  of 
the  phase-frequency  spectrum  of  the  signal  which  is  the  main  reason  for 
the  compression,  since  it  leads  to  a  simultaneous  superposition  of  the 
harmonic  components  (Fig.  4.7)  and  to  the  formation  of  a  peak  of  the 
compressed  radio  pulse.  But  the  choice  of  an  optimum  amplitude -frequen¬ 
cy  characteristic,  while  reducing  the  individual  spectral  components  of 
the  signal  (in  order  to  weaken  the  noise),  may  even  lead  to  a  contrac¬ 
tion  of  the  spectrum  and  to  a  widening  of  the  compressed  pulse.  In  the 
case  of  broad-band  radio  pulses  this  broadening  is  substantially  over¬ 
lapped  by  the  compression  owing  to  the  considerable  compensating  action 
of  the  phase -frequency  characteristic  art  K(f). 

The  concept  of  a  variable  group  delay  time  permits  the  compression 
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mechanism  cf  broad -band  radio  pulses  also  be  treated  in  another  way, 
i.e.,  as  that  of  pulses  whose  spectral  widening  is  achieved  by  frequen¬ 
cy  modulation  within  the  pulse-  A  line  with  a  characteristic  t„  = 

gr 

-  t  ( f )  as  shown  in  Pig.  3*20f,  delays  high  frequencies  to  a  greater 
gr 

extent  than  low  ones.  Let  us  feed  to  it  a  pulse  whose  instantaneous 
frequency  varies  from  a  higher  one  at  the  beginning  to  a  lower  one  at 
the  end  of  the  pulse.  Thus,  higher  frequencies  act  earlier  in  the  given 
case,  but  are  delayed  to  a  higher  degree,  and  lower  frequencies  appear 
later,  but  are  delayed  to  a  lower  degree.  This  yields  the  reason  for 
the  combination  of  all  frequency  groups  and  the  formation  of  the  com¬ 
pressed  pulse.  Obviously, 

/.(/)+/*(/)-  const,  (4) 

is  the  condition  for  such  a  combination,  where  tv(f)  is  the  moment  at 
which  the  instantaneous  frequency  acts;  for  the  sake  of  simplicity,  we 
assume  that  its  variation  is  monotonic.*  The  duration  of  the  compressed 
pulse  in  case  the  phase  shifts  are  fully  compensated  is  Inversely  pro¬ 
portional  to  the  width  of  the  frequency  spectrum. 

The  dispersion  delay  lines  may  be  described  not  only  with  the  help 
of  the  characteristics  of  Fig.  5*20,  but,  as  before,  also  with  the  help 
of  pulse-response  characteristics.  Since  the  delta  function  acting  in 
taking  up  this  characteristic  may  be  considered  the  superposition  of 
groups  of  different  frequencies  these  groups  are  delayed  relative  to 
the  instant  of  action  by  different  times,  in  the  case  of  a  dispersion 
line.  For  the  example  considered  (Fig.  5«20f)  groups  of  high  frequen¬ 
cies  are  delayed  to  a  higher  degree  and  groups  of  low  frequencies  are 
delayed  to  a  lower  degree. 

The  pulse-response  characteristic  proves  to  be  frequency -modulat¬ 
ed:  at  the  beginning  it  is  followed  by  lower,  and  finally  by  higher 
frequencies.  At  the  beginning  there  are  higher  frequencies  in  the  pulse 
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of  the  signal  for  which  this  characteristic  is  the  mirror  image,  but  at 
the  end  there  are  lower  frequencies,  which  corresponds  to  the  conclu¬ 
sion  on  the  character  of  the  signal  compressed  by  the  line  which  we 
have  obtained  earlier.  ^ 

The  different  dispersion  delay  devices  yield  characteristics 
t  (f)  differing  by  the  operating  frequency  band  f makg -fmin  and  by  the 
drop  of  the  group  delay  time  t  maks"^gr  min  w^thin  limits  of  this 
band. 

The  super-high  frequency  dispersion  delay  systems  in  radio  wave¬ 
guides  may  guarantee  very  broad  frequency  bands  f maks ~fmin >  but  with  a 
comparatively  small  drop  in  the  group  delay  time  tgr  maks -tgr  min.  The 
latter  is  explained  by  the  fact  that  the  values  of  the  group  delay  time 
are  determined  by  the  duration  of  the  high-frequency  oscillation  period 
and  by  the  number  of  oscillation  periods  relative  to  which  the  delay 
takes  place.  Since  the  latter  is  usually  limited  it  is  difficult  to 
guarantee  a  great  group  delay  time  in  the  caue  of  very  small  values  of 
the  nigh-frequency  oscillation  period. 

Greater  variable  time  delays  may  be  obtained  with  the  help  of 
electric  delay  lines  with  distributed  or  concentrated  parameters  work¬ 
ing  in  an  intermediate  frequency  range. 

Still  greater  variable  time  delays,  but  for  smaller  frequency 
bands,  may  be  achieved  by  making  use  of  ultrasonic  waveguides  having 
the  shape  of  tapes  or  cylindrical  wires  and  made  of  an  ultrasound -con¬ 
ducting  material. 

§5. 9.  CORRECTION  OF  THE  SHAPE  OF  THE  COMPRESSED  RADIO  PULSE  ENVELOPE 
If  the  nonlinearity  of  the  phase -frequency  spectrum  of  a  radio 
pulse  is  compensated  by  the  phase -frequency  characteristic  of  an  opti¬ 
mum  filter  or  a  dispersion  delay  line  the  envelope  of  the  output  volt- 
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age  is  completely  determined  by  the  shape  of  the  output  amplitude-fre¬ 
quency  spectrum.  As  was  shown  in  §4.11  an  effective  pulse  compression 
takes  place  in  the  optimum  filter  in  the  case  of  a  rectangular  ampli¬ 
tude-frequency  spectrum  of  a  width  of  .  Minor  lobes,  however,  ap¬ 

pear  besides  the  major  one.  The  level  of  the  greatest  of  them  is  about 
22$.  The  same  situation  is,  apparently,  given  in  the  case  of  a  linearly 
frequency -modulated  radio  pulse  whose  spectrum  is  similar  to  a  rectan¬ 
gular  one  (see  §7-7).  The  existence  of  minor  lobes  of  the  envelope 
("residues")  may  sometimes  aggravate  the  resolution  of  two  targets  that 

i 

are  close  to  one  another. 

The  level  of  the  minor  lobes  may  be  lowered  by  changing  the  shape 
of  the  amplitude -frequency  spectrum.  In  particular,  if  the  amplitude- 
frequency  spectrum  is  almost  bell-shaped  the  compressed  pulse  also  has 
a  bell-shaped  envelope  whose  duration  is  inversely  proportional  to  the 
spectral  width. 

It  is  not  advantageous  to  pass  over  immediately  from  a  rectangular 
spectrum  to  a  bell-shaped  one  at  the  expense  of  suppressing  a  consider¬ 
able  part  of  the  spectral  components  of  the  signal  owing  to  losses  in 
the  signal-to-noise  ratio  and  to  a  considerable  widening  of  the  short¬ 
ened  pulse.  Consequently,  the  amplitude -frequency  spectrum  is  pai'tly 
rounded  off  in  order  to  suppress  the  minor  lobes,  but,  if  possible, 
without  considerable  widening  of  the  shortened  pulse  or  impairing  of 
the  signal-to-noise  ratio. 

By  way  of  example,  the  passage  of  a  rectangular  amplitude -frequen¬ 
cy  spectrum  with  a  band  of  Af  on  a  carrier  frequency  fQ  through  a  fil¬ 
ter  with  a  linear  phase -frequency  characteristic  and  an  amplitude -fre¬ 
quency  characteristic  of  the  form 

K  (!) =o  +  26  cos  2*  (1) 


(where  a  =  0.5  and  b  =  0.25)  leads  to  energy  losses  of  I.72  db  (the 

calculation  is  analogous  to  that  given  in  §5*1)  and  to  a  widening  of 

the  major  lobe  of  the  compressed  pulse  by  1.2  times.  In  this  case,  a 

/ 

calculated  minor  lobe  level  of  2.4$  is  already  guaranteed.  For  <t  =•-  0.54 
and  b  =  0.23  the  calculated  level  of  the  minor  lobes  is  reduced  to 
0.16$  with  losses  of  only  1.34  db,  but  with  a  widening  of  the  major 
lobe  by  1.5  times. 

A  pulse -response  characteristic  of  the  form 


o(0— aS(/  —  /,)-}-  bl  —  —  -^-)+6s  (t — /,-f 

corresponds  to  the  frequency  characteristic  (1)  or  if  tQ  =  1/Af 

o(0  =  63(0  +  a8(/-Jr)  +  w(/_- 1-).  (2) 

The  characteristic  (2)  is  realized  with  the  help  of  a  summation 
device  to  which  the  input  and  the  branches  of  a  nondistorting  line  of 
delay  by,  respectively,  i/Af  and  2/Af  are  connected,  in  which  case  the 
summation  will  be  carried  out  with  w. ights  equal  to,  respectively,  b, 

a  and  b.  A  device  with  a  pulse  characteristic  (2)  is,  therefore,  called 

« 

a  weight  processing  device. 

A  weight  processing  device  for  a  radio  ihise  with  a  complex  rec- 

tangular  spectrum  may  be  replaced  by  a  resonance  amplifier  with  a  char¬ 
's 

acteristic  similar  to  a  bell-shaped  one  and  a  band  on  the  level  (0.05- 
0.1)  which  is  somewhat  broader  than  the  frequyncy  band  Af  of  a  rectan¬ 
gular  spectrum.  ‘  ^ 

Weight  processing  may  be  used  not  only  in  the  compression  of  fre¬ 
quency-modulated,  but  also  in  that  of  phase -manipulated  radio  pulses. 

i 

4$ 
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[Footnotes] 


By  way  of  example,  in  the  case  of  an  electric  nondisperslve 
delay  line  a  continuous  capacity  output  whose  shape  corres¬ 
ponds  to  the  given  pulse -response  characteristic  (or  to  a 
pair  of  mutually  supplementing  outputs  connected  as  a  differ 
ential  circuit)  may  be  used. 

Condition  (4)  may  be -obtained  more  rigorously  from  [(12) 
§4.4],  using  the  asymptotic  principle  of  the  stationary 
phase. 


[Transliterated  Symbols] 
onT  =  opt  =  optimal 'nyy  =  optimum 
c  =  s  =  signal  =  signal 
n  =  p  =  pomekha  =  noj.se 
3$  =  ef  =  effektivnyy  =  effective 
m  =  i  =  impul's  =  pulse 
mskc  =  maks  =  maksimal 'nyy  -  maximum 
3  =  z  =  zapazdyvaniye  =  delay 
Bbix  =  vykh  =  vykhod  =  output 
bx  =  vkh  =  vkhod  =  input 
rp  =  gr  =  gruppa  =  group 
b  =  v  =  vozdeystviye  =  action 
mhh  =  min  =  minimal' nyy  =  minimum 
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Chapter  6 

QUALITATIVE  INDICES  OF  OPTIMUM  PARAMETER 
DETECTION  AND  MEASUREMENT  DEVICES 

§6.i.  STATEMENT  OF  THE  PROBLEM 

The  best  qualitative  detection  and  measurement  indices  (in  a  sta¬ 
tistical  sense)  can  be  obtained  only  by  optimum  processing  of  the  re¬ 
ceived  oscillations. 

In  the  case  of  detection,  such  an  index,  in  particular,  is  the 
correct  detection  probability  D,  calculated  for  different  ratios  of 
signal  energy  and  spectral  noise  density  at  the  fixed  false  alarm  prob¬ 
ability  F.  With  optimum  detection  this  has  the  highest  value. 

In  the  case  of  measurement,  a  typical  qualitative  index  is  the 
root  mean  square  error,  which  can  also  be  calculated  for  different  val¬ 
ues  of  the  signal  energy  to  spectral  noise  density  ratio.  For  a  given 
signal  modulation  law,  the  optimum  measurement  device  gives  the  minimum 
root  mean  square  error. 

The  increasing  demands  made  on  detection  and  measurement  enforce 
a  continuous  improvement  of  the  quality  of  the  processing  of  the  re¬ 
ceived  signals.  Hence  the  qualitative  indices  of  optimum  systems  are  of 
great  interest  because  they  are  the  limit  which  one  must  strive  to  at¬ 
tain  by  approximating  the  non-optimum  processing  to  optimum.  The  mate¬ 
rial  in  Chapters  4  and  5  shows  that  such  an  approximation  is  entirely 
possible. 

In  the  analysis  of  the  qualitative  indices  we  shall  start  out  with 
the  assumption  that  optimum  processing  is  achieved.  The  qualitative  in- 


dices  are  then  independent  of  the  concrete  method  of  which  this  proc¬ 
essing  is  achieved.  In  view  of  the  fact  a  great  number  of  calculations 
requires  an  enormous  effort,  we  shall  carry  out  in  detail  only  the 
simplest  ones,  with  the  aim  of  illustrating  the  method  of  analysis.  The 
most  simple  case  in  detection  theory  is  that  of  a  signal  with  complete¬ 
ly  known  parameters.  We  shall  begin  the  analysis  of  the  qualitative  de¬ 
tection  indices  with  an  examination  of  the  simplest  case. 


§6.2.  CHARACTERISTICS  OP  OPTIMUM  DETECTION  OF  A  SIGNAL  WITH  COMPLETELY 
KNOWN  PARAMETERS 

Optimum  detection  of  a  signal  with  completely  known  parameters 
consists  in  a  comparison  of  the  correlation  integral  with  the  threshold. 
In  the  absence  of  noise  the  correlation  integral 

'  AS 

2=  $  x(t)y(t)dt 

can  be  assumed  only  two  values: 


in  the  presence  of  a  signal. 


l  0  In  the  absence  of  a  signal, 

and  the  detection  will  always  be  error -free. 

If  noise  is  present,  the  correlation  integral  is  a  random  quantity 
which  can  assume  any  values  independently  of  the  presence  of  a  signal. 
The  case  of  signal  transmission  and  false  detection  then  becomes  possi¬ 
ble.  In  order  to  calculate  the  corresponding  probabilities,  we  deter¬ 
mine  the  distribution  law  of  the  random  quantity  z  .under  condition  that 
signal  and  noise  or  noise  only  are  present. 

First  let  us  point  out  that  the  correlation  integral,  being  the 
limit  of  the  linear  combination  of  Gaussian  random  quantities,  is  also 
a  Gussian  random  quantity. 

In  order  to  ascertain  the  distribution  law  of  this  quantity  we 
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must  find  its  mathematical  expectation  M{z)  =  z  and  scatter  D{s}=Vq  un¬ 
der  two  conditions,  the  presence  and  absence  of  a  useful  signal. 

The  mathematical  expectation  of  the  correlation  integral  we  find 

as  the  integral  of  the  integrand  of  the  mathematical  expectation 

60  00 

z=,M{z}=  J  J  x(t)jjtjdt. 

—00  1  00 

The  scatter  of  the  correlation  integral,  in  turn,  will  be 


.  i 


[00  _  1* 

f  X(t)[y(t)-y(t)\dt  • 


Under  condition  of  the  presence  of  a  useful  signal  we  have 

and 

.00 

7 =  j  x'{t)dt=3, 


i  J-**  * 


A  ! 


(1) 


and  in  its  absence  and  z  =  0.  It  is  obvious  that  in  both 

cases  y(t)—~y(t)-=n{t)  applies. 

By  replacing  in  the  expression  for  D{z)  the  second  power  of  the 
integral  by  the  product  of  two  identical  integrals  and  then  proceeding 

to  derive  the  double  integral,  we  find 

•0  00 

Vo  =  D  {z)  =  j  dt  (0  x  {s)n(t)n(s)  ds. 

— 00  —00 

By  substituting  the  value  of  the  correlation  function  for  white 


N, 


noise  n{t)n{s)-=-±l(t— s)  and  carrying  out  the  integration,  we  finally  ob¬ 
tain 

Vq  =  £  {*} = tJ**  (0  df=^Y  3.  (2) 

The  value  v0*=£{z}  thus  obtained  is  valid  not  only  in  presence  but  also 
in  absence  of  a  useful  signal.  It  depends  on  the  energy  of  the  expected 
signal  in  either  case  because  the  expression  of  the  correlation  inte¬ 
gral  contains  the  expected  signal  x(t). 

-  169  - 


, vi  1 1  m  IU"  Wji  PI  ■  jrn}  j'  Ml  U 


•1 


\f 

1 

* 


IWf. 

r?'”: v 

y 


m 


'--..y.s-f.  - 


i 

£ 
& 
W:  'V. 


n.’  v— 


'  ^  tV 


v- 


Pig.  6.1.  Curves  of  the  condi¬ 
tional  probability  densities 
p  (z)  and  p  (z)  of  the  values 

Jr 

of  the  correlation  integral, 
a)  p;  b)  sp;  c)  E. 


Knowing  the  mathematical  expectation  and  scatter,  it  is  easy  to 
write  the  conditional  probability  densities  of  the  Gaussian  random 
quantity  z  in  absence  and  presence  of  the  useful  signal 


/ 


(3) 

(4) 


The  two  distribution  laws  p  (z)  and  PSD(z)  are  represented  in  Fig. 

r'  ljr' 

6.1.  The  decision  on  the  presence  of  a  signal  is  taken  if  z  >  zQ,  which 
is  possible  not  only  in  presence  of  a  signal  but  also  in  its  absence. 
The  probability  of  the  threshold  value  Zq  being  exceeded  in  absence  of 
a  signal  is  the  false  alarm  probability 


•0 

(*>*♦)  =  jpatydz.  (5) 

*• 

The  probability  of  the  same  event  in  presence  of  a  signal  is  the  cor¬ 
rect  detection  probability 

/  «o 

D=  P«u  (*>*.)  = jVeu  (z)  dz'  (6) 

«• 

The  areas  in  Pig.  6.1  corresponding  to  these  probabilities,  are  shaded. 

The  expression  for  the  calculation  of  F  and  D  with  an  accuracy 
corresponding  to  the  specification  are  solutions  of  a  one -dimensional 
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problem.  This  is  due  to  the  fact  that  after  the  calculation  of  the  cor¬ 
relation  integral  the  multidimensional  problem  is  reduced  to  a  one-di¬ 
mensional  problem.  Applying  the  normal  distribution  law,  the  formulas 
for  F  and  D  can  be  expressed  via  the  probability  integral 


B=0,5[l-«.(^-)].  (8) 

The  expression  (7)  shows  that  the  false  alarm  probability  F  is  un¬ 
equivocally  defined  by  the  ratio  of  the  threshold  level  zQ  and  the  root 
mean  square  value 


of  the  noise  component  v  of  the  correlation  integral 


CO 

v  =  \n{f)x{t)dt. 
—00 


It  follows  from  the  expression  (8)  that  the  correct  detection 
probability  D  depends  also  on  the  magnitude  of  the  relation 


(9) 


In  the  following  we  shall  term  this  quantity  detection  parameter. 
We  recall  that  the  quantity  ^  is  numerically  equal  to  the  signal-noise 
voltage  ratio  at  the  output  of  the  optimum  filter. 

Introducing  now  the  parameter 


and  using  the  relation 

0(— «  )=— 0(«), 

we  bring  the  expression  for  the  correct  detection  probability  D  into 
the  form 


0 = 0,5  [1  0  (? — ?,)!• 


(10) 


The  family  of  curves  D(q)  at  different  values  of  qg  is  shown  in 
Fig.  6.2.  It  is  readily  seen  that  the  family  of  Fig.  6.2  is  analogous 
to  the  family  of  Fig.  1.9  for  the  one -dimensional  case.  At  q  =  qQ  the 
value  is  D  =  0.5  and  at  q  =  0,  D  =  F.  The  magnitude  of  F  depends  only 
on  qQ;  hence  the  curves  qQ  =  const  are  at  the  same  time  the  curves  F  = 

=  const.  The  correct  detection  probability  D  at  a  given  false  alarm 
probability  F  is  the  greater,  the  greater  the  detection  parameter  q.  A 
decrease  in  the  attainable  value  of  F,  due  to  an  increase  in  the 
threshold  level,  results  in  a  shift  of  the  detection  curve  to  the 
right . 

Using  the  detection  curves,  we  can  find 
the  threshold  signal.  A  signal  is  termed 
threshold  signal  when  it  can  be  detected  at  a 
given  false  alarm  probability  FQ  with  a  given 
correct  detection  probability  Dq.  The  threshold 
signal  is  characterized  by  its  energy  (or  pow¬ 
er)  which  can  be  calculated  if  we  know  the 
threshold  value  qpor0g  of  the  detection  param¬ 
eter.  The  magnitude  of  qp0r0g  is  determined  by 
means  of  the  detection  curves. 

Assuming,  for  example,  that  we  wish  to  achieve  the  probability  D 
Dq  =  90$  at  F  =  Fq  =  10~3  at  optimum  detection  of  a  square  radio  pulse 
.with  the  duration  with  a  completely  known  parameter.  By  means  of  the 

curves  of  Fig.  6.2  we  find  q_nT,no.  =  4.4,  which  corresponds  to  an  energy 

pux  ug 

of  the  threshold  signal  of 


i  • 


Fig.  6.2.  Detection 
curves  for  a  signal 
with  completely 
known  parameters. 


dgoper - o'  Ni<j2IKI>or  —  9,7Nt 


The  power  of  the  threshold  signal  then  is 


O  — _  1  _I  n*N, 

ruopoe - - - jr  A'.‘7u,1p0r—  Jj 


1  U'lpOf 
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If  the  power  of  the  signal  P  >  Pporog  or  Its  energy  is  3  >  3porog; 
then  at  F  =  Pq  the  value  is  D  >  Dq. 

The  detection  parameter  q  =  V 23/Afa  depends  solely  on  the  signal  en¬ 
ergy  and  the  spectral  noise  density.  Hence  it  is  immaterial  which  form 
the  signal  has,  pulsed  or  continuous ,  and  by  which  law  it  is  modulated, 
and  the  possibility  of  detecting  it  at  optimum  reception  with  given 
values  of  D  and  F  is  determined  only  by  the  ratio  of  signal  energy  to 
spectral  noise  density.*  The  latter  conclusion  is  of  fundamental  sig¬ 
nificance. 


§6.3*  CHARACTERISTICS  OF  OPTIMUM  DETECTION  OF  SIGNALS  WITH  RANDOM  INI¬ 
TIAL  FHASE  AND  RANDOM  AMPLITUDE  AND  INITIAL  PHASE 

With  optimum  detection  of  a  signal  of  the  above  discussed  form  the 

quantity  1  =  V Z1  -{ ~z\  is  calculated  and  compared  with  the  threshold  ZQ. 


Then  we  have 


where,  in  turn. 


y  (/)  =  Bx(t,  (O’* 
x(t,  p)=JC,  (/)  cos  p+x,  (0  sin  p. 


where  p(B)—l(B—  1)  is  valid  in  presence  of  a  signal  with  random  initial 
phase  (B  =  l);  p{B)=2Bc~'B>  in  presence  of  a  signal  with  random  amplitude 
and  phase  (B  =  l);  p(B)=Z(B)  in  absence  of  a  signal  (B  =  0). 

For  any  fixed  B  we  find  in  analogy  to  the  results  of  the  preceding 


section 


—00 

*>M=|  ? rt(/)^.*W^],=4-3:=vo • 


The  random  quantities  z1  and  Zg  are  not  correlated,  because  their 


mixed  central  moment 


(z, — Z.)  (Z» — Z,)=  J  dt  J  n  (t)  n  (s)  jc,  (/)  (s)  ds 

*  — oo  —oo 

is  practically  zero.  In  fact,  by  using  [(9)  §4.4]  and  integrating  over 
s,  the  double  integral  thus  found  can  be  reduced  to  an  expression  of 


the  form 

—00 

which  contains  as  cofactor  the  integral  of  the  product  of  the  two  os¬ 
cillations  phase-shifted  by  ix/2  with  slowly  varying  amplitudes  and 
phases,  which  is  practically  zero. 

Using  the  uncorrelated  condition  of  the  quantities  z ^  and  z2  and 
the  normal  law  of  their  distribution,  we  obtain  the  two-dimensional 
conditional  probability  density 

/>(*».  z,|M)=/»(*»  I  P,  £)/>(z,JM)= 


Assuming  that  Zj— Zcos?  and  zt=Zs\n<t  t  where  we  go  over 

to  the  new  variables  of  the  two-dimensional  probability  density 


where 


cos?  sm«p  |  i 


d(Z,  t)  I  —  Zsin<p  Zcos?  j 
which  is  the  Jacobian  of  the  transformation. 


This  probability  density  will  be 


cot  tT-» 


J>(Z,9  ip,B)  =  ^-e  9  .  (1) 

Integrating  it  over  and  using  [(9)  §3*3]  we  find  the  one -dimensional 
conditional  probability  density  Z  in  presence  of  a  signal  with  fixed 


parameters  0  and  B 


2« 

P& IP.  *)= J P(Z.  ? | P,  J8j d?  =  /.  , 


Averaging  with  respect  to  £3  and  B,  we  find  the  expression  for  the 
sought-for  probability  density 

2*  co 

(2)  =  2^  d?  j >  (2 1 1  B)p  (B)  cIB.  ( 3 ) 

o  o 

Actually  this  probability  density  is  conditional  because  its  form 
varies  depending  on  the  distribution  p(B).  Hence  the  further  calcula¬ 
tions  must  be  carried  out  separately  depending  on  the  condition  of 
presence  or  absence  of  signal  and  the  form  of  the  signal.  By  substitut¬ 
ing  the  corresponding  expressions  for  p(B)  and  carrying  out  the  inte¬ 
gration  ,  v/e  obtain: 

a)  in  presence  of  a  signal  with  random  initial  phase  [p(B)  = 

=  6(B  -  1)] 

z*+:* 

n  *«  /  f™\  (*0 

^on(2)—  ^  e 

b)  in  presence  of  a  signal  with  random  amplitude  and  initial  phase 


[p(B)  =  2B^'r!'\ 


nr  J'2  +  >»5 


c)  in  absence  of  a  signal  [p(B)  =  5(B)] 

f  rzy 

(6) 

i 

We  observe  that  under  the  conditions  b  the  integration  is  carried  out 
by  using  the  table  formula  [(7)  §3*^]» 

Figure  6.3  shows  the  curve  p„_(Z)  of  the  distribution  Z  in  pres- 
ence  of  a  signal  and  noise  and  the  curve  for  p  (Z)  corresponding  to  the 

r 
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presence  of  noise  only.  The  curve  p  (Z)  has  been  plotted  for  the  rela- 

tively  small  q  =  2.  The  greater  tha  detection  parameter  the  more  do 

the  curVes  p  (Z)  and  p  (Z)  differ. 

SP  p 

The  shaded  areas  under  the  curves  in  Fig.  6.3  to  the  ri^ht  of  the 
abscissa  Zq  correspond  to  the  correct  detection  probability  D  and  the 
false  alarm  probability  F.  Then 


D=§p0B(Z)</Z=fs/,tos)e~  2  ds. 


<h 

00  i* 


F = jpa  (Z)  dZ  =  jse~  3  ds=e~ 


(7) 

(8) 


-h. 


where  - 

The  relations  (7)  and  (8)  respectively  define  the  family  of  the 
detection  curves  D(q)  and  the  connection  between  the  parameter  of  this 
family  qQ  and  the  false  alarm  probability  F.  If,  using  (8)  we  express 
q  via  F,  we  obtain  an  expression  for  the  family  of  detection  curves, 
whose  direct  parameter. is  the  false  alarm  probability  F: 

■  *0  _  <*+»* 

D=  f  s/t (qs) e 
JTfi-I 


ds. 


(9) 


Figure  6.4  shows  the  curve  p  (Z)  of  the  distribution  of  Z  in 

sp 

presence  of  a  signal  with  random  amplitude  and  initial  phase  and  noise 

and  also  the  curve  p„(Z)  which  corresponds  to  the  presence  of  nc_se  on- 

P 

ly.  The  correct  dv f action  and  false  alarm  probabilities  correspond  to 
the  shaded  areas  and  will  be : 


_zi 

i+r/i 


D  =  ^p,a{Z)dZ=:e 
F=^p„(Z)dZ  —  e  3  . 


(10) 


(11) 
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Excluding  qQ  from  the  relation  (10)  by  means  of  (11),  we  obtain 

D=FT fW  (12) 

Figui'e  6.5  presents  the  calculated  detection  curves  for  three  cas¬ 
es:  1)  a  signal  with  completely  known  parameters;  2)  a  signal  with  ran¬ 
dom  initial  phase;  3)  a  signal  with  random  amplitude  and  initial  phase. 

The  curves  for  the  second  and  third  case  were  calculated  by  means 
of  the  formulas  (9)  and  (12);  the  curves  for  the  signal  with  completely 
known  parameters  correspond  to  the  curves  presented  earlier  in  Fig. 

6.2.  The  curves  for  the  signal  with  random  initial  phase  are  shifted 


Fig.  6  3*  Curves  of 
the  conditional  prob¬ 
ability  densities 
pp(Z)  and  Psp(Z)  cor¬ 
responding  to  the  de¬ 
tection  of  a  signal 
with  random  initial 
phase. 


Fig.  6.4.  Curves  of 
the  conditional  prob¬ 
ability  densities 
pp(Z)  and  Psp(Z)  cor¬ 
responding  to  the  de¬ 
tection  of  a  signal 
with  random  amplitude 
and  initial  phase. 


relatively  to  them  to  the  right,  i.e.,  in  this  case  a  greater  signal 


?j 


energy  is  required  for  achieving  the  desired  qualitative  detection 
indices. 

The  curves  for  'the  signal  with  random  amplitude  and  initial  phase 
are  particularly  strongly  shifted  to  the  right  in  the  range  of  large 
values  of  correct  detection  probability.  This  is  connected  with  possi¬ 
ble  fading  in  presence  of  random  signal  amplitudes.  In  order  to  attain 


c-y 


/j— 


Fig.  6.5*  Detection  curves  for  the  signals:  with 
completely  known  parameters  (dash  line),  with  ran¬ 
dom  initial  phase  (dotted  line)  and  with  random 
amplitude  and  initial  phase  (thick  lines). 


sufficiently  high  correct  detection  probabilities  in  presence  of  such 
fading,  a  considerable  increase  in  the  mean  signal  energy  is  required.* 
Conversely,  at  low  correct  detection  probabilities  (D  £  0.2)  amplitude 
fluctuations  facilitate  detection  and  the  curves  are  shifted  to  the 
left. 


§6.4.  DETECTION  CHARACTERISTICS  OF  AN  INCOHERENT  PULSE  PACKET  WITH 
LINEAR-  QUADRATIC  AND  DIGITAL  SUMMATION 

Let  us  turn  to  the  detection  characteristics  for  a  signal  in  the 
form  of  a  packet  of  incoherent  radio  pulses. 

It  was  shown  in  §4.9  thut  the  law  of  optimum  post -detection  proc¬ 
essing  for  a  nonfluctuating  packet  can  be  approximated  to  a  quadratic 
or  linear  relationship.  The  quadratic  approximation  is  correct  for  low 
signal -noise  ratios  for  every  pulse,  for  example,  when  their  energy  is 
of  the  same  order  (or  even  less)  than  the  spectral  noise  density.  Con¬ 
versely,  the  linear  approximation  is  closer  to  the  optimum  for  large 
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excess  of  the  energy  of  each  pulse  over  the  noise  energy. 

Quadratic  processing  is  always  optimum  for  a  fluctuating  signal. 

We  observe  that  a  widely  used  summator  such  as  the  screen  of  an 
electron  beam  tube  approximates  the  square  processing  to  a  certain  de¬ 
gree.  The  nature  of  the  processing  depends  also  on  the  operating  regime 
of  the  detector  (linear,  quadratic). 

The  voltage  at  the  output  of  an  ideally  quadratic  summator  can  be 
represented  in  the  form 

U=u]*\-U\  +  •••-{-&*» 
and  that  for  a  linear  summator 

u — Vi + ut  4- . . . -f- uM- 

Here  U2,  ...,  are  the  amplitudes  of  the  first,  second  and  Mth 
pulse,  respectively.  In  the  absence  of  a  signal  these  amplitudes  are 
independent  random  quantities,  obeying  the  Rayleigh  law.  In  the  pres¬ 
ence  of  a  signal  the  distribution  of  each  of  these  amplitudes  varies. 

Knowing  the  distribution  law  for  each  amplitude,  we  can  find  the 
probability  densities  p„_(U)  and  p  (U)  for  the  magnitude  of  U  in  pres- 

sp  p 

ence  and  absence  of  a  signal,  respectively.* 

Integrating  the  probability  densities  p^fu)  and  p^(U)  within  the 

sp  p 

limits  from  the  threshold  value  U _ _ to  °°,  we  can  find  the  correct 

porog  ’ 

detection  and  false  alarm  probabilities  and  estimate  the  gain  obtained 
by  incoherent  summation  of  M  pulses  as  compared  with  the  case  of  single 
pulse  reception. 

The  calculation  curves  for  the  estimation  of  the  gain  from  inco¬ 
herent  summation  of  a  nonfluctuating  packet  with  a  rectangular  envelope 
are  presented  in  Pig.  6.6a.  These  curves  have  been  plotted  for  the 
fixed  values  D  =  0. 5  and  P  =  10“10,  the  thick  line  for  linear,  and  the 
dotted  line  for  quadratic  summation.  The  number  of  summed  (integrated) 
pulses  M  (from  M  =■  1  to  M  =  10^)  is  plotted  on  the  ordinate,  and  the 
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necessary  excess  energy  of  a  single  pulse  over  the  spectral  noise  den¬ 
sity  at  the  optimum  filter  input  on  the  abscissa.  The  amount  of  the  ex¬ 
cess  of  13.5  db  at  M  =  1  corresponds  to  the  point  P  =  10-10  and  D  =  0.5 
on  the  detection  curve  for  the  single  signal  with  random  initial  phase 
(Fig.  6.5). 

The  slight  difference  between  the  thick  and  dotted  curves  in  Fig. 
6.6a  shows  that  at  a  low  false  alarm  and  high  correct  detection  proba¬ 
bility  the  transition  from  quadratic  to  linear  summation  practically 
does  not  alter  the  threshold  signal.  This  means  that  both  above -consid¬ 
ered  forms  of  nonoptimum  processing  approximate  the  optimum  processing 

5>/0<O/*). 

A. 

at  high  signal  levels  to  the  linear  and  at  low  ones,  to  quadratic  sum¬ 
mation,  respectively  {see  §4.9).  Here  C  is  a  constant  depending  on  the 
noise  level. 


Fig.  6.6.  Curves  connecting  the  values  of  the  threshold  energy  of  a 
single  pulse  of  a  rectangular  packet  with  the  number  of  pulses  M:  a) 

For  linear  (thick  line)  and  quadratic  (dotted  line)  summation  (D  =  0-5* 

F  =  10-10);  b)  for  incoherent  (thick  line)  and  coherent  (dotted  line) 

summation  (D  =  0.9,  F  =  10~*^).  l)  Number  of  pulses,  M. 


'T 


The  use  of  integration  of  a  large  number  of  pulses  lowers  the 
threshold  level  of  the  energy  of  every  pulse  in  the  packet.  For  exam¬ 
ple,  if  we  go  over  from  a  single  pulse  to  10,  the  threshold  level  is 
lowered  by  8  db,  if  we  go  over  to  100  pulses,  by  15*5  db  and  to  10,000 
pulses  in  a  packet,  by  25.5  db. 

An  analogous  curve  for  the  estimation  of  the  gain  from  incoherent 
integration  is  given  in  Fig.  6.6b  for  the  probabilities  D  =  0.9  and 
F  =  lO-^.  As  comparison  of  the  curves  in  Fig.  6.6a  and  b  shows,  the  re¬ 
quirement  D  =  50$  and  F  =  lO-1^,  on  the  one  hand*  and  D  =  90$  and  F  = 

=  10~7  on  the  other,  are  practically  equivalent.  In  either  case,  the 
incoherent  integration  gives  almost  the  same  gain  in  the  threshold  en¬ 
ergy  of  each  pulse,  i.e.,  the  corresponding  curves  in  Fig.  6.6a  and  b 
practically  coincide.  It  is  found  that  if  we  use  one  of  them,  we  can 
plot  an  approximate  analogous  curve  for  any  values  of  D  and  F  by  shift¬ 
ing  it  relative  to  the  point  13*5  db  to  the  right  or  left.  The  shift 
should  correspond  to  the  change  in  the  threshold  energy  of  a  single 
pulse  when  passing  from  Dq  =  0.9  and  Fq  =  10-^  to  new  values  of  D  and 
F.  In  other  words,  the  r  lative  change  of  the  threshold  energy  due  to  a 
change  of  D  and  F  is  practically  independent  of  the  number  of  pulses  in 
a  packet.  Writing  the  function  relation  between  the  threshold  energy 
and  the  quantities  D,  F  and  M  as 


(ir) . 


we  can  use  the  approximation 


or  in  decibels 


llD.F.M)  _  rfD.F.l) 

t(D„Ft.M)~T(D.,F„l) 


Formula  (3)  pan  also  be  used  for  an  approximate  estimate  of  the 
influence  of  harmonious  fluctuations,  i.e.,  to  make  a  correction  for 
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these  fluctuations  at  given  D  and  F  from  the  curves  Pig.  6.5* 

A  comparison  between  incoherent  and  coherent  integration  is  of  in¬ 
terest.  It  is  easy  to  see  that  coherent  integration  gives  a  greater 
gain  because  the  possibility  of  detection  in  this  case  is  defined  by 
the  ratio  of  the  energy  of  the  entire  packet  to  Nq.  Hence  when  going 
over  from  a  single  pulse  to  10,  the  threshold  energy  of  each  pulse  is 
reduced  10  times  (i.e.,  by  10  db  and  not  by  8  db,  as  with  incoherent 
summation),  upon  transition  to  100  pulses,  100  times  (i.e.,  by  20  db 
instead  of  15*5  db),  etc.  The  corresponding  straight  line  for  coherent 
integration  is  shown  in  Pig.  6.6b  by  a  dotted  line. 

Figure  6  7  is  a  diagram  of  the  losses 
in  decibels  during  incoherent  integration. 
Whilst  the  ^osses  are  still  relatively  small 
with  a  small  number  of  pulses,  they  can  be¬ 
come  quite  marked  if  the  number  of  pulses  in 
the  packet  increases.  For  example,  for  10 
pulses  the  loss  is  equal  to  2  db,  and  for 
100  pulses,  the  losses  amount  to  4.5  db. 

This  notwithstanding,  the  gain  from  in¬ 
coherent  integration  of  the  pulse  packet 
must  be  used  in  all  cases  where  coherent  in¬ 
tegration  is  not  possible. 

In  conclusion  let  us  examine  the  detection  characteristics  of  an 
incoherent  packet  of  radio  pulses  with  digital  accumulation. 

We  shall  assume  that  the  detection  is  achieved  by  means  of  a  two- 
threshold  circuit  working  in  accordance  with  the  law  n  out  of  m,  where 
the  number  m  is  equal  to  the  number  M  of  pulses  in  a  packet.  This 
means  that  the  decision  concerning  the  presence  of  a  target  is  taken  if 
more  than  n  pulses  from  M  possible  exceeds  a  certain  amplitude  thresh - 
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Fig.  6.7.  Energy  loss¬ 
es  in  decibels  with 
incoherent  integration 
as  compared  with  co¬ 
herent  (D  =  0.9*  F  = 

=  10-7).  a)  Loss,  db; 
b)  number  of  pulses, 

M. 


C 


old.  In  other  words,  the  linear  or  quadratic  pulse  summation  is  re¬ 
placed  by  counting  the  number  of  pulses  exceeding  the  threshold. 

Assuming  the  pulse  packet  to  be  rectangular,  we  designate  the 
probability  of  the  threshold  value  DQ  by  any  pulse  of  the  packet  being 
exceeded  and  the  probability  of  this  threshold  being  exceeded  by  a 
false  pip  p q.  We  observe  that  all  packets  are  detected  in  which  the 
number  of  threshold  exceeding  pulses  is  k  >  n.  For  every  k  there  can  be 

if 

CM  such  packets,  and  the  probability  of  the  threshold  being  exceeded  by 
k  pulses  from  one  such  packet  or  of  the  threshold  not  being  exceeded  by 
the  other  M  -  k  pulses  will  be  Dq(1  -  Dq)M~1c.  Hence  the  probability  of 
correct  detection  is 

D=|jc^(l-D#)w-*.  (4) 

k=n 

For  n  =  0,  D  is  always  1  because  in  accordance  with  the  binomial 
formula  the  above -written  sum  changes  to 

uvHi-Djr-!. 

Analogously, 

f=£cjF;(i-f.)“-\  (5) 

where  the  quantity  n  must  be  larger  than  zero  because  otherwise  F  =  1. 

If  the  pulse  packet  does  not  fluctuate,  the  quantities  DQ  and  FQ, 
entering  into  the  formulas  (4),  (5),  can  be  found  by  means  of  the  de¬ 
tection  curves  for  a  single  signal  with  random  initial  phase.  Then,  if 
the  energy  of  the  entire  packet  is  equal  to  E,  one  must  introduce  the 
energy  a/M  into  the  calculation  when  determining  DQ  on  the  basis  of  the 
detection  characteristics. 

Let  us  illustrate  the  above -given  relationships  by  means  of  the 
simplest  examples. 

Assuming  tr.e  detection  is  carrie  out  for  a  number  of  pulses  in 
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the  packet  M  =  2  according  to  the  rule  "two  from  two"  which  is  the 
case,  for  example,  when  a  coincidence  circuit  is  used.  In  this  case 

D=Dl&ndf=Fl. 

—10  _c 

Then,  for  P  =  10  and  D  =  0.5*  we  should  have  Fq  =  10  D  and  DQ  ~ 
»  0.7*  By  means  of  the  diagram  (Fig.  6.5)  we  find  j  « 11,5  db,  i.e., 

(4.)^1I’5+3=I4,5  db* 

Thus,  the  same  qualitative  detection  indices  D  =  0.5  and  P  =  10-10 

/. 

are  achieved  with  a  threshold  signal  of  14.5  db  as  against  13*5  db  with 
coherent  integration.  In  this  case  the  losses  incurred  by  digital  inco¬ 
herent  processing  amount  to  only  1  db. 

If  for  a  number  of  pulses  M  =  2  detection  were  carried  out  in  ac¬ 
cordance  with  the  rule  "one  out  of  two,"  somewhat  inferior  results 
would  be  obtained.  In  fact,  in  this  case 

applies. 

Then  for  F  =  10~10  and  D  =  0.5  we  should  have  FQ  =  0.5'10"~10  and 
Dq  =  0.3.  By  means  of  the  curve  (Pig.  6.5)  we  determine  13  db  or 

(JL\  ss  16  db,  i.e.,  the  losses  have  increased. 

Let  us  present  the  analogous  relations  for  the  rule  "n  out  of 
three" : 

for  the  rule  "one  out  of  three" 

D =3D.  (I  -  D.)*  +  3D]  (1  -  £>,)  -l-  D]  \ 

for  the  rule  "two  out  of  three" 

D=3Dq  (1  —  Dt)  +  Dl\ 

for  the  rule  "three  out  of  three" 

*  d  =  d]. 

As  a  more  detailed  analysis  shows  there  exists  for  each  M  an  opti¬ 
mum  value  of  nQO*.,  ?or  which  the  gain  as  compared  with  coherent  inte- 


gration  is  a  minimum.  Figure  6.8  shows  the  loss  curves  for  digital 

post -detection  integration  as  a  function  of  the  number  of  integrated 

c. 

pulses  for  n  =  nQpt  n  =  1  at  F  =  10”°  and  D  =  0.5*  The  dotted  line  in¬ 
dicates  the  design  loss  curve  for  quadratic  pulse  accumulation.  Using 
these  curves  one  can  estimate  the  losses  in  digital  post -detect ion  in¬ 
tegration  at  m  =  M. 

If  the  number  of  accumulated  pulses  is  m  <  Mj  there  will  be  other 
losses  in  addition  to  those  connected  with  the  application  of  the  rule 
"n  out  of  m. "  These  losses  can  be  roughly  estimated  in  the  following 
manner.  The  relation  m‘  =  M/m  gives  the  number  of  independent  observa¬ 
tions,  at  each  of  which  detection  is  carried  out.  The  situation  is 
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Fig.  6.8.  Energy  losses  in  deci¬ 
bels  during  digital  (thick 
lines)  and  quadratic  (dotted) 
accumulation,  a)  Losses;  db;  b) 
number  of  pulses,  M;  c)  opt. 


somewhat  analogous  to  that  obtaining  with  detection  according  to  the 
rule  "1  out  of  m'."  Hence  a  rough  estimate  of  the  additional  losses  can 
be  obtained  from  the  diagram  Fig.  6.8  if  m'  =  M/m  is  plotted  on  the  ab¬ 
scissa  and  the  count  is  carried  out  along  the  line  n  =  1. 
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§6.5.  QUALITATIVE  INDICES  OF  OPTIMUM  MEASUREMENT  OF  THE  PARAMETERS  OF  A 
SIGNAL  WITH  RANDOM  INITIAL  PHASE  (GENERAL  CONSIDERATIONS) 


The  mean  risk  equal  to  the  root  mean  square  of  the  measurement  er¬ 


ror. 


has  been  chosen  as  the  basic  qualitative  index  of  optimum  measurement 
of  the  parameter  a. 

Because  a  systematic  error  is  absent  with  optimum  measurement,  the 
expression  (1)  characterizes  at  the  same  time  the  magnitude  of  the  er¬ 
ror  scatter. 

The  formulation  (1)  implies  an  averaging  of  a  double  kine  (see 
§1.6),  namely:  with  respect  to  the  possible  values  of  the  parameter  a 
and  the  possible  values  of  the  estimate  of  a*.  The  precise  value  of  the 
optimum  estimate  corresponds  to  the  center  of  gravity  of  the  post-ex¬ 


perimental  distribution 


a«»=Af«{aly(0}* 


The  averaging  (l)  can  be  carried  out  in  any  desired  sequence.  If  we 
carry  it  out  first  with  respect  to  a  for  the  fixed  realization  y(t), 
and  this  means,  also  for  the  estimate  of  a*p£,  the  root  mean  square  er¬ 
ror  thus  obtained  will  be  equal  to  the  scatter  of  the  post -experimental 
distribution  D{a|y(/)},  as  in  §1.6.  By  averaging  this  value  with  respect 
to  the  possible  realization  y(t)  we  can  obtain  the  quantity  eskv* 

Let  us  limit  consideration  to  signals  with  random  initial  phase 
against  the  background  of  a  superposed  white  Gaussian  noise.  The  equa¬ 
tion  [(16)  §2.7j  of  the  curve  of  the  post -experimental  probability  den¬ 
sity  during  the  measurement  of  the  parameter  a  of  such  a  signal  can  be 
represented  in  the  form  (see  §3*3) 


-aa  Uz\ 

/>l*ltf(01=K„P(a)e  'l*  Vv.  • 


tQC 

—  I  -v  — 


»  v 


-'**wr*  -:?*  ~-t^c 


Here  the  quantity  Z=Z[y(t)\a]  is  equal  to  the  modulus  of  the  complex 
correlation  integral 

i 


Z=- 


j  a)dt 


(4) 


Substitut ing 

Y(t)=XV,a,)+N(t), 

where  cxq  is  the  true  value  of  the  parameter,  unknown  to  the  observer, 
into  this  integral,  we  can  separate  the  signal  and  noise  parts 


•0 

ze  =  4- a)dt, 
—00 
•oo 

Zn^-~\N{t)X'{t,*)dL 


(5) 

(6) 


Then 


Z=\Z0+ZB\-  (7) 

One  of  the  possible  relations  of  Z  and  a  for  a  certain  realization 
y(t)  is  shown  in  Fig.  6.9a.  This  diagram  corresponds  to  the  case  in 
which  the  detection  parameter  is  q  =  Vg>  I  .  If  it  is  assumed,  for  ex¬ 
ample,  that  the  lag  time  is  measured,  the  curve  (Fig.  6.9a)  can  be  re¬ 
garded  as  the  envelope  of  the  summary  signal  and  noise  voltage  at  the 
optimum  filter  output  as  a  function  of  time.  The  corresponding  curve  of 
the  post -experimental  probability  density  is  shown  in  Fig.  6- 8b.  The 
signal  peak  which  is  already  noticeable  in  Fig.  6.9a  is  more  pronounced 
in  Fig.  6.9b..  This  is  in  consequence  of  the  fact  that  the  relation 
Iq(u)  is  close  the  exponential,  and  u  =  2Z/Nq  in  the  region  of  the  peak 
is  considerably  greater  than  unity. 

The  corresponding  curves  for  the  case  q  <  1  are  shown  in  Fig. 

6.10a  and  b.  Here  we  have  in  mind  that  the  signal  is  weak  and  hardly 

a 

visible  amont  the  noise  pips.  In  expression  (3)  we  then  have 

It  is  important  that  there  is  also  I0(u)  «  1  because  u  =  27/N  «  1  j.s 
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Pig.  6.9*  Example  of  the  rela¬ 
tionships  z  [v(0 1 «]-  2(a)  and 
>[«lv(0]  at  q  >  1. 


valid  owing  to  the  smallness  of  the  expected  values  of  X(t,  a)  in  rela¬ 
tion  (4).  Hence  the  small  pips  Z(a)  are  almost  completely  obliterated 
after  the  operation  IQ(u)  (Pig.  6.11). 

It  follows  from  this  that  the  approximate  equality  p£a|ir(/)]f=» p(a), 
where  the  magnitude  of  the  constant  is  found  from  the  standardizing 
condition,  is  fulfilled  at  very  small  values  of  the  expected  signal 
q  £  1.  Integrating  the  right  and  left  parts  of  the  equality  within  in¬ 
finite  limits,  we  obtain  K  »  1.  This  means  that  the  post -experimental 

«y 

.probability  density  is  equal  to  the  pre -experimental: 

'  A' [«iy(0J  **/>(*).  (8) 


t[*\y(v] 


Pig.  6.10.  Example  of  the  re¬ 
lations  z[y(Qi«)-z(")  and 
/>{«lv(0]  at  q  <  1. 
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Pig.  6.11.  Explanation 
of  the  smoothing  out  of 
the  pips  in  the  curve 
/>[«|y(*)l  at  q  «  1. 


i.e.,  a  very  weak  signal  practically  does  not  give  any  information  in- 

.1 

crement.  The  scatter  of  the  post -experimental  distribution  also  coin¬ 
cides  with  the  scatter  of  the  pre -experimental  distribution.  For  rec¬ 
tangular  approximation  of  these  distributions,  as  in  §1.6,  it  is  equal 


(9) 

Because  the  magnitude  of  the  scatter  is  independent  of  the  realization 
y(t),  we  obtain  after  averaging  for  the  realizations  that,  we  also  have 

_ (««— «i)* 

•  *»  12 

Let  us  now  go  on  to  an  analysis  of  the  post -experimental  distribu¬ 
tion  for  another  extreme  case,  the  case  of  a  very  strong  signal  (q  » 
»  1).  The  area  under  the  post -experimental  distribution  curve  (see, 
for  example.  Fig.  6.9b  for  q  >  l)  is  divided  into  the  area  in  the  re¬ 
gion  of  the  peak  (a  «  <Xq)  and  the  area  along  the  "noise  track.  "  Relia¬ 
ble  measurements  are  possible  only  if  the  first  area  is  considerably 
larger  than  the  second,  which  is  the  case  with  a  fairly  strong  signal. 
Because  of  this  circumstance,  we  can  use  of  approximation  of  the  entire 
curve  pla|y(/)]  its  approximation  in  the  vicinity  of  the  peak,  which  de- 
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creases  fairly  rapidly  on  both  sides  of  it. 

In  this  vicinity,  the  argument  of  the  modified  Bessel  function  is 
u  =  2Z/Nq  »  1,  so  that  we  can  use  its  asymptotic  expression 

By  virtue  of  the  exponential  nature  of  tne  relation  (10),  rela¬ 
tively  small  increments  of  the  argument  u  can  lead  to  considerable  mod¬ 
ifications  of  the  function  Iq(u).  As  is  evident  from  Pig.  6.12,  a  small 
section  of  the  apex  of  the  curve  Z(a.)  is  transformed  almost  into  the 
whole  curve  Mfrw]-  For  such  a  small  section  of  the  curve  it  is  easy 
to  obtain  a  suitable  approximation.  If  the  function  Z(a)  is  analytical, 
it  is  sufficient  to  limit  this  co  three  terms  of  the  Taylor  expansion 

L  («)^  l  K)+Z'  («.)(*-*.)  -r -j r  <•»><• -•">*'  ( 11 ) 

which  corresponds  to  an  approximation  of  the  apex  of  the  parabola.  The 
quantity  Z"(a0)  is  expressed  by  a  negative  number  because  the  apex  is 
convex. 


Pig.  6.12.  Explanation  of  the 
transformation  of  the  apex  of 
the  curve  u  =  2Z(q)/Ng  into  the 

main  part  of  the' curve  p[a|y(t)] 
at  q  »  1. 


■'.  l4'o 

■;:f3i:Mzjy  .  *v  ■,, 


Completing  the  second  and  third  addends  in  (11)  to  the  complete 
square,  we  transform  the  equation  o£  the  approximate  parabola  into  the 


canonical  form 


Here  are: 


A  =  ( *./2)  |z"(a0)  |  the  coefficient  which  characterizes  the  curva¬ 


ture  of  the  apex  of  the  parabola; 


aM  =  a0  +  (a0)/|z!'(a0) -I  t*ie  abscissa  of  the  maximum  (of  the  apex 

of  the  curve)  which  is  slightly  shifted  with  respect  to  aQ  because  of 
the  action  of  noise; 

B  =  Z(aQ)  4-  [Z,(anj]2/2|Z"(a0)  |  is  the  ordinate  of  the  apex. 

The  abscissa  corresponds  to  the  most  probable  estimate  of 

°V  -  v 

Using  the  approximation  (12)  and  the  asymptotic  expression  (10), 
we  transform  the  post -experimental  probability  distribution  (3).  Owing 
to  the  narrowness  of  the  peak  of  the  curve  (q  »  l)  we  may  neglect  the 
variation  of  the  denominator  of  the  asymptotic  expression  (10)  and  con¬ 
sider  that  p(a)  =  const.  We  stipulate  further  that  the  quantity  9(a)  =  3 
is  constant,  which  corresponds,  for  example,  to  the  case  of  measurement 
of  the  lag  time  (or  the  Doppler  shift  of  the  frequency).  The  post-ex¬ 
perimental  distribution  of  the  probability  (3)  is  then  reduced  to  a 


normal  distribution 


The  coefficient  C  is  determined  pn  the  basis  of  the  standardizing,  con¬ 


dition 


yzu  • 


where  o  is  the  standard  deviation.  Its  square  (the  scatter)  is  found 


from  the  relation 


l  '  . 

v  * 

1;  L  • 


Wr?c 
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.•  In  the  general  case  the  dependence  of  the  signal  energy  3 (a)  on  the 
measured  parameter  must  be  considered.  The  post -experimental  density 

(3)  is  then  proportional  to  the  exponential  function  e  N’  ,  i.e., 

it  is  a  function  of  the  difference  Zfe)- _ this 'difference  is 

expanded  into  a  Taylor  series,  the  relation  (14)  is  replaced  by  the  re¬ 
lation 

(15) 

If  the  signal  is  sufficiently  strong  (q  »  l),  the  modulus  of  the 
correlation  integral  Z(a)  can  be  replaced  by  the  modulus  of  its  signal 
part  Z0{«)=|ZC(«)I,  which  is  determined  from  the  relation  (5).  The  rela¬ 
tion  (15)  then  assumes  the  form 

■j 

^ - (16) 

Let  us  illustrate  the  use  of  the  relation  (16)  in  the  case  of  the 
measurement  of  the  amplitude  of  a  fairly  strong  signal.  In  this  case 

*  where  the  function  tf0(t)  describes  a  signal  with  a  single 
amplitude.  If  we  designate  the  energy  of  the  latter  by 


— OG 

the  modulus  of  the  signal  part  of  tho  correlation  integral  will  be 


Z«(a)=i|  J  = 

— m 

and  the  energy  of  the  expected  signal  3(«)=aV9,. 
From  the  relation  (16)  we  obtain 

1  2 9* 

t  ~n;: 

from  which  follows 
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,==/5- 


(17) 


The  right  part  of  the  equality  (17)  represents  the  signal-noise 

ratio  at  the  optimum  filter  output  at  single  amplitude.  The  result  is 

2 

not  altered  by  the  averaging  of  a  with  respect  'to  the  realizations. 


§6.6.  ERROR  SCATTER  OP  THE  OPTIMUM  MEASUREMENT  OP  THE  LAG-.  TIME  OF  A 
SIGNAL  WITH  RANDOM  INITIAL  PHASE  AT  q  »  1 

Assuming  that  x(t,  a)^U(t— «)e“w** ,  i.e.,  that  the  lag  time  is  the 
measured  parameter  a.  We  consider  that  3(<x)^=s  ,  i.e.,  we  do  not  take 
into  account  the  energy  signal  as  a  function  of  the  lag  time.  Then  at 
a  »  1 ,  by  virtue  of  [ (l6 )  §6.5)*  we  have 


(1) 


have 


t(t) 


Taking  into  account  [(5)  §6.5]  and  noting  that  ,  we 

2*(«)  =  ”5jr|  J  Vif  r- «,)£/*(/—<*)(// |.  (2) 

We  introduce  the  spectral  density  G(f)-of  the  complex  amplitude 

G(f)=  J  U{t)fTwtdt. 


J  > 


Then 

m  • 

£  U(t  —  a)  =  G(()  e~/2*,‘, 

i.e.,  the  lag  a  is  taken  into  account  as  the  lag  factor  e”72*7*  .  To  the 
convolution  (2)  of  the  time  functions  corresponds  the  integral  of  the 
product  of  the  spectral  densities.  Hence 

*o(«)=4|  ]  °(/)G*  (fle™*— (3) 


0.  ^ 


A*  it 


. \jL  < 


In  order  to  avoid  long  operations,  we  find  the  second  derivative 
function  Z  (ci)  directly  from  its  Taylor  expansion.  We  obtain  the  re- 

o 

quired  terms  of  this  expansion  by  representing  the  exponential  function 
by  a  series  and  limiting  the  expansion  to  the  member  of  the  second  pow¬ 
er 

We  introduce  the  signal  energy 

(5) 

•ym 

and  the  above-given  moments  of  its  energy  spectrum,  the  first  and 
second 

*  Oft 

}  /!$(/)  I*  <4 

- .  (6) 

J  \GU)\'dl  . 

— fd 

«  I 

•  j  nmw 

- *  (7) 

J|0(/)W 

— «0 

By  substituting  (4)  into  (3)  and  using  (5) -(7)  we  obtain  the  ap¬ 
proximation  of  the  Integral  by  the  first  terms  of  the  series 

(«)  *  3 1 ! + />  («  -  *.)  Af»+*f  ( /2*  (« *“ 

By  recalculating  the  modulus,  we  find 

z.  («) »  a  Y\  \ ~  2*^.  (« -  «.)*]* + 

Limiting  the  expansion  to  the  second-order  terms  and  using  the 
formula  for  the  approximate  extraction  of  the  root,  we  find 

*.(«)«  3  (1  -  2«*{Af,  —  A#f  )(*— «J*J. 

By  comparing  the  expression  thus  obtained  with  the  sum  of  the 
first  terms  of  the  Taylor  expansion  [{11)  §6.5]  we  find 
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Z,M=d,  Z'(at)=0 


Z“(a,)  =  ^4*'S(Mt-Al;).  (8) 

The  difference  *«»{/}— M\{f)  in  relation  (0)  is  analogous  to  the 

scatter  D{*}=Ma{*)  — A/J{a}  and  characterizes  the  width  of  the  energy 
spectrum  of  the  signal.  If  the  frequency  fg  is  taken  as  carrier,  corre¬ 
sponding  to  "che  center  of  gravity"  of  the  amplitude -frequency  spec¬ 
trum,  then  —  The  width  of  the  spectrum  is  then  characterized  on¬ 
ly  by  the  second  distribution  moment. 

On  this  assumption,  we  have 


1  —a  i  xa  23 


The  expression  (l)  for  the  scatter  of  the  post -experimental  error  can 


then  be  transformed 


'W 


where  A/,  is  the  effective  width  of  the  signal  spectrum 


A/,=2 

Thus  the  standard  deviation  a  of  the  measured  lag  time  is  inverse¬ 
ly  proportional  to  the  detection  parameter  £  and  the  effective  spectral 
width  of  the  signal  Af» 


The  relation  ( 11 )  is  valid  for  q  »  1  if  the  relation  Z(a)  is  analyti¬ 
cal  in  the  vicinity  of  its  maximum  value,  i,e.,  for  a  wide  class  of 
signals.  The  degenerate  case  of  measurement  in  the  case  of  a  discontin¬ 
uous  signal  will  be  examined  in  §6.7* 

By  way  of  an  example,  let  us  calculate  the  standard  deviation  a  of 
the  measured  lag  time  for  a  bell-shaped  radio  pulse  with  complex  enve- 
-.(f)2 

lope  U(t)=e  Vu' .  The  spectral  density  of  this  envelope  is  described  by 
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<5 


-  *■  >7.  - 


Nr  \ 


an  Expression  of  the  form 


-«*?  t* 

Q(l)=*u c  *  • 


Then 


*S  —  2»»*  /* 

f/*e  “  </ 
jL  .  1 


<2-2.1V  <**; 


J—nr/* 

e  'rff 


Here,  we  have  =  and 


3  kY*  V* 

where  and  Af,  respectively,  are  the  pulse  duration  and  width  of  its 
spectrum  at  the  level  e-*'4  a  0.46. 

For  example,  at  ri  =  2  microseconds  (Af  =  0.5  Me)  and  q  =  8,  the 

root  mean  square  error  of  the  optimum  measurement  of  the  lag  time  of  a 

single  bell-shaped  pulse  is  a- -^==’0,14  microseconds. 

8y  * 


§6.7.  DEGENERATE  CASE  OF  LAG  TIME  MEASUREMENT  AT  q  »  1  \ 

\ 

Assuming  that  the  lag  time  of  a  radio  pulse  with  a  rectangular  en¬ 
velope  is  measured.  In  this  case  we  cannot  use  the  parabolic  apDroxima- 
tloh  [(11)  §6.5]  because  the  function  Zg(a)  corresponds  to  a  rhombic 
envelope  at  the  optimum  filter  output  and  has  an  inflexion  at  the  apex. 
We  can,  however;  introduce  the  linear  broken  approximation  (Fig.  6.13) 

The  principle  of  this  approximation  consists  in 
neglecting  the  noise  component.  Moreover,  the  de¬ 
scription  of  the  apex  in  the  region  |«.— is 
extended  to  the  region  |a— o4|>ta. .  The  values  of  the 
post -experimental  probability  density  in  this  re- 
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Fig.  6.13.  Lin¬ 
ear  broken  ap¬ 
proximation  of 
Zs(a). 


/T  \ 


gion  are  still  small.  However,  the  approximation  (1)  for  this  region 
gives  a  negative  value.  The  exponential  function  of  this  quantity  tends 


to  zero  in  proportion  to  the  increase  in  the  ratio 

t* 

Using  approximation  (1),  the  expression  for  the  post -experimental 
probability  density  can  be  represented  in  the  form 

23  !■—  ««  I 

where  the  coefficient  K  is  determined  by  the  standardizing  conditions. 

The  scatter  of  the  post -experimental  distribution  then  is 

‘  «5  ~f.L f=si 

j  T«  dt 

o*  =  r22 - - 

J*  •  d* 


~  .■'"j"’*” 


ir*du. 

'  i 

Thus,  the  standard  deviation  <*=—£  in  this  case  proves  to  be  in¬ 
versely  proportional  to  the  square  of  the  detection  parameter  • 

«• 

Replacing  the  pulse  energy  9  by  its  power  P  and  the  duration  we 
find 


(3) 

The  quantity  a  thus  obtained  which  characterizes  the  potential  errors 
of  the  measurement,  is  Independent  of  the  pulse  duration  and  is  deter¬ 
mined  only  by  its  power. 

The  above-described  relation  must  be  treated  with  a  certain  cau¬ 
tion  when  the  rectangular  approximation  of  the  envelope  is  applied  to 
real  radio  pulses  with  flat  fronts.  The  smaller  the  calculated  quantity 
a,  the  greater  are  the  requirements  for  the  steepness  of  the  fronts', 
i.e.,  the  closeness  of  the  real  to  an  ideal  pulse. 
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§6,8.  THRESHOLD  EFFECT  IN  MEASUREMENT 

If  the  detection  parameter  £  is  fairly  large,  the  peak  area  of  the 
post -experimental  distribution  curve  exceeds  considerably  the  area 
along  the  "noise  track. "  The  magnitude  of  the  standard  deviation  a  then' 
varies  relatively  slowly  as  a  function  of  £  (as  l/q  in  the  nondegener- 

p 

ate  case  and  l/q  in  the  degenerate  case).  If  £  decreases,  the  area 


Fig.  6.14.  The  relations  a  =  a(q) 
(thick  line)  and  c1  =  ^(q)  (dot¬ 


ted  line),  plotted  with  and  with¬ 
out  taking  into  account  the  noise 
tracks. 


along  the  "noise  track"  becomes  commensurable  with  the  peak  area.  The 
measurements  become  unreliable,  the  magnitude  of  c  increases  rapidly, 
considerably  exceeding  the  values  calculated  In  §§  6.6-6. 7»  The  meas¬ 
urement  errors  are  then  due  not  so  much  to  the  superposition  of  the 
noise  on  the  signal  as  to  the  effect  of  the  spurious  noise  pips,  i.e., 
the  effect  of  false  alarm.  This  effect  is  the  more  noticeable,  the 

i 

wider  the  possible  limits  of  parameter  measurement. 

Assuming  a  rectangular  law  for  the  pre -experimental  distribution 
of  the  parameter  a,  the  measurement  limits  can  be  characterized  by  the 
difference  -  a^.  Having  in  mind  the  measurement  of  the  lag  time,  we 
designate  the  difference  a2  “  ai  -  T.  Whilst  at  a  large  £  the  standard 
deviation  a  is  of  the  order  of  l/qAfe,  at  small  £  it  is  close  to  7//I2 
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i.e.,  it  varies  approximately  qTAfg  times.  This  quantity  can  be  very 
large  and  thus  at  relatively  small  changes  of  £,  a  sudden  variation  of 
a  is  observed  (Pig.  6.14)  as  soon  as  £  comes  near  to  its  threshold  val¬ 
ue  q„^„ _ . 

^porog 

In  order  to  estimate  this  phenomenon  quantitatively,  we  approxi¬ 
mate  the  resulting  post -experimental  distribution  curve 

p[*\vV)\-p*  («)  =  W  +  p'p'  W-  ( 1 ) 

Here  the  probability  density  (ct )  approximates  the  distribution  law  in 
the  vicinity  of  the  peak,  and  the  probability  density  p2(a)  the  dis¬ 
tribution  law  which  applies  to  the  !1noise  track.  "  The  probabilities  p^ 
and  P2,  whose  sum  is  equal  to  unity,  describe  the  ratio  of  the  areas  in 
the  region  of  the  peak  and  the  "noise  track."  The  approximation  p2(a) 
can  be  taken  as  rectangular  and  without  break  in  the  peak  area,  because 
in  this  region  p2  «  p^ven  at  q  s  qporog'  Provicied  that  TAfe  ^  14 

Let  us  connect  the  scatter  of  the  resulting  distribution  with  the 

o 

scatter  of  the  partial  distributions  0  =  D{a).  To  this  end  we  calcu¬ 
late  the  first  and  second  moments  of  the  resulting  distribution 

"00 

Af,{« }  »=  J  *p,  («)  </«  *=  P%Mu  {«}  +  PtM„  {«}. 

00 

Af,  {«}  -  J  W*  -  />.«..  {■}  +  P»M„ {•}. 

—00 

Here  and  M12  are  the  first,  and  and  M22  the  second  moments  -of 
the  corresponding  partial  distribution.  By  means  of  the  first  two  mo¬ 
ments  we  can  calculate  the  scatter 

D  {«}  -  M,  —  Af?  -  (P,Af„  +  P.Mu)  -  (P.M »  +  PiMitf' 

Introducing  the  scatter  of  the  partial  distributions  D-^fa}  =  M21  - 
2  2 

-  M1]l,  Dgfa]  =  M22  -  M£2  and  using  the  obvious  equality  P2  =  1  -  P^  we 


obtain 


*>{«}  -(!-/>»)  D,  {a}  +  P,D,  {.}+(!  -  P,)  Pt  [Af„  „{«}]• 
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If  q  »  1,  then  Pg  =  0  and  D(q)  =  D-^a};  however,  if  q  «  1,  then 
P2  «  1  and  D{a}  =  D2(a],  i.e.,  the  measurement  is  entirely  unreliable. 
Hence  the  quantity  P2  is  termed  measurement  unreliability  coefficient. 

In  order  to  estimate  the  unreliability  coefficient  P2,  we  proceed 
in  the  following  manner.  Starting  out  with  the  relation  [(3)  §6.5]  we 
represent  P2  in  the  form 

(3) 


a  ______ 

where  the  factor  is  x— K,f,e  **  and  /,  is  the  mean  value  of  the  mod¬ 

ified  Bessel  function  within  the  interval  of  the  "noise  track. "  The 
factor  X  is  found  from  the  standardizing  condition  P.^  +  P2  =  1.  Taking 
into  account  [(3),  (10),  (12)  §6.51#  we  represent  the  quantity  P-l  in 
the  form 

r-r,  °2  -s-  M— A  <•“•,(>} 


J="- 


d* 


or 


M 


The  mean  value  within  the  interval  we  replace  by  the  mean  of 


the  set  / 


’•(I) 


at  an  arbitrary  point  of  the  interval,  which  can  be  done 


by  virtue  of  the  stationary  nature  of  the  process  on  "noise  track."  Us- 

Z  —vfo* 

lng  the  expression  of  the  Rayleigh  law  ?  ,  where  *•-?  yWj2* 

and  the  integral  representation  of  the  Bessel  function  [(9)  §3*3]>  we 
obtain  after  substitution  of  u  =  2/vQ 


00  ■  - 
«  *  udu. 


h  (W)  MZ)dZ  “  h J  d}  j1 

Going  over  from  the  polar  to  Cartesian  coordinate,  we  find  finally 


•o  oo  fi. 

2  '  ’2 
t  Cl|»«  « 


(3') 
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Thus, 

P.-XTe' 

For  the  calculation  of  X  we  have  the  equation 

where  the  coefficients  A  and  B  are  determined  in  correspondence  with 
§6.5.  Assuming  tentatively  in  the  region  of  the  peak  2(«)sa2c(«) ,  and  taking 
into  account  that  z'^j-o ,  we  obtain  [see  (8),  (10)  §6.6] 


(5) 


A  88  *F  I Ze* («*)/“= 


,9. 

Determining  from  (5)  the  factor  X  and 
substituting  it  into  (4),  we  find  the  final 
expression  for  the  unreliability  coefficient 

nuqurw 


p*' 


(6) 


Fig.  6.15.  Curves  of 
the  unreliability  co- 


1 + 

The  curve  for  the  unreliability  coefficient 
in  the  function  3  for  two  values  of  the  prod- 


efficient  ?2  =  PQ(q) 


uct  TAfg  is  represented  in  Fig.  6.15. 


for  two  values  of  the 


produce  TAfe» 


Because  normally  the  reception 

threshold  is  reached  even  at  small  values  of 
the  unreliability  coefficient,  when  1  .  in  this  case  the  expres¬ 


sion  for  Pg  can  be  represented  in  the  form 


(7) 

Making  use  of  the  relation  {7),  we  estimate  the  increase  in  the 
scatter,  due  to  the  increase  in  the  unreliability  coefficient.  Suppos¬ 
ing  for  the  sake  of  simplicity  that  the  measured  value  corresponds  to 
the  center  of  the  range  of  expected  values,  we  assume  in  the  formula 
(2) 

-Mn  {«}-*,.{•> 


rat 
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Substituting  in  this  formula 

we  find 


**  —  £>{«} 


or 


?*.!* 


(8) 


p  O 

The  curves  a  /o^  =  const  are  shown  in  Fig.  6.16  in  the  coordinates 
TAfg  and  These  curves  attest  to  the  presence  of  a  threshold  because 
relatively  small  changes  of  £  can  lead  to  marked  changes  in  a2.  For  ex¬ 
ample,  a  variation  of  £  from  7.5  to  6.8  at  TAfg  =  1000  results  in  a 
variation  of  the  ratio  a  /of  from  1.1  to  10. 

The  presence  of  a  threshold  is  due  to  the  exponential  nature  of 
the  dependence  of  the  ratio  of  the  peak  area  to  the  area  along  the 
noise  track,  which  follows  directly  from  the  graph  (Fig.  6.12).  The 
level  of  the  threshold  depends  on  the  product  TAfg  characterizing  the 
number  of  resolved  elements.  This  relationship  is  nearly  logarithmic. 


Fig.  6.16.  The  curves  q  =  q(TAfe) 

for  different  values  of  the  rela¬ 
tive  increase  in  the  scatter 

P  P 

cr/oj  due  to  the  influence  of  the 
noise-  track. 
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The  above-given  analysis  refers  only  to  the  simplest  single  signal 
with  random  initial  phase,  but  the  regularities  which  have  been  demon¬ 
strated  apply  to  signals  of  a  wider  class,  including  signals  in  the 
form  of  packets  of  radio  pulses  with  independent  initial  phases. 


§6.9.  ERROR  SCATTER  OP  THE  OPTIMUM  MEASUREMENT  OP  THE  DOPPLER  FREQUENCY 
FOR  A  SIGNAL  WITH  RANDOM  INITIAL  PHASE 

Let  us  examine  the  case  in  which  the  measured  parameter  of  a  sig¬ 
nal  with  random  initial  phase  is  a  Doppler  frequency,  •  i.e. ,  X((,a)  = 

=  U'J)q  ,h‘  .  Assuming  that  q  >  9por0g  and  that  the  measurement  is  nonde¬ 
generate,  i.e.,  that  the  second  derivative  Z"(a)  exists  and  is  a  finite 
quantity,  we  find  the  error  scatter  of  the  optimum  measurement  from  the 
relation  [(14)  §6.5]. 

The  calculation  results  are  analogous  to  [.(7),  (10),  (ll)  §6.6]. 
The  standard  deviation  of  the  measured  value  is  determined  by  means  of 
the  formula 

(1) 

where  Atekv  is  the  equivalent  signal  duration. 

At  i.e.,  when  the  time  reading  is  carrie'd  out  from  the 

"center  of  gravity"  of  the  envelope  U(t),  we  have 

A/.„=2  xVmJJY.  (2) 

Here  is  the  reduced  second  moment  of  the  signal  energy  dis¬ 

tribution  in  time 


*> 


f  t*\U®\'dt 


(3) 


The  greater  the  signal  duration,  the  greater  is  the  quantity  Mt{t} 
and  Atgkv,  i.e.,  the  smaller  is  :the  standard  deviation  of  the  measured 


4  CK  “ 


...  . 

. —  " 


As  an  example  we  calculate  the  standard  deviation  of  the  Doppler 
frequency  in  the  reception  of  a  bell-shaped  pulse  with  the  envelope 

[/(()=t  v  ,  where  ^  is  the  pulse  duration  at  the  level  e  4  ^0,46  .  In 
this  case  we  have 


*.W— 


■r  -fc{4 -)* 

]  /*«  '  •>  dt 


* 


and 

TT-./USti,. 

Then 

i 

3/  *t„K2l 


For  example,  if  ^  «  1  msec  and  q  =  8,  then  cF  =  50  cps. 

We  must  pay  attentipn  to  the  fact  that  all  the  relations  given  in 
this  section  refer  to  a  case  in  which  the  lag  time  is  accurately  known. 
If  the  lag  time  and  the  Doppler  frequency  are  unknown,  the  measurement 
result  depends  essentially  on  the  structure  of  the  so-called  ambiguity 
diagram  of  the  corresponding  radar  signal.  These  diagrams  will  be  con¬ 
sidered  in  the  next  chapter,  which  begins  with  a  detailed  analysis  of 
the  required  calculation  relations.  An  analysis  of  the  errors  in  simul¬ 
taneous  measurement  of  two  parameters  is  given  in  Appendix  2. 


Manu¬ 
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[Footnotes] 


If  Fm  »  mF  =  const  «  1  (§1.1)  Is  given,  and  if  F  decreases 

with  increasing  m,  then  £  Increases  but  only  logarithmically 
(see  Figs.  6.2,  5.5). 

Or  a  transition  to  the  emission  of  a  main  signal  at  two  or 
more  carrier  frequencies  (see  §3-6  and  Appendix  1). 


-  204  - 


i 

I 


179 

181 

194 


170 

170 

172 

172 

185 

186 

194 

195 
203 


FJL*. 


*>  * 


An  example  of  the  calculation  for  quadratic  summation  is  giv¬ 
en  in  Appendix  1. 

t  r 

The  probability  F  =  10”  corresponds  to  a  single  microsecond 
false  noise  pip  in  three  hours  of  continuous  operation. 

Replacing  G(f)  by  its  expression  via  TT(t)  we  can  also  show 
that 

m 

J >(<)!*<« 

M *  « - 

5  ivwdt 


[Transliterated  Symbols] 

n  =  p  =  pomekha  =  noise 

c  =  s  =  signal  =  signal 

nopor  =  porog  =  threshold 

m  =  i  =  impulfs  =  pulse 

onT  =  opt  =  optimal’nyy  =  optimum 

« 

ckb  =  skv  =  srednekvadraticlinyy  =  rms 

3  =  E  =  energiya  =  energy 

a  =  e  =  effektivnyy  =  effective 

eKB  =  ekv  =  ekvivalentnyy  =  equivalent 


g 


V'" 


Chapter  7 

AMBIGUITY  DIAGFAMS  OF  RADAR  SIGNALS 

§7.  i.  formula  for  optimum  processing  of  the  radar  signal  with  target 

MOTION  CONTROL 

Let  us  examine  the  expression  for  the  reflected  signal  from  a 
point  target 

jr  (*)««(*-/„)= U  <f  -  /„)  cos  I ».  (t  - 1«) +  ( 1 ) 

where 

tzt  is  the  present  lag  time, 

U(t)  and  cp  ( t )  are  non- random  functions, 

6  is  the  random  initial  phase. 

The  quantity  .itts=x?L  is  a  function  of  time  if  the  distance  r(t) 
to  the  target  varies  during  the  sweep  interval.  The  expected  function¬ 
al  relationship  can  be  conveniently  expressed  by  using  the  Taylor  ex¬ 
pansion  for  r(t) 

or 


(2) 

Here  we  use  the  initial  moment  of  the  target  sweep  as  the  time 

reading  reference  t  =  Oj  the  quantities  t,  v_  and  a  are  the  initial 

z  r  r 

signal  lag  time,  the  initial  target  velocity  snd  its  initial  acceler¬ 
ation  in  a  radial  direction,  respectively. 

For  most  radar  signals  the  functions  U(t)  and  cp(t)  vary  slowly  as 
compared  with  the  .high-frequency  oscillations  ;  cos  w0/  or  .sin 'do/  .  Hence 
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the  present  lag  time  variation  t  ^  does  not  vary  greatly  during  the 
sweep : 

Assuming  further  by  virtue  of  the  short  duration  of  the  sweep 

that 

a,** 

we  can  neglect  the  influence  of  the  acceleration  on  the  phase  of  the 
high-frequency  oscillations.  Expression  (1)  then  assumes  the  form 

X  (0= U(t-  /,)  cos  [(«>,  _  n„)  /  -f-  ?  (/  -  /,)  4-  3],  (3) 

where  klx-wt~z-  is  the  Doppler  frequency,  and  p  =  9- <aj3~  is  the  in¬ 
itial  phase  which  is  generally  a  random  equal  probability  quantity.  The 
expression  thus  obtained  describes  the  signal  with  a  random  initial 
phase  and  two  unknown  measurable  parameters  tg  and 
The  expression  (3)  can  be  transformed  thus 

x(/)=x,(0cosp+x,(/)s;np)  (4) 

where 

*,..(0=±X(<)'£[V+?,W|.  {5) 

In  the  case  under  consideration 

X(t)=U(t-t,),  )  (6) 

(0 = 9  (/—/,) — Q*/.  / 

For  optimum  detection  and  measurement,  the  magnitude 

?=|-f  (7) 

must  be  calculated. 

Here  Y(t)—Y(t) e/r,,n  and  X(t)=X(t) are  the  complex  amplitudes  of 

1 

the  received  and  expected  oscillations.  Taking  into  account  (6),  we 

present  the  expression  for  3t( t)  in  the  form 

-  207  - 


gjh _ 

-  .  *3 


By  substituting  this  expression  in  (7),  we  obtain  the  formula  for 
the  optimum  signal  processing  with,  the  target  motion  being  taken  into 


account 


It  must  be  remembered  that  the  quantity  Y(t)  represents  the  sum 
of  the  complex  amplitudes  of  signal  and  noise 

(1°) 

where  tzQ  and  &d0  are  the  true  lag  time  and  Doppler  frequency  of  the 
useful  signal  (at  the  moment  t  =  0). 

In  order  to  decide  on  the  presence  of  a  target,  it  is  necessary 
to  compare  for  every  pair  of  expected  values  tz  and  ^d  the  quantity 
Z  =  Z(t  ,  &d)  with  a  certain  threshold  level.  If  the  threshold  is  ex¬ 
ceeded  for  any  range  of  the  values  tz  and  &d,  the  presence  of  a  target 
is  assumed.  For  the  evaluation  of  the  true  values  of  the  measured  para¬ 
meters  those  values  of  tz  and  ^d  are  then  used  for  which  the  magnitude 
of  Z  is  a  maximum.  The  operations  which  are  essential  for  the  computa¬ 
tion  can  be  carried  out  automatically,  by. means  of  correlators  or  op¬ 
timum  filters  or  both  simultaneously. 

Depending  on  the  actual  signal  shape,  the  degree  of  accuracy  of 
the  estimation  of  the  lag  time  and  Doppler  frequency  will  differ.  For 
some  signals  the  function  Z(t2,  &d)  will  be  more  smooth,  for  others  it 
will  have  a  sharp  peak.  If  noise  is  present,  the  measurement  in  the 

*  t 

first  case  will  not  be  very  accurate,  in  the  second  case  it  will  have 
a  considerably  greater  accuracy.  This  function  characterizes  not  only 


the  measurement  accuracy  but  also  the 
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with  respect  to 


-33 

^  -  '  if' 5  t*-  r  -*■ 


’*•  -  '■***'/  <  ' 


/« 


distance  and  speed.  * 


The  problem  is  to  determine  the  properties  of  the  function 
Z(V  &d)  for  signals  with  different  shape,  which  will  be  referred  to 
in  the  following  as  ambiguity  function. 

§7. 2.  AMBIGUITY  FUNCTION  AND  NORMALIZATION  OF  THE  AMBIGUITY  FUNCTION 
We  transform  the  expression  [(9)  §7.1]  for  the  function  Z(tz,  &d) 
by  substituting  in  it  [(10)  §7.1]  as  has  been  done  in  chapter  6: 

2  (*».  Q*)=l  2c  (/».  aa)+  2a  (/„  Qj,)|.  ( 1 ) 

Here 


2c  (/a.  QA)  =  -1-  J  £/(/  _  /3()  £/*  _  ta)  Q1  '  dt,  (2) 

—00 

I  ?  •  'V 

2„  (/3.  QA) = -i-  J  W(/)  4/*  (/  -  /a)  c  dt.  (3) 

—00 


In  the  relation  (2)  we  carry  out  a  substitution  of  the  variables 


(M 

(5)  '  • 

(6) 

The  functions  ¥(t,  f)  and  p  (t,  F),  calculated  for  signals  of  dif¬ 
ferent  shape,  we  shall  term  ambiguity  functions  and  normalized  ambigui¬ 
ty  functions,  respectively,  of  these  signals.  In  place  of  the  term  am¬ 
biguity  function,  the  term  auto-correlation  function  of  the  signal  (some 
times  modulation  correlation  function)  is  also  used. 

Using  the  relations  (2),  (5),  we  have 


•a — l  *  i 

QA--=QA.+2rF,  } 

and  examine  the  functions 

V  (>.  F)H  Ze  (/„ + v  Qa. + 2*f)| . 
ui/r.  0)  * 


/„)  U*  (t  -  A,  - X) 0^  | . 

After  subsitution  of  the  variables  t  =  tZQ  +  s  and  substitution  of 
|e/2‘ft**|=l  it  becomes  obvious  that  the  function  ¥(t,  f)  is  independent 
of  the  initial  values  tzQ  and  ^q: 
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*M=|-r  j  U(*)0*  (s -%)'/*'•  ds 


(7) 


The  ambiguity  function  ¥(?,  F)  has  the  important  property  of 


V(-t,-5)=V(t  ,F). 


This  can  be  verified  by  replacing  in  (7)  -f  for  t,  -F  for  F  and 


substituting  the  variables  t  =  s  +  t.  Nothing  that  je/2,f,|  — j  ,  we  ob¬ 
tain 


(9) 


The  right  parts  of  the  equations  (9)  and  (7)  are  identically  equal 
as  modules  of  complex  conjugate  expressions,  which  leads  to  formula 
(8). 

The  normalized  ambiguity  function  p  (t,  F)  is  determined  by  the 
relation  (6)  and  in  correspondence  with  (7)  assumes  the  form 


*  m 

§  dt 

— - - - 


(10) 


The  normalized  ambiguity  function  p  (t,  F)  also  has  the  property 
of  central  symmetry 

t(-x, F).  (11) 

In  addition  to  the  normalized  ambiguity  function  p  (?,  F),  the 

O 

normalized  ambiguity  function  p  (t,  F)  is  used  sometimes.  The  values  of 
this  function  do  not  exceed  p2(0,  0)  =  1,  and  it  also  has  the  proper¬ 
ty  of  symmetry,  i.  e. ,  p2(-T,  -F)  =  p^T,  F).  As  will  be  shown  in  §7.4, 

p 

the  function  p  (t,  F)  has  one  very  important  property  and  its  study  is 
thus  of  special  interest. 
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§7.3.  GRAPHIC  REPRESENTATION  OP  THE  AMBIGUITY  FUNCTIONS  p(r,  P)  and 
P2(t,  P) 

In  the  Cartesian  system  of  p,  t  and  P  coordinates,,  the  ambiguity 
function  p(t,  P)  is  represented  in  the  form  of  a  surface.  Such  a  sur¬ 
face  for  the  radio  pulse  with  bell  shape  and  constant  instantaneous 
frequency  is  shown  in  Pig.  7* 1.  In  this  special  case,  we  have  not  only 
p ( — t ,  -P)  =  p(r,  P)  but  also  p  ( — x,  P)  =  p(x,  P). 

We  shall  term  the  surface  corresponding  to  the  ambiguity  function, 
ambiguity  surface.  The  geometrical  solid  bounded  by  the  surface  p  =  0 
and  the  ambiguity  surface,  we  shall  term  ambiguity  solid. 


The  ambiguity  surfaces  and  solids  can  be  constructed  not  only  for 

p 

the  functions  p(t,  P)  but  also  for  the  functions  p  (t,  F)  (in  the  lat- 

p 

ter  case  it  is  preferable  to  use  the  Cartesian  coordinates  system  p  , 


It  is  important  that  during  the  construction  of  the  ambiguity  so¬ 
lid  the  noise  term  in  formula  [(1);  §7*2]  is  excluded.  If  it  were  re¬ 
tained,  the  form  of  the  ambiguity  solid  would  be  altered  upon  transi¬ 
tion  from  one  actual  noise  to  another.  At  the  same  time  one  would  also 
observe  a  displacement  of  the  apex  of  the  solid,  or,  with  sufficiently 
intense  noise,  the  appearance  of  false  apices.  However,  if  the  ratio 
of  -che  spectral  noise  density  to  the  signal  energy  is  fixed  and  suffi¬ 
ciently  small,  the  nature  of  the  ambiguity  solid  in  the  absence  of  noise 
has  the  decisive  influence  on  the  accuracy  of  the  parameter  measure¬ 
ment.  The  more  concentrated  the  ambiguity  body  is  along  the  axis  t,  the 
more  accurately  can  the  lag  time  and  the  distance  to  the  target  be  me¬ 
asured.  The  more  concentrated  the  ambiguity  solid  is  along  the  axis  P, 
the  more  accurately  can  the  Doppler  frequency  and  the  radial  velocity 
of  the  relative  motion  of  the  target  be  measured. 


Hence  when  we  study  the  influence  of  the  signal  form  on  the  ac¬ 
curacy  of  measurement  of  the  parameters,  we  shall  be  interested  in  am¬ 
biguity  solids,  plotted  without  taking  the  noise  term  into  account  in 
formula  [(1)  §7.2].  The  latter  is  analogous  to  the  replacement  of  the 
quantity  Z( a)  by  Zg(a)  in  §6.5, 

In  addition  to  the  clinographic  re¬ 
presentation  ambiguity  solids  one  can  use 
the  representation  of  their  outline  by 
means  of  equal-level  lines  as  is  done, 
for  example,  in  topography.  Such  a  re-  j 

presentation  for  the  solid  shown  in  Fig. 

7.1  is  given  in  Fig.  7.2,  where  the  pro¬ 
jections  of  the  constant  level  lines  p  = 

p 

const  (or  p  =  const)  are  drawn  on  the 
plane  t,  F.  In  this  case  only  the  two 
lines  of  equal  level  p  =  0. 5  and  p  =  0. 1 
have  been  drawn.  The  region  encompassed  by  the  lines  p  =  0. 5  for  which 
p  >0.5,  is  regarded  as  a  "high  correlation"  region  of  the  received 
and  expected  signals.  This  region  is  shown  in  black  in  the  diagram.  , 

The  region  0.1  <  p  <0.5  can  be  considered  as  a  "low  correlation"  re¬ 
gion  and  is  shown  in  the  diagram  by  shading.  The  area  of  the  received  J 

and  expected  signals  with  zero  correlation  has  been  left  without  shad-  j 

I 

ing  or  darkening.  The  outline  of  the  ambiguity  solid  is  thus  represent¬ 
ed  by  three  level  gradations  forming  the  ambiguity  diagram.  >. 

The  number  of  gradations  can  be  increased,  but  there  is  no  need 
for  this  in  a  qualitative  analysis.  Hence  we  shall  limit  outselves  in 
the  following  to  the  use  of  three  gradations. 


Fig.  7»1»  Example  of 
ambiguity  surface  and 
solid  (case  of  bell¬ 
shaped  radio  pulse  with 
constant  instantaneous 
oscillation  frequency). 
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Fig.  7.2.  Standard  representation  of  the  outline  of  the  ambiguity 
solid  means  of  level  grading. 


§7.4.  VOLUME  OF  THE  AMBIGUITY  SOLID  P(t,  F) 

It  follows  from  the  preceding  discussion  that  it  is  sufficient 
for  the  simultaneous  decrease  in  the  indeterminacy  of  the  metering  of 
the  lag  time  and  Doppler  frequency  that  the  ambiguity  solid  has  the 
form  of  a  sharp  peak  in  the  vicinity  of  the  values  t  =  0  and  F  =  0. 

Of  interest  in  this  connection  is  the  magnitude  of  the  volume  V  cr  V 2 

r  • 

p 

of  the  ambiguity  solid  t(t,  F)  or  p  (t,  F)  and  the  dependence  of  the 
form  of  these  solids  on  the  signal  shape. 

Of  the  quantities  V  and  V  2  we  shall  be  Interested  in  the  fol- 

r  r 

lowing  only  in  V  9,  which  is  defined  by  the  simple  relation 
v 

Vj,  —  J  j  p*  (x,  F)  didF.  ( 1 ) 


It  is  found  that  the  volume  of  the  ambiguity  solid  U  2  is  a  quan- 
titv  which  does  not  depend  on  the  signal  duration  or  on  the  law  of  mo¬ 


dulation  of  its  amplitude  or  phase.  This  quantity  is  equal  to  unity  for 


This  can  be  proved  by  dirept  calculation  of  the  volume  V  2 •  By 

2  p 

substituting  in  (1)  the  quantity  p  (t,  F)  from  [(10)  §7.2],  taking  in 
to  account  the  obvious  relationship 

H  A  (s)  ds  j‘  (s)  ds  JA*  («)  du—^A  ( s )  A*  («)  dsdu, 

in  which  the  right  side  no  longer  contains  the  module  sign,  we  obtain 
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«  \  +  V.'  \  «  f  - 

'■’Se*  i- 


,N  ^S*«KS^«S*^"  ’  *5*'  »*  -»L  .*--  at  ^ 


La  m  i  i«-«~». 


Vt,[j|^)|,rfs]'= 

Ilf  I  ^*{«)^C«- ,)e'*^«,->X 


*  ~X.dsdudtdF, 

where  the  integral  over  P  is  reduced  to  the  delta  function. 

’jt/*'<-*>(lF=S(s—u). 

— m 

Using  the  properties  of  the  delta  function,  we  find 

v,.[  JUW*J= 

“J  J  J U(s)U*(s-x)U*(u)U(u-x)i(s-u)ds(tudi= 

~m  •  ■*  -io 

*  J  J  U{u)  ir(u-i)cr  (u)  U(u  -  x)  dudx. 

■  ri»*4 

Integration  over  t  within  infinite  limits  gives 


hence 


m  oo 

J  V(u~%)U(u-x)dx*=  *)|»<fc= 

■-JlTOI**.1 

— m 

■  vf.[Jl<W*J== 

-  J  |  U(u)  j*  du  J‘  J  U(s)  |*<fc  =  I  j  1 0(*)P  is  * 


Vf,=  l. 


Because  no  limitations  have  been  imposed  on  the  form  of  the  func¬ 
tion  U(t )  in  the  derivation  of  the  relation  (2),  it  holds  true  for  any 


The  relation  (2)  is  a  rigorous  mathematical  formulation  of  the  in¬ 
determinacy  principle  in  radio  location,  according  to  which  the  volume 
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of  the  ambiguity  solid  V  ?  cannot  be  altered  by  any  method  of  modula- 

P" 

tion.  This  solid  is  like  a  heap  of  sand:  by  altering-  the  form  of  the 
signal,  we  alter  the  shape  of  the  heap  "but  cannot  get  i  of  a  single 
grain  of  sand"  [ 15] • 

It  is  important  that  with  unit  volume  of  the  ambiguity  solid,  its 
height  does  not  exceed  unity.  Hence,  if  we  compress  the  ambiguity  so¬ 
lid  along  the  axis  r,  it  flattens  out  along  the  axis  F;  if  we  compress 
it  along  the  axis  F,  it  will  inevitably  flatten  out  along  the  axis  t. 

If  it  is  required,  for  example,  to  have  a  narrow  peak  of  the  am¬ 
biguity  solid  at  the  origin  'of  the  coordinates  t  =  0  and  F  =  0,  the 
entire  remaining  volume  must  be  distributed  along  the  plane  t,  F  in 
ohe  form  of  a  series  of  peaks  or  in  a  thin  layer  on  a  large  area. 

§7.  5.  CROSS  SECTION  OF  AMBIGUITY  SOLIDS  AND  CHARACTERISTICS  OF  OPTIMUM 
RECEPTION  CIRCUITS 

Among  the  basic  circuits  for  the  optimum  reception  of  a  signal 
with  random  initial  phase  are  the  correlators  and  optimum  filters,  for 
the  given  signal  form.  Several  important  characteristics  of  these 
circuits  are  closely  connected  with  the  ambiguity  solids  of  the  cor¬ 
responding  signals. 

In  the  correlation  circuit  (Fig,  4.2)  with  two  quadrature  chan¬ 
nels  the  received  oscillation  y(t)  and  the  90°  phaseshifted  reference 
oscillations  x^(t)  and  x2(t)  are  fed  into  the  multiplier  of  these  chan¬ 
nels.  If  a  signal  with  the  parameters  t^^  is  expected,  then 

applies.  Depending  on  the  adopted  realization  of  y(t)  the  fully  deter¬ 
mined  voltage 


is  produced  a.t  the  output  of  the  circuit,  which  is  expressed  by  complex 
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amplitudes  in  accordance  with  the  relation  [(9)  §7*1]* 

The  performance  of  the  circuit  can  be  evaluated  by  supplying  its 
input  with  oscillations  without  noise  with  the  parameters  tz0  and  &d0, 
which  are  generally  different  from  t  and  The  initial  phase  of  the 
oscillations  may  be  random,  because  it  does  not  affect  the  output..  With 
an  accuracy  limited  by  a  factor  which  depends  on  the  amplitude  of  the 
supplied  oscillation,  the  output  effect  is  characterized  by  the  quan¬ 
tity 

This  is  nothing  but  the  value  of  the  ambiguity  function  calcula¬ 
ted  for  fixed  maladjustments  of  the  parameters  t  =  tz  —  tzQ  and  2ttF  = 

=  supplied  to  the  input  of  the  circuit  and  the  reference  os¬ 

cillations. 

Hence  the  ambiguity  solid  p(t,  F)  of  the  signal  characterizes 
the  dependence  of  the  output  effect  for  its  optimum  correlation  cir¬ 
cuit  on  the  misadjustment  of  the  two  parameters. 

If  one  of  the  maladjustments  is  fixed,  the  dependence  of  the  out¬ 
put  effect  on  the  other  is  characterized  by  a  curve  which  is  a  cross 
section  of  the  surface  of  the  solid  by  a  plane.  Fig.  7»  3.  shows  the 
curves  p  as  a  function  of  t  at  F  =  const,  which  are  cross  sections  of 
the  surface  p(t,  F)  by  the  planes  F  =  const.  Figure  7.4  shows  the  cur¬ 
ves  p  as  a  function  of  F  at  t  =  const  which  are  cross  section  of  the 
surface  of  the  solid  by  planes  t  =  const. 

In  contrast  to  the  correlator,  the  output  voltage  of-  the  optimum 

i  • 

filter  Is  described  by  the  time  function  w(t)  and  not  by  the  single  nu¬ 
merical  value  Z.  The  performance  of  the  filter  is  naturally  character¬ 
ized  by  the  shape  of  the  envelope  of  the  output  voltage  in  the  absence 
of  noise  for  different  values  of  and  of  the  expected  and  received 
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Doppler  frequency.  By  virtue  of  [(.12)  §4.6]  we  have  for  the  envelope 

00 

Kr('H‘Tjy(s)Va“s)ds  *  C1) 

*“O0 


Fig.  7*3.  Cross  sec-  Fig.  7.4.  Cross  sec¬ 
tion  of  the  ambiguity  tion  of  the  ambiguity 

solid  by  the  planes  F  =  solid  by  the  planes  t  = 

=  const.  =  const. 


In  analogy  to  [(5)  §4.6]  we  find  the  magnitude  of  V(t)  =  vQp^(i) 
by  means  of  the  relation 

Re  [Voar (i t ) e^]  =  Re  [CU'(t.  - 1)  e“/(-*“8*) 

I 

where  ^  in  the  right  part  of  the  equation  has  been  replaced  by 
Hence 

V0BI  (t)=CU'  (4  -  0  e/  .  ( 2 ) 

Considering  that  the  input  of  the  filter  is  acted  on  by  a  signal  with¬ 
out  noise  with  a  lag  time  tz0  and  the  Doppler  correction  we  have 

Re  [Y(t)  th>-]  =  Re  [U(i  -  /„)  c'  '], 
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Sigr^-x'/. 


~  'issrsjsr 


SI -I 

_  .s^ 


«  * 

ir(/)=*~ci  J  (4) 

— (* 

I 

After  substitution  of  the  variables  s  =  tzQ  +6  we  obtain 
V(/)=-i-c||  u( e)  ir  (» ■ - « + 4. + O  «'  ‘  v‘v  | 

—40 


or 

W(t)=CV(t-tu-tit  F).  (5) 

The  relation  (5)  indicates  that  the  shape  of  the  signal  envelope 
at  the  optimum  filter  output  in  the  absence  of  noise  is  described  by 
the  cross  section  of  the  ambiguity  solid  in  the  piano  F  =  const,  cor¬ 
responding  to  the  given  difference  P  of  the  true  and  expected  Doppler 
frequencies.  The  greater  the  true  lag  time  t  Q  the  later  appears  the 
maximum  of  the  voltage  envelope  at  the  filter  output. 

In  the  absence  of  a  frequency  separation  of  F,  the  maximum  of 
the  voltage  envelope  corresponds  to  the  moment  of  time  tzQ  +  tQ,  and 
the  envelope  itself  is  determined  by  the  cross  section  P  »  0.  The 
more  distant  the  target,  the  later  the  pulse  at  the  filter  output  ap¬ 
pears  (Fig,  7.5)*  With  frequency  separation  of  P  the  shape  of  the  pul¬ 
se  envelope  generally  changes  because  the  filter  becomes  non-optimum, 
the  maximum  of  the  envelope  is  decreased  and  its  displacement  is  pos¬ 
sible  (dotted  line  in  Fig.  7.5). 


Fig.  7.5.  Voltage  envelope  at 
the  output  of  the  optimum  fil¬ 
ter  for  different  values  of  lag 
time  and  Doppler  frequency,  a)  z. 
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§7.6.  AMBIGUITY  SOLID  OF  A  RECTANGULAR  RADIO  PULSE  WITH  CONSTANT  INSTAN¬ 
TANEOUS  OSCILLATION  FREQUENCY 

As  a  first  example,  let  us  calculate  and  analyze  the  ambiguity 
solid  for  the  radio  pulse  u(i)—  -R with  the  rectangular  en¬ 
velope 


*/(/)=£/(/)= jl> 


if  0  < /  <  ■«„ 
if  /< 0  or/>*M. 


(1) 


For  the  calculation  of  the  normalized  ambiguity  function  we  use 
the  formula  [(10)  §7.2].  Noting  that  the  denominator  in  this  formula 


is  we  find 


so 

j  U(s)ir(s-x)^F,ds 


(2) 


When  we  calculate  the  definite  integral  (2),  like  in  the  conclu¬ 
sion  [(16)  §4.6]  we  consider  the  following  four  cases  separately: 

a)  •*<— b)  — tM<t<0;‘c)  0<x<tm;  d) 

The  diagrams  for  the  shifted  cofactors  U(s),  U(s  -  t)  and  their  deri¬ 
vatives  are  shown  in  Fig.  7.6. 


m 


{  ■  j  U(S)  U(t-t)  j 


Fig.  7.6.  Explanation  of  the  calculation  of  the 
normalized  ambiguity  function  of  a  rectangular 
radio  pulse  with  constant  instantaneous  oscil¬ 
lation  frequency. 


Combining  the  results  for  the  cases  "a" 

-  219  - 


and  "d"  we  have 


-  ‘Vv*'ai — r  ✓ 


f(*,F)=Ofor{'t|>t„. 

For  the  cases  <  t  <  0  and  0  <  t  <  we  obtain,  respectively 


,Kf)=X|  (  J-’Ui 


i 


ttnaffr.— -Itp 

nFtm 


All  these  results  can  be  combined  in  a  single  notation 


P(-*.F)= 


|«ln  *F(u  —  |<|) 
|  nFu 
0 


|for|t|<^, 

for 


(3) 


At'  F  =  0  we  must  evaluate  the  indeterminacy  in  formula  (3).  Re¬ 
placing  for  small  values  of  F  the  sine  by  its  argument,  we  obtain 


IQ  for  !*!>**• 


Fig.  7. 7.  Cross  section  along  the  planes  F  =  const  of  the  ambiguity 
solid  of  a  rectangular  radio  pulse  with  constant  instantaneous  osci¬ 
llation  frequency. 


On  the  basis  of  these  relationships.  Fig.  7.7,  shows  p  as  a  func¬ 
tion  of  t  for  different  F  =  const.  These  may  be  regarded  as  voltage  en¬ 
velope  curves  at  the  output  of  the  optimum  filter  at  a  frequency  sep¬ 
aration  of  F  in  the  carrier  frequency.  The  detuning  results  in  a  dec¬ 
rease  in  the  peak  value  and  a  distortion  of  the  shape  of  the  envelope. 
Figure  7.8  shows  the  corresponding  relationships,  giving  p  as  a 

function  of  F  for  different  t  =  const. 
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Pig.  7.8.  Cross  section  along  the  planes  t  =  const,  of  the  ambiguity 
solid  of  a  rectangular  radio  pulse  with  constant'  instantaneous  os¬ 
cillation  frequency. 


iplt.n 

1 


Pig*  7*9*  Contour  of  the  ambiguity  so¬ 
lid  of  a  rectangular  radio  pulse  with 
constant  instantaneous  oscillation  fre¬ 
quency. 


Each  of  these  curves  corresponds  to  the  spectrum  of  a  rectangular 
video  pulse  with  a  duration  of  t„— jt| 

Both  series  of  curves  can  be  regarded  as  cross  section  of  the  sur¬ 
face  of  an  ambiguity  solid  (Pig.  7*9)  by  the  surfaces  t  =  const  and  P  = 
=  const >  Representations  of  the  ambiguity  solid  by  means  of  level  gra¬ 
dations  for  two  different  durations  of  the  main  pulse  are  shown  in 
Pig.  7.10  and  7. 11.  Compression  of  the  ambiguity  solid  along  the  axis 
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t  causes  a  spreading  along  the  ax^.3  F  and  vice  versa. 


Fig.  7.10.  Standard  representa¬ 
tion  of  the  contour  of  the  am¬ 
biguity  solid  of  a  rectangular 
radio  pulse  with  constant  in¬ 
stantaneous  oscillation  fre¬ 
quency.  ' 


Fig.  7»H*  Standard  re¬ 
presentation  of  the  contour 
of  the  ambiguity  solid  at 
a  pulse  duration  which 

is  shorter  than  in  Fig. 7. 10* 


§7.  7.  AMBIGUITY  SOLID  OF  A  RECTANGULAR  RADIO  PULSE  WITH  LINEAR  MODU¬ 
LATION  OF  THE  OSCILLATION  FREQUENCY 

Let  us  now  pass  on  to  the  radio  pulse  (Fig.  7.12)  with  linear 

modulation  of  the  high-frequency  oscillation  « (/)  ==  Re  [!/(/]  e/2“/#/J  ,  having 

a  complex  amplitude 

yn\  I  e;A( ,  if  0  (1) 

(  0,  if  /<0forf  >*„. 

The  instantaneous  frequency  of  such  a  pulse 

f=5T-S-(2*.V+W) 

varies  linearly  from  fQ  at  t  =  0  to  fQ  +  af  =  fQ  +  - r i  at  t  =  where 
Af  is  the  frequency  deviation. 

The  coefficient  b  in  the  formula  (1)  is  thus  expressed  via  the 
frequency  deviation  Af  and  the  duration  of  the  pulse: 

(2) 

The  calculation  of  p(t,  F)  by  means  of  formula  [(10)  §7.2]  we 
shall  carry  out  by  using  the  diagrams  in  Fig.  7*6,  because  the  envelope 
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remains  rectangular.  As  in  the  preceding  case,  p(x,  F)  =  0  at  bl^u. 
At  —  *a<*<0  and  ,  respectively,  we  obtain 

0 

I  tin  f(6t  +  nF)  (t«  —  1 1 1)1 1 

“I  (6t  +  «f)t,  I’ 


•  P(*.  ?)=--;  \  p'blt-b“-"'+2'F,'dt  |  = 


L_|  «la[(6t  +  »n(t»  — •»)!  I 
|  (frt  +  *Ot«  i 

Combining  the  results  thus  obtained 
and  using  the  relation  (2),  we  find 
slnjn^+  j 


p(t.  F)  — 


t  \ 

««  F+A/~  , 
\  •«/ 


for  |x|<tII( 
(3) 

for 


Fig.  7. 12  Rectangu¬ 
lar  radio  pulse  with 
linear  oscillation  - 
frequency  modulation. 

i*  On  the  basis  of  the  relations  (3), 

Fig,  7. 13  is  a  plot  of  ?  as  a  function  of 
t  for  two  values  F  =  const,  each  of  which  can  be  regarded  as  the  vol¬ 
tage  envelope  at  the  output  of  the  optimum  filter  with  detuning  of  F 
with  regard  to  the  carrier  frequency. 


-4 


Fig.  7.13.  Grogs  section  along  the  planes  F  =  const  of  the  ambiguity 
solid  of  a  rectangular  radio  pulse  with  linear  'oscillation  frequency 
modulation,  a)  i. 
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Fig.  7.14.  Standard  representation  of  the  contour  of  the  ambiguity 
solid  of  a  rectangular  radio  pulse  with  linear  oscillation  frequency 
modulation,  a)  i.  H  * 

Figure  7.14  shows  a  representation  of  the  ambiguity  solid  by 
means -of  level  gradations.  It  is  evident  from  a  comparison  with  Fig. 
7.11  that  the  ambiguity  solid  of  a  frequency-modulated  radio  pulse  is 
rotated  relative  to  the  ambiguity  solid  of  a  radio  pulse  without  fre¬ 
quency  modulation  by  a  certain  angle,  whose  magnitude  increases  with 
increase  in  the  frequency  deviation  Af. 

Let  us  examine  the  cross  section  of  the  ambiguity  solid  along 
the  plane  F  =  const  which  characterizes  the  voltage  envelope  at  the 
output  of  the  optimum  filter.  This  envelope  is  considerably  more  nar¬ 
row  than  the  envelope  of  the  main  pulse.  At  zero  separation  F  =  0 
and  the  condition  ,  the  width  of  the  compressed  pulse  at  zero 

is  2/Af. 

It  can  be  seen  in  Fig.  7.  13  that  a  shifting  of  the  compressed 
pulses  in  time  is  possible  at  the  frequency  separation  F.  In  absolute 
magnitude  this  shift  is  and  characterizes  the  velocity  error 

in  the  measurement  of  the  lag  time  at  the  moment  when  the  main  pulse 
begins  to  sweep  the  target.  Velocity  errors  are  typical  for  any  pro¬ 
cessing  which  amounts  to  taking  the  correlation  integral.  If  t.  F  « 

i  max 

«  1  the  shift  is  considerably  less  than  the  half  width  1/Af  of  the 
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compressed  pulse  and  is  thus  not  of  any  importance.* 

§7.8.  AMBIGUITY  SOLID  OP  COHERENT  PACKETS  OF  i. 

One  of  the  most  widely  used  radar  signals  is  a  signal  in  the  form 
of  a  coherent  packet  of  radio  pulses.  As  an  example  let  us  consider 
a  packet  with  a  rectangular  envelope  (Pig.  7.15,  a).  In  this  diagram 
on  is  the  duration  of  each  pulse;  T  is  their  repetition  interval,  and 
M,  the  number  of  pulses  in  a  packet. 


Pig.  7.15.  Explanation  for  the  ana¬ 
lysis  of  the  convolution  integral  in 
the  plotting  of  the  ambiguity  solid  of 
a  rectangular  coherent  packet  of  radio 
pulses.  1)  i. 

Let  us  determine  the  nature  of  the  surface  of  the  ambiguity  solid 

(X) 

limiting  ourselves  to  a  qualitative  analysis  of  the  relation  (1)  and 
Fig.  7.15.  We  shall  give  special  attention  to  a  packet  without  modu¬ 
lation  of  the  phase  or  frequency  of  the  carrier. 

If  the  signals  U(t)  and  U(t  —  t)  are  shifted  by  the  time  *|  >Tt=MT, 
the  function  p(t,  P)  will  be  zero.  The  same  happens  when  -M<r,  ,  but 
the  pulses  of  the  shifted  packets  do  not  overlap. 

Within  the  limits  — Tq<t<t0  the  ambiguity  solid  possesses  a 
series  of  peaks  with  a  width  of  2t^  along  the  axis  t,  which  are  shifted 
by  the  pulse  packet  period  T.  At  P  =  C  every  peak  of  the  packet  and 
the  envelope  of  these  peaks  have  a  triangular  shape  (Pig.  7.16)  which 
can  easily  be  proved. 
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Pig.  T«l6.  Cross  section  along  the 
plane  P  =  0  of  the  ambiguity  solid  of 
a  rectangular  coherent  train  of  radio 
pulses  with  constant  instantaneous 
oscillation  frequency,  a)  i. 

The  presence  of  a  large  number  of  peaks  of  the  function  p(t,  P)  along 
the  axis  t  can  lead  to  an  ambiguity  in  the  distance  measurement.  How¬ 
ever,  if  the  period  of  the  pulse  packet  T  >  tz  malcs>  the  ambiguity 
is  eliminated. 

Let  us  consider  the  behavior  of  the  function  p(t,  P)  along  the 
axis  P.  At  t  =  const,  the  function  p(t,  P)  is  the  modulus  of  the  Four¬ 
ier  transformation  of  the  product  U(t)U(t  —  t).  If  t  p  0  this  product 
coincides  within  the  accuracy  of  a  factor  with  the  signal  envelope 

U(.t)  and,  consequently,  the  function  p(t,  P)  describes  its  amplitude- 

«*• 

frequency  spectrum. 

As  we  know,  the  spectrum  of  the  envelope  of  a  packet  of  radio 
pulses  consists  of  several  peaks  which  correspond  to  frequencies  which 
are  multiples  of  the  packet  frequency  P^  =  1/T.  The  width  of  each  peak 
at  zero  is  determined  by  the  duration  of  the  packet  and  is  equal  to 
2/Tq,  while  the  width  of  the  peak  envelope  is  determined  by  the  dura¬ 
tion  of  a  single  pulse  and  is  equal  to  2/t.^. 

Thus,  along  the  axis  P  at  t  =  0,  the  ambiguity  function  also  con¬ 
sists  of  a  large  number  of  peaks  (Pig.  7»17)»  The  same  will  be  the 
case  at  b|=7\  | % f  =  27*  *  e^c» 

The  presence  of  a  large  number  .of  peaks  along  the  axis  P  can  re¬ 
sult  in  an  ambiguity  of  the  measurement  of  the  radial  velocity  of  the 
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target,  if  the  maximum  Doppler  frequency  is  greater  than  the  recur' 


rence  frequency  of  the  pulses. 

The  ambiguity  solid  of  a  coherent  packet  of  radio  pulses  with¬ 
out  frequency  modulation  consists  of  a  number  of  relatively  narrow 
peaks,  distributed  along  the  axis  t  as  well  as  the  axis  P.  Its  contour 
is  shown  in  Fig.  7* l8;  by  means  of  three  level  gradations.  Because  the 

volume  of  the  ambiguity  solid  V  0  =  const,  the  volume  of  each  peak  de- 

P2 

creases  in  inverse  proportion  to  their  total  number  but  the  ambiguity 
of  the  target  distance  and  velocity  reading  remains.  This  ambiguity 
can  be  eliminated  by  a  priori  data  (T<TManc.  F<FHWC)  or  as  a  result 
of  later  processing  of  the  radar  information. 


Pig.  7. 17.  Cross  section  by  the  plane 
t  =  0  of  the  ambiguity  solid  of  a  rec¬ 
tangular  coherent  packet  of  radio  pulses 
with  constant  instantaneous  oscillation  fre¬ 
quency  t  =  0.  a)  i. 

For  a  coherent  packet  of  frequency  modulated  radio  pulses  the 
blackened  regions  of  high  correlation  are  slightly  sloped  (analogous 
to  Pig.  7. 14)  remaining  on  the  shaded  vertical  bands  of  Pig.  7*18.  If 
the  frequency  deviation  .  is  sufficiently  large,  the  slope  within 
the  represented  section  of  the  axis  P  is  negligible.  The  length  of 
the  peaks  along  the  axis  t  then  is  no  longer  -but  (as  in 

Fig.  7.14).  Compared  with  Fig.  7.14  the  ambiguity  solid  is  divided  into 
narrower  peaks  which  reduces  the  ambiguity  with  respect  to  t. 


f 


Fig.  7* 18.  Standard  representation  of  the  contour  of  the  ambiguity 
solid  of  a  coherent  packet  of  radio  pulses  with  constant  instanta¬ 
neous  oscillation  frequency,  a)  i. 


§7.  9.  AMBIGUITY  SOLID  OF  A  NOISELIKE  SIGNAL 

In  addition  th  the  splitting  up  of  the  ambiguity  solid  into  a 
multiplicity  of  narrow  peaks,  another  form  of  its  modification  is  of 
interest.  The  ambiguity  solid  is  compressed  into  a  sharp  peak  with 
a  single  height  with  the  apex  at  t  =  0  and  F  =  0  and  the  remainder  of 
the  volume  spread  out  over  the  maximum  possible  area  of  the  plane 
F  (Pig.  7.19). 

Substituting  the  volume  of  the  ambiguity  solid  V  p  by  the  sum  of 

P 

the  volumina  of  the  peak  V-^  and  the  spread- out  part  Vg,  we  obtain 
. V,<  l,  from  the  condition  7^=7,+’/,— 1".  . 

If  we  could  spread  the  ambiguity  solid  equally  over  the  area  of 
the  rectangle  2t„2&/  t  then 


hence  the  height  of  the  layer  of  the  dispersed  part  of  the  volume  is 


P< 


(1) 


The  quantity  which  enters  into  this  formula,  we  can  regard  as 
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the  total  signal  duration,  and  the  quantity  A/—  as  the  width  of  its 
spectrum.  These  quantifies  determine  the  limits  of  the  ambiguity  solid. 
In  fact,  when  the  received  and  expected  signals  are  shifted  by  more 
than  +t.,  the  function  p(t,  F)  vanishes;  at  a  Doppler  shift  greater 
than  the  width  of  the  spectrum,  the  correlation  between  the  signals 
is  also  disturbed. 

The  above  reasoning  must  be  considered  as  approximate  because  not 
any  signal  can  be  simultaneously  limited  in  time  arid  ,  in  f requeue y. 
However,  if  the  product  t„A /.  .  It  is  desirable  that  this  product  t„A /. 

should  be  fairly  large. 

Let  us  discuss  the  possible  methods  of  approximating  this  ideal¬ 
ized  pattern. 

As  has  been  previously  established,  a  signal  of  the  above  con¬ 
sidered  type  should,  on  the  one  hand,  have  a  duration  in  time  and,  on 
the  other,  should  extend  over  a  wide  band.  The  shifts  of  the  signal 
parameters  t,  F  (relative  to  the  expected)  should  in  itself  disinte¬ 
grate  the  peak.  A  signal  with  linear  frequency  modulation,  of  a  reg¬ 
ular  and  relatively  simple  type,  does  not  satisfy  this  requirement. 
While  the  time  shift  with  such  modulation  destroys  the  peak,  the  cor¬ 
responding  frequency  shift  may  re-establish  it.  In  order  to  obtain  an 
ambiguity  solid  as  in  Fig.  7*19*  a  certain  randomness  in  the  modula¬ 
tion  law  is  necessary. 


Such  a  randomness  can  be  observed  for  the  noise  section  with  the 
duration  with  a  frequency  band  -'A />--  .  However,  with  a  pure 

noise  signal,  it  is  hardly  possible  to  achieve  a  constant  level  of  p 
over  the  entire  rectangle  2«,2a/  (with  the  exception  of  the  peak).  A 
pure  noise  signal  also  has  a  variable  amplitude  which  is  undesirable 
from  the  point  of  view  of  the  performance  of  the  generators  at  the  op¬ 


timum  power  level. 
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Hence  the  "noiselike"  nature  of  the  signal  is  preferably  achiev¬ 
ed  by  a  regular  phase  change  within  the  limits  of  the  radio  pulse,  i.  e., 
by  nonlinear  frequency  modulation  or  phase  manipulation. 

Special  codes  have  been  developed 
recently  which  enable  an  approximation 
to  a  noiselike  signal  to  be  achieved. 

Let  the  emitted  signal  consist  (as  in 
Fig.  5.11a)  of  closed  rectangular  ra¬ 


Pig.  7.19.  Contour  of  the 
ambiguity  solid  of  a 
rioiselike  signal,  a)  i. 


dio  pulses  with  a  duration  t0  with 

high-frequency  oscillations 

(-l)Sos 2%ftt  (*  =  1,2,3,...),  (2) 

where  assumes  values  of  0  or  1.  The 
sequence  of  these  figures  charac¬ 


terizes  the  law  of  the  phase  manipulation. 

In  order  to  obtain  noiselike  signals,  the  establishment  of 
codes  by  means  of  "logic  algebra"  (Boolean  algebra)  has  been  proposed. 
An  example  is  the  code  described  by  the  relation 

(* > 5).  (3) 

The  symbol  © .  indicates  "summation  over  the  modulus  two"  which 
is  defined  by  the  following  Table,  where  the  values  of  the  components 
are  given  in  the  upper  line  and  left  column  and  the  result  in  the 
corresponding  diagonals: 


© 

0 

1 

0 

0 

1  ' 

1 

1 

0 

i.e.,  0©0=0,  0©1  =  1,  l©0r='i.ndi©i  — 0  .  (The  last  relation  corresponds 
to  the  clearing  of  the  binary  adder  in  connection  with  the  transfer  of 
the  binary  unit  to  the  following  discharge). 
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As  example  we  assume  h=h=h=h=0  ,  and  ^  =  1,  and  we  obtain 
all  the  other  values  of  by  using  the  formula  (3).  We  then  have 

©?,©$,©?,  =  1 

etc.  The  corresponding  code  has  the  form 

00001 1 10011011 11101000100101011* 

If  the  law  on  which  the  construction  of  the  code  is  based,  has 
been  established  correctly,  then  we  obtain  on  the  basis  of  m  initial 
elements  (in  this  example  m  =  5)  a  code  consisting  of  n  =  2m  -  1  ele¬ 
ments  (n  =  31).  The  further  application  of  the  law  for  k  >  n  leads  to 
a  periodic  repetition  of  the  code  elements.  Such  codes  have  been  given 
the  special  designation  zero  sequence  code  with  maximum  duration  or 
binary  pseudorandom  codes. 

Although  the  noiselike  signals  have  the  desired  structure  of  an 
ambiguity  solid,  they  also  have  certain  disadvantages.  The  same  opti¬ 
mum  filter,  without  division  into  channels,  cannot  eliminate  noiselike 
signals  which  differ  strongly  in  their  Doppler  frequency.  In  order  to 
make  the  reception  of  such  signals  feasible,  the  scheme  must  be  multi¬ 
channel. 

Outside  the  peak  the  level  p  of  the  zero,  sequence  code  (at  produ¬ 
cts  -„A /  which  are  not  too  large)  is  relatively  high.  It  is  bigger, 
for  example,  than  for  a  signal  with  linear  frequency  modulation.  How¬ 
ever,  it  decreases  with  increase  of  n,  approximately  as  ‘i/i'n 

The.,  noise  like  signals  must  be  distinguished  from  the  phase-mani- 

\ 

pulated  signals  with  lower  residue  level  (p  =  1/n)  on  the  time  axis  t 
with  optimum  processing.  The  latter  are  known  up  to  n  =  13  and  can  be 


i  i 


used  for  the  separation  of  frequencies 


.  An  example  of 


such  a  signal/ and  its  optimum  processing  is  given  in  Figs.  5.11-5.13. 

f 

Because  noiselike  signals  have  a  residue  level  which  decreases 
only  as  \jy7i  ,  their  use  is  rational  only  at  a  fairly  large  number  of 
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elements  n.  For  zero  sequence  codes  a  residue  level  (20-4-30)  db  or 
(l/^rtjj-lO-j+io--1)  occurs  only  for  n-2"1— l  >(100+ 1000)  ,  i.  e. ,  at  a 

number  of  elements  of  127,  255,  511,  1023  and  over.  This  circumstance 
causes  great  difficulties  in  the  design  of  the  optimum  filter. 

Hence  modified  pseudorandom  codes  have  been  proposed  with  a  number 
of  elements  n  =  2m,  characterized  by  the  fact  that  the  pulse  character¬ 
istic  of  the  filer  for  these  codes  can  be  designed  by  using  only  m  = 
log2n  delay  lines  without  any  additional  branches.  For  n  =  (128-4-1024) 

the  number  is  m- (7 -4-10)  •  The  filter  is  built  of  single-type  elements. 

Fig.  7*20  shows  the  system  of  one  (the  kth)  element  of  such  a  filter. 
This  element  has  two  independent  inputs  and  outputs  and  can  be  regard¬ 
ed  as  a  six-pole  network.  Every  element  contains  a  delay  line  for  the 
k-1 

time  2  Tq  (where  k  is  the  number  of  the  element  and  tq  the  duration 
of  the  elementary  code  pulse)  and  two  alegraic  adding  on  circuits 
which  give  sum  and  difference. 


Fig.  7.20.  Device  of  the  lcth  ele¬ 
ment  of  the  optimum  filterTor  a 
modified  pseudorandom  code,  a)  or; 
b)  delay  line. 

k  1 

Let  us  connect  the  inputs  of  the  first  element  (k  =  1  and  2  tq 
=  tq)  and  supply  them  with  a  radio  pulse  of  the  duration  tq  (Fig.  7.21 
a). 

At  the  output  of  the  first  and  second  adders  we  obtain  two  clo¬ 
sed  pulses  of  egual  duration  and  respectively  equal  and  different  po- 
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Fig.  7*21.  Explanation  of  the  performance  of  the  optimum 
filter  and  the  forming  circuit  for  the  modified  pseudoran¬ 
dom  code. 


Let  us  supply  these  pulses  to  the  second  element. 

Two  methods  of  connection  are  possible:  without  inversion  (upper 
output  of  the  first  to  the  upper  input  of  the  second,  lower  output  of 
the  first  to  the  lower  input  of  the  second)  and  with  inversion.  Fig. 
7.21,  c  describes  th°  output  voltages  of  the  second  element  when  the 
connection  is  made  without  inversion. 

The  output  voltages  of  the  second  element  with  inversion  or  with¬ 
out  inversion  are  fed  in^o  the  third  element,  etc.  Figs.  7.21,  d  and 
e  describe  the  voltages  at  the  outputs  of  the  third  and  fourth  elements 
•'.in  presence  of  inversion  in  both  cases.  The  corresponding  connection 
scheme  four  elements  is  shown  in  Fig.  7*22,  a. 

It  is.  found  that  the  elements  of  the  same  filter  can  be  used  for 


filtering  as  well  as  for  the 


of  the  main  signal.  This  is  use¬ 


ful  because  the  generation  and  reception  take  place  at  different  -times. 

For  the  transition  from  one  operating  condition  to  the  other  it  is  suf- 
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ficient  t  carry  out  an  additional  inversion  at  the  output  of  the 
firat  element  and  an  additional  inversion  of  the  pickup  from  the  last 
element.  The  corresponding  voltages  and  $'*'  after  such  an  inver¬ 
sion  are  shown  in  Pig.  7.21  f,  g,  h,  i,  k  and  the  connection  scheme 
for  the  elements  in  Pig.  7.22,  b.  It  is  readily  seen  that  <P *(0=— ^(— 0 
A|)t(/j=<p'4(— /)and  ,  which  confirms  the  possibility  of  using 

the  elements  of  such  a  filter  for  transmission  as  well  as  reception. 
§7. 10.  ON  THE  CONDITIONAL  NATURE  OP  THE  AMBIGUITY  DIAGRAMS 

The  ambiguity  diagrams  which  are  examined  in  §7.1-7. 9  were  found 
under  condition  that  the  lag  time  and  distance  reading  is  carried  out 
for  the  moment  of  time  corresponding  to  beginning  of  the  target  sweep 
by  the  main  pulse.  However,  not  only  the  target  position  at  the  mo- 
i  ent  of  the  sweep  may  be  of  interest  but  also  its  position  during  the 
beginning  of  the  sounding,  the  arrival  of  the  reflected  signal,  the 
formation  of  the  peak  of  the  compressed  pulse  or  at  any  other  moment 
of  time  shifted  any  amount  relatively  to  any  of  the  above-indicated 

t 

moments;  .  - 


Pig.  7.22.  Connection  schemes  for 
four  modified  pseudorandom  code  el¬ 
ements:  a)  operation  as  filter;  b) 
operating  as  main  signal  former. 


It  is  found  that  the  ambiguity  diagrams  are  modified  thereby  even 
if  it  is  assumed  that  the  target  moves  uniformly  during  the  time  in¬ 
terval  between  fche  sweep  and  the  distance  reading.  This  attests  to  the 

V 

conditional,  natiire  of  the  ambiguity  diagrams. 
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Let  us  evaluate  the  possible  modi¬ 
fications  of  the  ambiguity  diagrams  due 
to  the  change  in  the  moment  of  reading 
the  distance  to  the  target. 

Pig.  7*23  shows  a  diagram  of  uni¬ 
form  target  motion  from  the  moment  of 
the  beginning  of  the  sweep  t  =  0  to 
a  certain  moment  t  =  tf.  Provisionally, 
without  observing  the  velocity  scale, 
the  diagram  of  the  propagation  of  the  radar  signal  is  plotted,  begin¬ 
ning  with  the  moment  of  the  start  of  the  sounding  tfzond  =  -rQ/c  to  the 
moment  of  the  beginning  of  the  reception  =  rQ/c,  where  rQ  is  the 
distance  to  target  at  the  moment  of  the  sweep. 

i 

Expressing  the  distance  rQ  at  the  moment  of  the  sweep  t  =  0  by 
uhe  distance  r^  at  any  arbitrary  moment  t  =  0,  v-  have 

—  Vr0.  (1) 

Multiplying  the  relation  (1)  by  the  factor  2/c  and  introducing 
the  equivalent  lag  time  tzd,  corresponding  to  the  distance  to  target 
r^,  we  ,  obtain  ^ 


Pig.  7. 23.  Explanation 
of  the  shifting  of  the 
moment  of  distance  read¬ 
ing.  a)  zond;  b)  pr. 


(2) 


We' shall  regard  the  pair  of  values  t  and  &d  as  the  expected 
values  of  the  measured  quantities  (instead  of  t  and  &d).  Replacing  in 
(2)  the  expected  values  by  the  true  values,  we  have 

(3) 


The  signal  part  of  the  correlation  integral  for  the  simultaneous 
estimation  of  the  quantities  tZiJ  and  ^d  can  be  found  without  repeating 
the  entire  analysis  of  §7. 1-7*2  in  the  following  manner.  Designating 
the  new  functional  relationship  Zc  (/’,*,  G«)  in  analogy  to  the  old  one,  we 
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obtain  the  expression  for  it  by  substituting  the  quantities  t2  and  t  Q 
in  the  right  part  of  the  equation  [(2) §7. 2]  by  their  values  (2),  (3) 

z.  <'*.  o»> = -3-  ?  "  -  U + -£  ft.. )  X 

Designating  and  ii^=sD»,4-2itF  ,  we  introduce  the  am¬ 

biguity  function  of  the  pair  of  measured  quantities  tzi5  and  namely 

Qju+2*f)l-  (5) 

Carrying  out  the  substitution  of  the  integration  variable  in 
(4),  we  find  for  the  Introduced  function  the  following  expression: 


**(*•  f>.=|-r  ]  U(s)U*(s-x-{.^FyuFtds. 


Comparing  the  new  expression  (6)  with  the  expression  found  ear¬ 
lier  [(7)  §7.2]  for  the  ambiguity  function  "v(x ,F)  of  the  quantities 


t  and  ft,,  we  have 
z  dJ 


.In  particular. 


»,(0.  0)=¥(0,0). 


We  divide  termwise  each  of  the  parts  of  equation  (7)  by  (8).  Then 
we  obtain  an  expression  analogous  to  (7)  for  the  normalized  ambiguity 


function 


Mt!^==p(*“  TF,F)‘ 


Using  the  expression  (9)  we  estimate  the  effect  of  the  variation 
of  the  moment  of  distance  reading  -C  on  the  shape  of  the  ambiguity  so¬ 
lid. 

Let  the  original  ambiguity  solid  p(t,  F)  be  the  ambiguity  solid 

of  a  rectangular  radio  pulse  with  constant  carrier  (see  Fig.  7*11).  The 

transformation  (9)  slopes  the  ambiguity  solid  (at  .$>0  in  the  clock- 
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wise  direction). 

* 

The  latter  fact  is  easily  explained  by  the  following  reasoning. 
Let  the  true,  bat  not  accurately  known  Doppler  frequency  be  =  0 
(case  of  immobile  target).  The  ambiguity  (Fig.  7. 11)  permits  the  as¬ 
sumption  Qa  ==  -f- 2k/7 > 0,  which  corresponds  to  •  yr>0  .  At  such  a 

radial  speed  of  the  target  the  ambiguity  section  along  t,  correspond¬ 
ing  to  the  ordinate  F,  is  shifted  within  the  time  1)  to  the  side  of  the 

greater  lag  time  by  '—v,0  or  .JLp  .In  an  analogous  manner  we  find 

c  /. 

that  the  section,  corresponding  to  the  ordinate  F  <  0,  is  displaced 
towards  the  left. 

Of  interest  is  the  fact  that  the  previously  sloped  diagrams 
P(t,  F)  (Fig.  7.14)  as  a  result  of  the  additional  sloping  (9)  can  be 
straightened  in  some  cases. 

[Footnotes] 

See  Appendix  3. 

See  also  Appendix  2  and  §7.10. 

If  we  introduce  ,  the  coding  operation  in  the  con¬ 

sidered  example  can  be  reduced  to  the  use  of  the  normal  pro¬ 
duct  tjh— <*>5)  at  the  initial  condition 

1  .nd'tis-.— ;  .  The  sequence  then  has  the  form 

1  m— 1—1— 111  . 

[Transliterated  .Symbols] 

206  p  =  z  =  zapazdyvaniye  =  lag  time 

207  a  =  d  =  dopplerovskaya  =  Doppler 

217  onT  =  opt  =-  optimal* nyy  =  optimum 

219  w  =  i  =  impul's  =  pulse 

227  .  Maxc  =  maks  =  maksimal’nyy  =  maximum 
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Chapter  8 

CONSECUTIVE  REPEATED  MEASUREMENTS 

§8.1.  SIMPLEST  MODELS  OF  TARGET  MOTION  (MODELS  WITH  INDEPENDENT  IN¬ 
CREMENTS 

In  order  to  increase  the  measurement  accuracy,  the  initial  data 
can  be  obtained  repeatedly.  The  more  readings  are  taken,  the  less  is 
normally  the  error  scatter  due  t-o  the  influence  of  noise. 

However,  the  measurement  process  always  takes  time,  and  during 
this  time  the  quantity  to  be  measured  can  vary.  This  may  result  in  an 
additional  error,  which  is  usually  termed  dynamic  error.  In  order  to 
decrease  this  error,  one  must  make  use  during  the  processing  of  the 
readings  of  certain  hypotheses  concerning  the  law  of  variation  in  time 
of  the  random  quantity  a  =  a(t)  which  can  be  measured,  or  else,  one 
must  introduce  a  model  of  target  motion.  Optimixation  of  the- process¬ 
ing  then  consists  in  ensuring  the  root  mean  square  deviation  of  the 
selected  motion  model.  Hence  it  is  obvious  that  the  choice-  of  the  tar¬ 
get  motion  model  is  of  great  importance  for  the  optimization  of  the 
processing. 

We  shall  start  out  with  the  fact  that  the  model,  even  though  it  is 
very  rough,  should  take  into  account  the  special  features  of  the  tar¬ 
get  maneuvers  and  at  the  sane  time,  without  complicating  the  calcula¬ 
tion,  result  in  practically  realizable  solutions  in  terms  of  a  cir¬ 
cuit  diagram.  These  requirements  are  satisfied  by  the  statistical  mo¬ 
tion  models  with  random  and  independent  increments,  on  the  basis  of 
which  the  further  analysis  will  be  constructed. 


Hence  we  shall  introduce  into  the  analysis  the  concept  of  incre¬ 
ments  of  the  true  values  of  the  measured  quantity  during  the  time  be¬ 
tween  readings. 

For  a  more  concrete  definition  we  shall  assume  that  the  distance 
to  target  is  measured  with  a  certain  repetition  period  T  (for  example, 

T  is  equal  to  the  scanning  period  of  the  station  or,  if  the  antenna  is 
always  aimed  at  the  target,  the  pulsing  period).* 

The  first  increment  of  the  measured  quantity  a  (distance)  during 
the  time  between  readings  we  shall  term  the  difference 

«m-i.  (!) 

The  first  distance  increment  characterizes  the  radial  speed  of 
motion  of  the  target,  averaged  for  the  time  between  readings. 

The  second  increment  of  the  measured  quantity  a  we  shall  term  the 
corresponding  variation  of  the  first  increment 

Ymsa=8m--8m-|.  (2) 

The  second  distance  increment  characterizes  the  acceleration  of 
the  target. 

Figure  8.1  shows  a  possible  diagram  of  the  measured  quantity  a 
as  a  function  of  time  for  a  maneuvering  target.  If  the  measurement  is 
effected  extremely  rarely  (Fig.  3.1,  a)  the  connection  between  the 
discrete  values  of  is  disturbed  to  such  a  degree  that  they  can  be 
regarded  as  independent  random  quantities.  Hence  the  results  of  the 
previous  readings  cannot  be  used  for  improvement  of  the  accuracy  of  the 
current  estimate,  i. e. ,  the  repeated  measurement  procedure  does  not 
give  an  accuracy  advantage. 

With  more  frequent  measurements  the  scatter  of  the  first  incre¬ 
ments  6m  decrease  and  the  quantities  am  are  no  longer  independent  par¬ 
ameters.  In  this  case  the  results  of  the  previous  measurements  can 

be  used  for  an  improvement  of  the  accuracy  of  the  running  estimate  of 
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am.  However,  when  the  measurements  are  not  too  frequent,  the  incre¬ 
ments  6^  vary  from  one  reading  to  another  in  a  random  manner  and  they 
can  be  considered  to  be  independent  random  quantities,  which  simplifies 
the  analysis. 

If  the  measurements  are  carried  out  often  (Pig.  8.1,  b)  the  conT 
nection  between  the  successive  values  of  the  first  increments  must  al¬ 
so  be  taken  into  account,  i. e. ,  the  more  or  less  smooth  nature  of  the 
change  in  the  rate  of  motion  must  be  taken  into  account.  This  means 
that  the  6m  are  dependent  quantities.  At  the  same  time,  the  second 
increments  Ym  can  still  be  considered  to  be  independent  random  quanti¬ 
ties. 


Finally,  at  very  frequent  measurements  one  could  also  consider 
the  gradual  nature  of  the  change  of  the  acceleration,  considering,  for 
example,  the  third  and  also  the  fourth  increments  of  the  measured  qu¬ 
antity  as  independent  random  quantities. 


Fig.  8.1.  Explanation  of  the 
nature  of  the  increments  of 
the  measured  quantity  a  at 
different  recurrence  fre¬ 
quency  of  the  readings. 


tion  of  their  trajectory  (see,  for 


Models  of  motion  with  random 
and  independent  first  and  second  in¬ 
crements  naturally  do  not  reflect 
all  the  peculiarities  of  the  motion 
of  a  real  target.  Nonetheless  they 
permit  a  considerable  improvement 
of  the  results  of  processing  for  a 
maneuvering  target  as  compared  with 
a  single  measurement. 

n  the  processing  of  the  re¬ 
sults  of  observations  on  non-maneu¬ 
vering  ballistic  targets,  the  equa- 
example,  [35])  is  used  to  increase 


the  accuracy  of  numerous  measurements  as  a  model  of  motion. 
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Figures  8. 2  and  8.  3  present  diagrams  which  characterize  the  pos¬ 
sible  laws  of  change  of  the  quantity  am  for  a  motion  model  with  in¬ 
dependent  first  and  second  increments  (thick  lines).  The  scatter  and 
mathematical  expectation  of  the  corresponding  increments  are  consider¬ 
ed  to  be  invariant  with  time  which  characterizes  their  stationary  na¬ 
ture.  The  mathematical  expectations  of  the  corresponding  independent 
increments  in  this  case  are  considered  to  be  zero. 


Fig,  8.2.  One  of  the  possible  realizations  of  motion  models  with  in¬ 
dependent  and  stationary  first  increments:  a)  plot  of  the  variation 
of  the  quantity  a  from  one  reading  to  the  next;  b)  discrete  values 
of  6^  of  the  first  increments. 

The  motion  model  shown  in  Fig.  8.2  is  convenient  for  very  diverse 
laws  of  motion  of  an  intermittent  nature,  one  of  which  is  shown  in 
Fig.  8.2,  a.  The  dotted  lines  in  the  same  diagram  shows  the  limits  of 
the  region  within  which  the  possible  motion  diagrams  are  situated  with 
a  probability  of  0.8  on  condition  that  the  initial  coordinate  is  aQ, 
that  the  initial  speed  is  characterized  by  the  magnitude  of  the  first 
increment,  equal  to  zero,  and  that  the  scatter  of  the  first  increment 

at  all  points  Dgm  =  i.  The  increase  in  the  scatter  a  with  time  charac- 
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terizes  the  nonstationary  nature  of  the  discrete  values  of  a  (sta¬ 
in  ' 

tionary  are  only  the  first  increments  6m). 

The  second  motion  model  (Pig.  8. 3)*  in  contrast  to  the  first, 
makes  it  possible  to  take  into  account  the  gradual  nature  of  the  change 
of  the  coordinate  a,  connected  with  the  more  smooth  change  of  the 
first  increments  6m  (of  the  speed).  The  limits  of  the  corresponding  re¬ 
gions  for  the  same  probability  0. 8  in  Fig.  8.  3,  a  and  b  are  indicated 
by  a  dotted  line  (on  the  basis  of  the  known  initial  coordinate  aQ,  the 
initial  first  increment  6o=£0  ,  the  initial  second  increment  Yo=0' 

and  the  scatter  Z>T  =  1  ). 


Pig.  8. 3.  One  of  the  possible  realizations  of  the  motion  model  with 
independent  and  stationary  second  increment s;  a)  curve  of  the  variation 
of  the  quantity  a  from  one  reading  to  the  next;  c.)  discrete  values  of 
Y  of  the  second  increment. 


A  certain  deficiency  of  the  model  of  Pig.  8.  3  is  the  fact  that 
it  does  not  take  into  account  the  limitation  of  the  maximum  rate  of 

motion,  which  is  typical  for  real  targets. 
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§8.2.  OPTIMUM  SUCCESSIVE  PROCESSING  OF  THE  OBSERVATION  RESULTS  FOR 
MOTIONS  WITH  INDEPENDENT  FIRST  INCREMENTS 

Assuming  that  preexperimcntal  data  on  the  measured  quantity  a 
are  lacking  and  that  its  first  reading  a^otsch  obtained  with  a  scat¬ 
ter  of  J\0-kSCh*  Assuming  that  the  uncertainties  are  due  only  to  the 
presence  of  noise  and  that  the  signal  energy  considerably  exceeds  the 
threshold  value  (see  chapter  6),  we  consider  the  law  of  error  distri¬ 
bution  normal  and  the  systematic  error  as  zero. 

The  law  of  the  postexperimental  probability  distribution  of  the 
measured  parameter  then  will  be 


/*  (*»!*»  QTCl)  — 


ot»)‘ 

20. 


Vi  *d,  , 


or  with  different  symbols 


p(a\  l*i  otcO  —  P\  (ai) —  '/‘'r.D  6 


Here  the  subscript  "l"  of  the  letter  p  means  that  the  probability  den¬ 
sity  P1(a1)  is  conditional  (the  condition  is  the  presence  of  one  and 
only  one  first  reading) ;  a*  =  alotsch  is  the  optimum  estimate;  D1  = 


lotsch 


is  the  corresponding  scatter  (see  1.6). 


Using  the  relation 


aj  =  ai*r  °a< 


we  can  predict  the  value  of  a2  on  the  basis  of  the  first  reading. 

We  shall  assume  that  6g  like  a-^  has  a  normal  distribution.  Then, 
a2  is  also  a  normally  distributed  random  quantity  characterized  by  its 
mathematical  expectation  and  scatter.  The  mathematical  expectation  of 
the  quantity  ag  we  designated  by  a2  .  It  is  equal  to  the  sum  of 
the  mathematical  expectations 


^{ai} - ai  0TC1 


i.  e. , 
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a*»i»  =  V  (4) 

The  dispersion  of  a2  we  designate  by  Dg  .  According  to  the 
theorem  on  the  scatter  of  the  sum  of  independent  quantities 

DtoP— Dt-{-  Dn,  (5) 

where  Da=D{Zt}  is  determined  only  by  the  law  of  the  target  motion. 

The  distribution  of  the  quantities  a2  predicted  on  the  basis  of 
the  results  of  the  first  reading  satisfy  the  relation 

up)*  .  ,  .  ! 

I  (h) 

In  analogy  with  the  expression  (2)  we  can  conclude  that  ou  is 

cL  pi 

the  predicted  estimate  and  D?  the  scatter.  It  is  readily  seen  that 
the  distribution  (6)  is  preexperimental  for.  the  following  reading  a2. 

Let  then  the  second  reading  n2otsch  arrive.  Now  we  can  introduce 
the  probability  density  of  a2  under  conditions  of  two  readings 

Pi(al)==  Pi  I  OTCl)* 

In  accordance  with  the  previously  known  results  of  measurement 
theory  (§1.6)  we  can  write 

Pi  («1 !  otcs)  =  Kpi  (aa)  P  (a*  OTCW  I  *»)•  (  7  ) 

Using  the  expression  for  normal  distributions,  we  find  after 
taking  of  the  logarithms 

(8) 

p 

Making  the  coefficients  of  cXg  and  a2,  respectively,  equal  in  the 
left  and  right  part  of  equation  (8),  we  obtain 

_ l _ ,  l 

Bp  ft  ITC1  * 

_ _  ft  i 

ai  — ^np^ - r  az  otch  "75 7“  • 

*  "tup 

Using  (4)  and  (5),  we  find  the  final  expressions  for  the  optimum 
estimate  and  scatter  of  the  second  reading 
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®l  4"  Dt  ,IC,  (a»  otcs  ~  aj  )» 

_ L _ i _ | _  • 

In  an  analogous  manner  we  can  find  the  expressions  for  the  optimum 
estimate  and  scatter  of  the  third  and  generally  mth  reading 


- 

»  — .  >  ^m0rCH 

(13) 

1  _  I  ,1 

Dm  1  +  L  ^mOtn 

(14) 

Utilizing  these  expressions  and  introducing  the  results  of  the 


readings,,  we  call  consecutively  find  the  distribution  parameters  for  th>; 

i 

second,  third,  etc.,  measurements  and  thus  determine  also  the  corres¬ 
ponding  optimum  estimates. 

Every  subsequent  estimate  (13)  is  composed  of  the  estimate  pre- 

'  •ft 

dieted  on  the  basis  of  the  preceding  reading  (“m  pr  =  am_i)  and  error 

* 

signal  (o^  ~  am  2.)  multiplied  with  the  weight  factor 

1 


(15) 


Thus,  the  'results  of  the  readings  are  introduced  consecutively 
and  up  to  the  moment  of  obtaining  the  mth  estimate  it  is  not  necessary' 

to  store  in  the  memory  of  the  computer  the  results  of  all  the  preceding 

A  ■$£ 

estimates  but  it  is  sufficient  to  store  the  optimum  estimate  and 

its  scatter  D  .  , . 

m~l 


Let  us  point  out  that  the  abovedescribed  processing  sequence  is 
not  the  only  possible  one.  One  could,  for  example,  obtain  m  estimates 
ap  a,,  . . . ,  a'm  at  once.  The  estimates  of  the  parameters  from  to 

•ft 

am  1  "^ien  will*  generally  speaking,  be  more  accurate  than  those  obtain- 
/ 

ed  on  the  baftis  of  a  smaller  number  of  readings.  However,  the  estimate 

•Y.  ' 

c^,  as  can  bp  shown,  is  exactly  toe  same  as  with  the  consecutive  pro¬ 
cessing  procedure,  Because  in  radar  the  accurate  determination  of  the 
preceding  estimates  is  usually  not  of  independent  interest,  it  is  best 
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to  use  consecutive  processing. 

§8. j.  CONTINUOUS  AND  INTERRUPTED  REGIMES  OF  CONSECUTIVE  DROCESSING  FOR 
MOTIONS  WITH  INDEPENDENT  AND  STATIONARY  FIRST  INCREMENTS 

In  order  to  illustrate  the  realtions  of  §8.?.  and  to  trace  the 

accumulation  of  information  on  the  distance  a,  let  us  first  consider 

the  simplest  case  in  which  Di71=  0  f0r  an  arbitrary  m.  This  case  under 

the  condition  M{Ztn)  =  0  corresponds  to  an  unchanged  distance  to  the 

target. 

By  virtue  of  the  relation  [  (14)  §8.2]  we  then  find 

Dm  Dm— l  ^  '  Dm  oxen  (^") 

The  quantity  74—  entering  into  the  right  part  of  the  equation  we  can 
find  from  a  relation,  analogous  to  (1)  in  which  m  is  replaced  by  (m  -  1). 
Repeating  this  procedure  and  taking  into  account  that  D„—oo  (pre- 
experimental  data  on  the  measured  quantity  a  are  lacking  as  stipulated) 
we  can  find 


IF 


'•j _ _ 

Dm  f„  j  Dm  oxen 
«=i.  ; 


(*) 


The  relation  (2)  corresponds  to  the  wellknown  situation  in  which 
the  scatter  of  the  estimate  is  calculated  on  the  basis  of  the  known 
scatter  of  observations  with  different  accuracy.  In  particular,  if  the 
scatter  of  all  readings  is  the  same,  the  scatter  of  the  mth  estimate 
is  m  times  less  than  the  scatter  of  each  reading. 

Further,  we  can  obtain  from  the  relations  [(13)  §8.2]  that 


<?< 


8m— J  .  oxtn 

t 


D; 


■Dm 


(3) 


i 

•  Dm 


i. e. ,  that  the  mth  estimate  is  combined  of  the  (m  —  l)th  and  the  re¬ 
sult  of  the  mth  reading  with  weights  which  are  inverse  to  the  respect¬ 
ive  scatters.  Using  the  formula  (3)  consecutively  for  the  calculation 

-  247  - 


-  v' 


of 


1,  m  —  2,...,  1)  and  taking  into  account  (2),  we  obtain 


*  cn  Qtcn 

OTCn 

<=-^ - .  (*0 

.  O  — 

.  /-  1  Of  Cl 

n=l 

-ft  I 

i. e. ,  the  estimate  am  the  weighted  average.  'It  is  composed  of  the 
results  of  all  the  preceding  readings  with  weights,  which  are  inverse 
to  the  scatters  of  these  readings.  If  the  scatters  are  equal,  the 
weighted  average  estimate  is  transformed  into  the  arithmetic  mean  of 
the  results  of  the  readings. 

It  is  clear  from  the  expression  (2)  that  at  £>4=0  the  scatter 
Dm  of  the  estimate  decreases  consecutively  with  an  increase  in  the 
number  of  readings.  For  example,  at  equal  scatters  of  the  readings 


OTCH - ^OTC‘l 


we  shall  have  •  £>_=— —  .  It  would  seem  that  with  a 

m  m 


sufficiently  large  number  of  measurements  one  could  reduce  the  errors 
as  much  as  desired.  This  is  really  true  for  absolutely  immobile  tar¬ 


gets.  However,  the  usually  existing  position  ambiguity  expressed  in 
the  fact  that  0  ,  limits  the  process  of  error  minimization. 

Let,  for  example,  the  scatter  of  all  readings  be  the  same  Da~ co, 
and  the  magnitude  be  -l-Dctc «,••..  Then,  consecutively  using  formula 
[(14)  §8.2],  we  obtain:  , 


,Dt - D0  TOHl 

Dj  —  rprJDoici  ~  0,-cj4D(/tch, 

D$  =  J^  DotCH  ~  0,‘j  IZ^OICM 
— JjgT  ~  0,37i?OTCH» 
Dt  =  j|  yjg  Dora  OffiDoicn, 


It  is  evident  from  the  above-presented  calculations  that  with  op¬ 
timum  processing  a  stabilization  of  the  error  scatter  takes  place. 

The  stabilized  value  of  the  error  scatter  can  be  obtained  from 
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•X 


Eq.  [(14)  §8.21  on  the  assumption  for  the  case  of  periodic  measure 
ments  at  a  certain  interval  T,  that 

Dm—  Dm_l=m  D, 

Dm  otci  ^jDorcn 

D^DV  ■ 


The  equation  for  the  scatter  of  the  stabilized  process  has  the 


form 


i 


! 


D 


D  +  Dl  •  Dqtc i 


(5) 


or 


hence  we  have  for  D  >  0 


D* + DJ)  —  Dfiow  —  0, 


D^~  (-  D,+  Y D\  +4 DkD01CHy 


(6) 


In  particular,  for  the  above-considered  example  the  stabilized 
value  is 

D'=—^~Dotcs  ~  0,33DOIcs* 

Simultaneously  with  the  stabilization  of  the  value  of  the 


stabilization  of  the  magnitude  of  the  ratio 


Pm  __ 

Dm 


takes  place. 


which  characterizes  the  algorithm  of  the  consecutive  method  of  obtain¬ 
ing  estimates  [(13)  §8.2], 

For  the  stabilised  regime  is  valie 

D 


A  = 


Dq 


(7) 


where  D  is  determined  from  (6). 


It  follows  from  the  relations  [(13),  (14)  §8.2]  and  (7)  that  in 

*K* 

the  stationary  regime  any  following  estimate  am  is  obtained  from  the 
preceding  and  the  result  of  the  last  reading  am  0^.sc^  by  the  same 

rule,  regardless  of  the  number  of  the  observation: 


•  I! 
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>  .* 
$ 


J#-' 


(am  OTCH - ,)• 


(8) 


§8.4.  REALIZATION  OF  THE  OPTIMUM  CONSECUTIVE  PROCESSING  FOR  A  STABLE 
MOTION  WITH  STATIONARY  FIRST  INCREMENT 

The  circuit  of  the  computer  corresponding  to  the  optimum  proces¬ 
sing  rule  [(8),  §8.3]  is  represented  in  Fig.  8.4.  The  operations  of 
algebraic  summation  are  carried  out  by  the  adders  1  and  2.  The  first 

adder  calculates  the  signal  error  on  the  basis  of  the  result  of  the 

* 

;ast  reading  aotsch  and  the  preceding  estimate  am_^. 


Fig.  8.4.  Circuit  scheme  of  the  de¬ 
vice  for  the  consecutive  elaboration 
of  optimum  estimates  in  the  station¬ 
ary  regime  with  independent  and  sta¬ 
tionary  first  increments  of  the  mea¬ 
sured  quantity  a.  a)  otsch. 


The  estimate  am  is  given  by  the  second  adder,  whose  input  has 
been  supplied  with  c^_1  and  the  signal  error,  multiplied  by  the  con¬ 
stant  weighting  coefficient  A.  The  preceding  estimate  is  taken  from  the 
delay  line,  connected  with  the  output  of  the  second  summator.  *  The  de¬ 
lay  in  the  line  is  assumed  to  be  exactly  equal  to  the  repetition  period 
of  the  readings.  The  multiplication  with  the  constant  weighting  coef¬ 
ficient  A  can  be  carried  out  in  a  potentiometer,  amplifier,  etc. ,  cir¬ 
cuit. 

The  computer  circuit  scheme  thus  obtained  contains  two  closed 
circuits  with  feedback.  One  of  these  is  outlined  oy  a  dotted  line  and 


is  simply  a  recirculator  circuit  (see  Fig.  5. 16), 


rtf  „ 


'  V-V.  , 


In  order  to  give  another  important  interpretation  of  the  proces¬ 
sing  scheme  derived  above  (Pig.  8.4)  let  us  introduce  the  transmission 
characteristics  of  the  recirculator  from  its  input  to  the  output  of  the 
summator  ( p )  and  from  its  input  to  the  output  of  the  delay  line  ^ ( p ) . 
This  means  that  if  the  voltage  e^  (in  the  operator  form)  arrives  at 
the  recirculator  input,  the  voltage  K1(p)e^°  is  taken  off  from  the  out¬ 
put  of  the  summator  2  and  the  voltage  K2(p)e^  from  the  output  of  the 
deD&y  line.  Hence,  taking  into  account  the  peculiarities  of  the  sum¬ 
ming  operation  and  the  delay  in  this  circuit,  we  have 

ept+K>(p)tvl=Kl(p)evt, 

4'j  (p)  zp  r,=  K2  (p)  e** 


hence 

Kt(p)=Kx(p)e-fT. 

If  the  process  of  fluctuation  of  the  quantity  a  is  fairly  slow 
(compared  with  the  period  T),  then  the  discrete  sequence  of  the  values  ^ 
am  can  be  replaced  by  the  function  a(t)  whose  spectrum  does  not  con¬ 
tain'  frequencies  greater  than  1/T. 

In  order  to  obtain  an  estimate  of  this  function  we  assume 


so  that 


e“'r~l  -pT, 


KAp)~jr 


This  means  that  the  recirculator  can  be  replaced  by  an  integrator.  Then 


(4) 

applies,  which  corresponds  to  the  voltage  difference  between  the  out¬ 
put  and  input  of  the  integrator. 

In  practice,  instead  of  the  difference  am  0^.sch  -  am  we  can 
introduce  in  the  circuit  scheme  Pig.  8.4  quantity  which  is  proportional 
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to  it,  which  correspondingly  modifies  A  in  this  circuit.  The  quantity 

■X*  . 

proportional  to  (am  “  am  y)  obtained,  for  example,  by  means 

of  a  time  discriminator  in  the  form  of  a  error  signal  voltage. 

Thus,  the  scheme  devised  in  Pig.  8.4  corresponds  to  the  well-known 
selftracking  distance  circuit  with  single  error  signal  integration. 

The  scheme  of  Fig.  8.4  records  only  the  measured  coordinate  (dis¬ 
tance)  and  does  not  record  the  rate  of  its  change.  If  in  contrast  to 
the  above  assumptions  the  first  increment  has  a  finite  mathematical 
expectation,  the  error  on  account  of  not  knowing  the  rate  of  motion  .is 
transformed  from  a  random  to  a  systematic  error.  This  error  has  been 
given  the  special  designation  dynamic  speed  error.  It  is  not  present  in 
a  circuit  with  two  recirculators  (integrators)  which  is  the  best  for  a 
motion  model  with  independent  second  increments. 

§8.5.  OPTIMUM  CONSECUTIVE  PROCESSING  OP  THE  OBSERVATION  RESULTS  FOR  A 
MOTION  WITH  INDEPENDENT  SECOND  INCREMENTS 


For  the  motion  model  with  independent  second  increments  there  is 

a  connection  not  only  between  the  measured  quantities  a  and  but 

also  for  their  first  increments  and  6^  , .  Hence  it  is  preferable  to 

m  m-i 

store  data  on  a  as  well  as  on  6. 

Assuming  that  in  the  result  of  the  reading  (m  —  1)  a  postexperi- 
mental  probability  density  pn..t (»«,-„  ,),  is  obtained  corresponding  to 

a  two-dimensional  normal  distributional  law: 


* 


Am -l  (3m- 1*  ^m-i) 


=  X 


X«xp[ 


I  <  am—  -  I.U"  'm—0 


2  (^•(m—l/4  («-•!# 


—  2/Cm_|  (Jm-i 


J' 


(1) 


Here  Dw(m_„  and  -  are  the  scatter  of  the  measured  quan¬ 
tities  cm_,  and  after  the  (m  -  l)th  measurement;  a....,  is 
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the  correlation  element  connecting  these  quantities;  and 

are  the  mathematical  expectations  or,  which  j.s  the  same,  the  op¬ 
timum  estimates  of  these  quantities. 

Using  the  distribution  (1)  and  taking  into  account  the  regulari¬ 
ties  of  the  motion  and  the  result  of  the  mth  reading  of  am  otsch,  we 
can  find  the  probability  density  p,n (*m,  $m)  in  analogy  to  §8.2,  where 

the  distribution  pm.t  (a,,,.,)  had  been  found  on  the  basis  of  the  dis¬ 
tribution  p,r.  (a  m) 

An  intermediate  stage  is  the  prediction,  i. e. ,  the  detection  of 
the  conditional  probability  density  of  the  distribution  of 

the  predicted  values  am  and  &m  by  means  of  the  data  of  the  preceding 
(m  —  1)  readings. 

,We  shall  carry  orn  the  prediction  in  accordance  with  the  relations 


=  “»» -  »  +  Sm  -  ,  +  i». 

We  take  advantage  of  the  wellknown  expressions  for  the  mathema¬ 
tical  expectations,  scatters  and  correlation  moments  of  the  connectivi¬ 
ty  of  the  sums  of  random  quantities: 


M  [u  v  za} = A/  {«}  A1  {»} + M  {u>}. 

W 

■  4-2/({«.  «/}+2/C{«.  w}+2K{v,  tv}. 

(5) 

A' {«-f ''■  +  »»  r  +  ^}=A{a,  i}4-A{«,  s}-{- 

+  r}4-/C{»,  5}. 

(5) 

In  particular,  using  expression  (4),  we  take  the  mathematical 
expectations  from  both  parts  of  the  Eqs.  (2),  (3). 

We  take  into  account  that  after  the  (m  -  l)th  reading  the  mathe¬ 
matical  expectations  of  the  quantities  and  om_,  correspond  to 

their  estimates  am_i  and  ^  ,  those  of  am  and  6m  by  the  estima¬ 

tes  am  pr  and  6m  Qr,  predicted  on  the  basis  of  the  previous  reading. 


l  ' 


t 
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zcss-asssz. 


and  that  the  mathematical  expectation  of  Ym  has  been  stipulated  to  be 
zero. 

We  then  obtain 

«map  =  a‘_i4-o*_iI  (7) 

smnp  =  ^.|.  (8) 


Using  (5)  we  find  the  scatter  of  both  parts  of  Fqs.  (2)  and  (3). 
Taking  into  account  the  independence  of  the  increments  Ym  from  all 
prec  ding  increments,  and  of  course,  from  a.m.t  and  om_,  ,  we  have 

Ym}  =  /C{?<m„t,  Ym}  =  0. 

The  scatter  of  the  predicted  values  of  a  and  6  then  will  be 

*  mm 


DlmuV~  Di(m-l)-V  D7m-  < 10 ) 

Finally,  using  (6),  we  find  the  correlation  moment  of  connectivi¬ 
ty  y  _ y \  .  By  virtue  of  the  relations  (2),  (3),  (6)  and 

the  independence  of  the  second  increments,  we  obtain 

Knap—Km.l+Dl(n_l)~{-Dxn.  (ii) 


The  quantities  am  and  6m  obviously  have  a  normal  distribution  as 
the  sum  of  normally  distributed  quantities. 

•  Hence  the  five  parameters  [expressions  (7)-(ll)l  found  in  analogy 
to  (1)  determine  the  without  ambiguity  the  distribution  law  of  a  and 
b^after  the  prediction 


Pm-i  (®m>  °m)  — 


W*>, 


D  —  K ^ 
mm  apim  op  op 


=x 


X6Xp  f  °P a<*  ^  np  P* 

I  2  {Oprm  r  ^  — 


mm  ap  im  r.p  “ 


(12) 


““  2/Cm  aw  (*m  ~~  a 9)  n?) 


This  law  we  shall  consider  as  preexperimental  with  respect  to  the 
moment  of  the  mth  reading. 

After  the  reading  has  been  obtained  one  can  find  the  postexperi- 
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(13) 


mental  distribution  law  of  the  same  quantities 

Pm(ami  ^m)==^m-j(cmt  ! am  Otcs)  = 

s==  KPm-i  (am*  *‘m)P(pm  OTC>i  |  &m)> 

If,  as  in  [(1)  §8.2],  it  is  assumed  that  the  measurement  errors 
am  are  caused  only  by  noise*  and  that  the  law  of  their  distribution  is 
normal  with  a  mathematical  expectation  of  zero  (absence  of  systematic 
error),  we  obtain 

p(*m  OTci  I  am»  ^m)  —Pfam  otc*i  I  *m)  — 


rr 


(a,-" 


2°-, 


(14) 


"j/* 2r.Dm  oic. 

Substituting  (12)  and  (14)  into  (13)  and  using  for  p,a(am,  &,„)  a 
notation  analogous  to  (1)  with  the  substitution  of  (m  -  1)  by  m,  we 
find  after  taking  of  the  logarithms 

r>'mPrn- _ 


2 

D Im  np  t8"  am  npl*  ~1~  Dyninp  °>) 

2  np^tm  np 


(15) 


*  2/Cw  up  (flm  **~  gm  g p)  (^m  n  p)  j  (^ih^^wotc^ 

_/C2np)  20.»t„ 


-const. 


By  consecutively  comparing  the  coefficients  at  c®,  o“,  a„fi„ 


and 


6^  in  the  left  and  right  part  of  Eq.  (15)*  we  obtain  five  equations, 
which  connect  the  parameters  of  the  postexperimental  distribution  with 
the  parameters  of  the  postexperimental  distribution  with  the  para¬ 
meters  of  the  preexperimental  (predicted  distribution  and  the  distri¬ 
bution  (14)  of  the  reading  errors: 


m 

Dim np  i  1 

(16) 

p  * 

Dam 

&un  np 

(17) 

np  ^ 

A'm 

_ Am  np 

(18) 

np  9 
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.  ,  *5*  , 


■SS'^-=2^SE3BE^E15 


&lmam~~  Km<>m  &lm  npa"*  "P  "“  =  P*' 


cpvm  op  .  aM  otci 


im 


■r>. 


'*Pm —  ^g/nm Ar  npam  np  ~  „),um  up 

A»  A*  gp 


(W) 


Here  is  Am  —  ^urPlm  Km*  ^"»ny — ^»muiAmnp  ^mnp  • 

By  multiplying  the  equations  (16)  and  (17)  and  subtracting  the 
squared  equation  (18),  we  find  the  relation  for  Am 

!  _  1  (-it  ^am  np  \ 

Am  Am  ap  \  oto'C  / 

Using  the  value  of  Am  thus  determined,  we  find  from  (l6)-(19)  the 
expressions  for  the  parameters  of  the  mth  distribution  of  Dmt  Dw  Km 
and  a*,8l  .  If  we  introduce  the  coefficients 

tn  m 


Am=- 


am  np 


Bn 


Kr,  , 


I  Rp 


np  + 


the  sought-for  expressions  assume  the  simpler  form: 


0__=  AmD 


_  mum  otct» 

®\nrz  np  “  BmKm  np* 

Km  BmDm  otch* 

S,,553  ®m  np  ~J~  Am  («m  otc<  “  am  np)* 

3^,5=*=  8mnp~f"^m(ai«OTon  ®m  np)* 

By  substituting  in  the  expressions  thus  obtained  the  parameters 
(7)- (11),  which  characterize  the  results  of  the  prediction,  we  express 
the  parameters  of  the  mth  distribution  directly  via  the  parameters  of 
the  (m  -  l)th  distribution  of  the  mth  reading: 


Am — 


D*jm- 1)  +  DVm- 1)  ‘K^-i  +  Dyn 

*W_|)  +  I)  +  2/Cm- 1+0,*+  °m  »T« 


p _ Dym— 1 )  t  Km  - 1  +  _ _ 

~~  ^«-I)  +  DHm-\)  +  +  DV*  +  Dm  ,>Ie, 


Dvn==  AmDm  otcs* 


&Ui—  (m_|)+  Pvn~  i  +  ^Hm~U  H“ 


(20) 

(21) 

(22) 

(23) 
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Km=BmD 


m  —  OTC*l» 


am  ®m— I  "i“  Sm-1  "4“  (a"‘  <'rc‘i  ~~  *m- 1  —  5m-l  )» 


^*1“  ®ct-I  "1“  (an>  otcn  —  am_|  ®m-l  )* 


Using  the  above  formulas  (20)- (26)  and  introducing  the  results  of 
the  readings  (m  =  1  ,  . ..),  we  can,  as  in  the  case  considered  in  §8.2, 
find  consecutively  the  parameters  of  the  distributions  of  the  measured 
quantities,  thus  determining  the  corresponding  optimum  estim  tes.  Any 
subsequent  estimate  (25),  (26)  is  composed  of  the  estimate  (  am_.  -rK,~. 
and  s*  ,  respectively)  predicted  on  the  basis  of  the  preceding  read¬ 
ing  and  the  error  signal  (  «moiM  —  <£_,  —  ),  multiplied  by  the 

corresponding  weight  factor  or  B  .  The  error  signal  is  calculated  as 
before  as  the  difference  of  the  reading  am  0^.sch  and  the  predicted  va¬ 
lue  of  the  measured  quantity,  which,  in  contrast  to  §8.2,  is  plotted 

* 

by  taking  into  account  the  estimate  of  the  first  increment  6m  ^  (i. e. , 
the  speed  estimate). 

§8o  6.  ’UNSTEADY  AND  STEADY  OPTIMUM  L  JSECUTIVE  PROCESSING  REGIME  FOR  A 
MOTION  WITH  INDEPENDENT  AND  STATIONARY  SECOND  INCREMENTS 

Inj‘  order  to  illustrate  the  relations  of  §8.  5  and  to  trace  the 
accumulation  of  information  on  distance  and  speed,  let  us_  first  consi¬ 
der  the  simplest  case,  when  D^m—D^= 0  •  With  periodic '  target  sweep 

this  corresponds  to  a  target  motion  with  a  strictly  constant,  although 
unknown  speed.  For  the  sake  of  simplification  we  assume  that  the  scat¬ 
ter  of  all  readings  is  the  same  and  equal  to  DQ. 

Let  us  trace  out  the  consecutive  processing  of  the  readings  fr  ’ 

f 

this  case. 

Assuming  that  up  to  the  first  reading  information  on  and  6^ 

* 

is  lacking,  we  assume  0^sc^  and  D^  =  DQ.  In  view  of  the  fact 

that  one  cannot  give  a  speed  estimate  on  the  basis  of  the  results  of 
a  single  reading,  we  assume  d1{=  co,  Kt~~ 0  •  Substituting  these  values  into 
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[(20)-(26)  §8.5]  and  assuming  n  =  2,  we  find  Ag  =  B2  =  1  i.eM 

Dj=Dt,  Z>tt=2D„  /C*=i)fc, 

\  OTCW»  °2  ==  0TC4  aiOTC«* 

Assuming  that  m  =  3,  we  obtain  Ag  -  S>/  end  =  1/2,  i.  e. , 

^=XD»*  ^  =  TD- 

«J=a^-|-82-l — (a,  ores  — 

/  5;=s;+t^otM— a;-s;) 


or 


*  *  1  •  1  5 

*3  — - g*®i  oics“T  ‘3"a*ow<"r“g-a*  otch» 

83  —  “2~  (®*  OTCH -  ®l  OTCh)* 

For  m  =  4  we  shall  have  Bt=—  i.  e. , 


io*  *  10 

D«=WD*’  ^=10  d*' 


•  7  /  •  \ 

a4~ "*3  1~03  t  in'®*016'*  ®3  “3/* 


8^  —  O3  -J-  (a4  oICh  —  a3  —  o3  ) 


or 


•—  2  ,  I  ,4  ,7 

a*  —  f0  ®»  otcm“T  “jo"  a*  orcH”r "{o’  ®J  oxcH~T  *jo  a,»  °sc,‘» 


3  I  ,1  3 

— - jo-  a>  OTC'I - JQ  ®J°cCH"r  To  ^jOTCfr  jpa4  OTCH* 

It  can  be  seen  that  in  proportion  to  the  inout  of  new  readings,  the 

scatters  D  and  in  are  reduced, 
can  ora 

The  scatter  D6m  decreases  particularly  quickly,  which  is  the  case 
in  reality  only  if  the  motion  if  completely  regular  (  DJ= C  ).  The 


optimum  coefficients  Am—  -r,-- --  and  » 

Ums  OTOX  rr 


,  by  means  of  which 


Jw\  OTOH  m  Dm  OTOH 

the  new  estimates  are  worked  out,  also  vary  from  one  measurement  to  the 
next  in  consequence  of  the  improvements  of  the  estimates.* 
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The  usually  existing  ambiguity  of  the  lav;  of  motion,  consisting 
in  the  fact  that  0,  limits  the  process  of  error  reduction,  also 
results  in  the  establishment  of  optimum  values  for  the  coefficients 

Am  and  V 

If  the  optimum  measurements  are  carried  out  periodically,  and  if 
A.,,---  D_  const  and  A,.OTc<<  =  0,=const  >  the  stable  values  are  found 

DM=D  ,  \ 

t/n  «** 

“> 

A',,.=a,  J 


*  lm  — 

Bm^B. 


It  follows  from  the  relations  (2)  that  with  the  stable  regime  of 
optimum  measurements  any  consecutive  estimates  are  obtained  from  the 
preceding  measurements  and  the  result  of  the  last  reading 

am  otsch  by  11163118  of  same  rule  independent  of  the  number  of  the  ob- 


servati  xi: 


am  am~ I  “t”  °n~l  “i~  ^  (am  OTCi  am_j  °m-l  )> 

Sm=  °m-i  “t"  ^  otch  am-l  r'm_,,  }• 


The  circuit  scheme  of  the  computer  corresponding  to  this  proces¬ 
sing  rule  is  shorn  in  Fig.  8.  5. 


Fig.  8. 5.  Circuit  scheme  of  the 
device  for  obtaining  consecutive 
optimum  estimates  in  the  smooth 
regime  in  presence  of  independent 
and  stationary  second  increments 
of  the  measured  value  a.  a)  otsch. 
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N  x'Z,^  ’  'Zx&.^...  < 


*'~qf :"i?‘f«-|tv 

\  — >  ='  '  l:  . 


In  this  scheme  the  operations  of  algebraic  summation  are  carried  * 
out  by  the  adders  1,  2,  3.  The  first  adder  calculates  the  signal  error 
on  the  basis  of  the  result  of  the  last  reading  o^  Qtsc^  and  the  preced¬ 
ing  estimates  a°_,  and  ?/_,  .  The  calculated  error  signal  is  used 

-X- 

for-  obtaining  the  estimates  am  and  6^. 

■X* 

The  estimate  am  is  delivered  by  the  second  adder,  whose  input  is 
supplied  with  the  preceding  estimates  and  ?/_,  and  the  error 

signal,  multiplied  by  the  constant  weight  coefficient.  The  preceding 


estimate 


m~I 


is  taken  from  the  output  of  the  delay  line  at  the  time 


T.  The  input  of  this  line  is  connected  with  the  output  of  the  second 
adder.  The  estimate  is  supplied  to  the  first  adder  for  the  cal¬ 

culation  of  the  error  signal. 

* 

The  third  addez:  delivers  the  running’  estimate  6  ,  and  the  preced¬ 


ing  estimate 


*«-»• 


mJ 

which  is  used  in  the  first  two  adders'  is  taken 


from  the  output  of  the  delay  line.  For  tills  purpose,  the  input  of  the 
third  adder  is  supplied  with  the  preceding  estimate  £*_,  and  the  er¬ 
ror  signal  from  the  first  adder  multiplied  by  the  weight  coefficient  B. 

This  computer  circuit  scheme  contains  several  closed  circuits 
equipped  with  feedback,  two  of  which  represent  recirculator  circuits. 

The  recirculators,  as  pointed  out  previously  in  §8.4,  are  analog  integ¬ 
rators. 

Finally,  let  us  analyze  the  stationarity  conditions  (1),  (2)  and 
find  the  stable  values  Da,  Dfi,  K,  A  and  B  as  a  function  of  DQ  and  D^. 
Omitting  in  [(20)-(24)  §8.5]  the  subscripts  nfand  (m  -  1),  we  obtain  for 
the  five  desired  quantities  five  equations,  three  of  which  are  nonline¬ 
ar.  In  order  to  facilitate  the  solution,  we  introduce  the  new  variable 

■.  *=-£«>.+ P.+  2K+D).  (4) 

■  * 

The  equations  [(20)-(24)  §8.5]  can  then  be  transformed' thus: 
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fi(H-l)D.=i)4+J<C+DlI 


D=zAD> 


£(0,+K+*>t>=lV 


K—BD* 


(D,-|-A'-;-..  /  and  B  in  (6)  and  (8)  we  express  by  DQ,  and  _s: 


^  ^ - £\  ^  uiiu  -i— '  a-Jii  \w/  /  ’ 1  —  v*  ^ J~'ty  '■,*’**'-*  ^  • 

•  (10) 

fi=aV^  00 

/ 

Then,,  by  virtue  of  (9)  and  (11),  we  have 

/c=rqrrl/  D-tD»(s+l>  •  (12) 

Further,-  by  virtue  of  (10)  and  (12),  we  have 

d*=s-FI';'c.0-(s  +  i)-d,-  (13) 

Finally,  from  the  relations  (7)  and  (5)  follows 

(2.4) 

Thus,  the  three  unknown  quantities  and  K  are  expressed  by 

the  new  unknown  _s.  Substituting  the  values  (12)-(l4)  thus  obtained  in 
(4),  we  find  the  equation  for  s: 


. _ L..=1±1:/%jl.S)- 

s+  1  \+s/  ' 


(15) 


Squaring  the  two  parts  of  Eq.  (15),  we  transform  the  equations  fo:i 


^  thus 

( (s) — (2+s)'(i  +5)=b7"  ( 16 ) 

The  function  f(s)  is  monotonous  and  Eq.  (16)  can  easily  be  solved 

graphically.  This  enables  us  to  find  s  for  any  relation  £r  and  to 

calculate  /..  3,  ~ and  -£-• 

D«  Dt  d. 

Let  us  stop  to  consider  the  case  oi  small  values  of  the  relation 
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s  i—  -X 


.^k  ,  .  • 


which  is  convenient  for  computation.  At  the  same  time  this  case 
enables  us  to  follow  the  increase  in  the  accuracy  of  the  estimates  and 
its  limitation  by  means  of  the  final  value  of  D^.  To  a  small  relation 
fl  correspond  small  values  of  s,  so  that  we  can  assume  in  (16) 

b.  i  —  N  7 

(2+s):«2  and  (i4-s)^i  ,  Then  we  obtain  from  (1 6)  .iL~  —  or 

_  "  '  4  Dt 

.  (This  approximation  can  be  used  if  $<1.  ). 

The  relations  (12)-(l4)  then  give: 

(!7> 

'  *=£=/?•  (,8; 

Vw)D,-  (■») 

Let  us  illustrate  these  relations  by  an  example.  Let  £>#=10’ 
and  d^=IQ~1  .  Then  from  the  approximate  relations  (17)-  (19)  we 

obtain  s^.0,14,  A  =  0,14,  5=0,01  and  Ds=.  ko  j?  ,  i.  e. ,  the  mean  square 
Measurement  error  in  this  case  amounts  to  approximately  12  m  at  a  mean 
square  error  of  a  single  reading  of  about  30  m. 


Thus, 


the  measurement  error  to  be 


reduced  as  compared  with  the  error  of  a  single  reading. 


It  should  be  pointed  out  that  in  the  absence  of  constant  acceler¬ 
ations  this  reduction  is  limited  by  the  random  accelerations  of  the  se¬ 
condary  emission  center  of  the  target.  The  latter  can  be  displaced  not 
only  in  consequence  of  the  nonuniformity  of  the  target  motion  but  also 
in  consequence  of  the  fluctuation  effect. 

The  smaller  D  ,  the  greater  is  the  possibility  of  increasing  the 
measurement  accuracy  during  the  process  of  repeated  processing.  However 
more  time  is  then  required  for  the  establishment  of  the  stationary  re¬ 
gime.  Conversely,  at  D,pDt  ,  when  ,  the  value  i.  e. 

the  measurement  accuracy,  are  not  increased  and  the  stationary  regime 

begins  practically  instantaneously, 
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,  _  f.  .*•>/  -  . 


1 


nr— 


Tnir,  case  corresponds  to  a  very  high  degree  of  discreteness  oi‘ 
the  readings,  when  the  information  on  the  target  arrives  rarely;  Hence 
it  is  evident  that  a  reduction  of  the  scatter  is  impossible  if  the  in- 
formacion  on  the  target  arrives  too  infrequently. 

It  is  readily  apparent  that  the  scheme  of  Pig.  8. 5.  with  two  re¬ 
circulators  (integrators)  was  developed  in  consequence  of  the  assumpt¬ 
ion  of  a  stationary  second  increment.  The  hypothesis  of  the  stationary 
first  increment,  as  we  have  shown  earlier,  leads  to  a  scheme  w: th  a 
single  integrator. 

Schemes  with  consecutive  processing  can  be  designed  not  only  when 
independent  leadings  of  the  measured  coordinate  are  carried  out  but 
also  when  a  linear  combination  of  a  coordinate  and  its  derivative  is 
read  off.  As  has  been  shown  in  M-7.7,  this  case  is  typical  for  a  signal 
which  is  frequency  modulated  in  accordance  with  a  linear  law. 

When  consecutive  measurements  are  carried  out  it  is  possible  to 
compensate  for  the  distance  measurement  error  (at  the  moment  when  the 
sweep  is  carried  out  or  at  any  other  moment  of  time),  connected  with 
the  lack  of  information  on  the  radial  speed,  because  the  processing 
scheme  contains  information  on  distance  as  well  as  speed. 

In  the  analysis  in  §8. 5  we  examined  the  case  in  which  only  the 
readings  of  only  one  measured  coordinate  a  were  introduced  into  the  pro¬ 
cessing  circuit.  For  the  signals,  discussed,  for  example,  in  §7.8  and 
7. 9,  independent  speed  readings  on  the  basis  of  the  Doppler  frequency 
are  also  possible. 

If  the  accuracy  of  these  readings  is  not  too  low,  it  is  feasible 
to  feed  them  into  the  processing  circuit  (Fig.  8.5)  in  combination  with 
the  generated  speed  error  signal  (  6,„oTc-i-6*ni_i  ).  A  case  in  which  the 

single  speed  measurement  is  accurate  but  ambiguous,  is  then  also  pos¬ 
able  (§7.8).  If  the  processing  circuit  for  the  coordinate  readings  en- 

-  263  - 
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ables  this  ambiguity  to  be  eliminated,  the  modified  circuit  will  de¬ 
liver  accurate  and  unequivocal  speed  values  which  results  in  a  decreas 
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error  of  the  measurement  of  the  coordinate  a  (distance). 


[Footnotes] ' 


Let  us  point  out,  however,  that  most  of  these  relations  re¬ 
main  valid  for  other  cases  of  periodical  as  well  as 

nonperiodic*- 1  Measurement  s . 

Instead  of  this  line,  a  nonlinear  time  delay  circuit  can  be 
used. 

In  particular,  we  have  in  mind  that  the  speed  error  of  a 
single  reading  (§7.7)  is  absent,  i. e. ,  that  the  result  of 
the  reading  depends  only  on  affi  and  not  on  6  . 

Let  us  point  out  that  the  variation  in  the  optimum  values  of 
the  coefficients  A  and  Bm  takes  place  not  only  during  the 

regime  of  estimate  improvement  but  also  during  the  reading 
dropout  when  the  scatter  of  the  individual  readings  becomes 
infinite. 


[Transliterated  Symbols] 


otc'i  =  otsch  =  otschet  -  reading 
np  =  pr  =  prognozirovannyy  =  predicted 
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APPENDIX  . 


Appendix  1 


QUALITATIVE  DETECTION  INDICES  WITH  SQUARE  SIGNAL  SUMMATION 
Let  the  voltage  at  the  output  of  the  square-law  adder  be 


u=u-+  u*+... +U‘M,  (1) 

where  U^,  U0,  , U^  are  independent  random  quantities,  distributed 
in  accordance  with  the  generalized  law  of  Rayleigh 


p(U,)=>U,U<lLU{)e 


(y,s»o). 


The  mean  square  noise  voltage  in  the  relation  (2)  has  been  as- 

$ 

sumed  to  be  equal  to  unity.  Let  us  now  find  the  distribution  law  of 
the  voltage  U  at  the  adder  output.  For  this  purpose  we  write  first  the 
distribution  law  for  a  random  quantity  =,  u* 


3  , 

,  '  91  *r>l 
t  p(rif)=*-~  /,(?<  y'vjT)e  2  . 

The  characteristic  of  the  distribution  function  (3)  can  be  repre¬ 
sented  in ‘the  form 

«<(*)“  J 

By  replacing  the  modified  Bessel  function  with  its  integral  rep¬ 
resentation  [(9)  §3.3]  we  obtain 
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<>;  'i'.r.-'-:.  .  \  *,-• 


—r-  5 

3k» *  . 


and 


^  2*  oo  r  ^'2  ^  ^  "| 

®<  (*)  =  "fir  [d}  j"  «*P  Jtfc  / ijTcos  J  —  —— T|-  -r  d^. 


0  —CO 


Changing  over  to  the  new  integration  variables  /r„  cos?  =  -*> 
W*in?  =  y.  we  find 

C,=-L- 


,W"7S  J 


xtWI' 


—oo 
oo  I— /2s 


•«*  _ 
dye 


2  2 
?i  «/ 


2  _2il-/ic) 


or 


e(  (s)  =e 


_  Ql 


,20-J'ls] 


\-fis’ 


(5) 


The  characteristic  distribution  function  p(U)  is  found  as  the  pro¬ 
duct  of  the  characteristic  functions  ^(s).  Considering  that  the  en¬ 
ergy  of  all  pulses  is  the  same,  we  obtain 


M 


»y(*)=0  «<<*)=  C-4 


\~jl5 


(6) 


<=i 


(l  -  /2s) 


M  ’ 


Q1 


where  a  =  M-£  ,  or 


.Ad»'4 

®t/(i)  =  e  4AM-\\l-]2sJ- 


(T) 


The  desired  distribution  of  the  quantity  U  then  is 


/>(£/)=  2 iT  J  90{s)<riu,ds 


or 


p[U) 


d"-'  f 
dA"-'  3. 


A 

\-l-u 

c 

1  -  )2S 


c-Ws. 


(8) 


In  order  to  find  the  value  of  the  integral  in  relation  (8)  it  is 
sufficient  to  make  the  assumption  M  -  1,  i.  e, ,  u=rtl  •  The  probabi¬ 
lity  density  p{U)~p{-n>)  can  then  be  calculated  by  means  of  formula 
(3).  Noting  that  at  M  =  1,  the  quantity  ,  we  find 
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r  •'  "  ■<?¥< 


T\ 

- '  <-f  *  *  - - 
VS>* 


*r**v .  ’ 


(9) 


J_  f 

2  r. 


1-/2* 


l-  \  *~iu‘ds = 4- ^ 'iAU) c"  <0><* 


Because  (9)  is  valid  for  any  U  and  A,  it  dan,, be  substituted  into 
(8);  Then  we  obtain 

.  v 


P(U)< 


3  d 
dA 


3ji,r/Sj 


(10) 


In  the  differentiation  of  the  modified  Bessel  functions  one  can 
consecutively  use  the  following  relation: 

dx  1  “  /*+ 1 V*) 4*  ^  /«(•*•)  (fl=Q.  l«  2,..,). 

Then  we  obtain  finally 


M-I 


m-riM  ’  •"*"  ’  (11) 


where  a  = 

Formula  (11)  describes  the  distribution  at  the  adder  output  in 
presence  of  signal  plus  noise.  The  corresponding  formula  for  the  noise 
alone  can  be  obtained  if  in  (11)  we  go  over  to  the  limit 
at  A  -+  0,  In  order  to  discover  the  ambiguity  thus  obtained,,  we  make  use 

V 

of  the  fact  that 


•  Of)" 

- jjp“  tor  X  — *0. 


Then  we  obtain 


V"-'  ~T 


[U>  0)1 


(12) 


From  the  relations  (11)  and  (12)  we  can  derive  expressions  for 
the  correct  detection  and  false  alarm  probabilities  in  the  case  of  a 
rectangular  incoherent  and  non-fluctuating  pulse  packet.  • 


Af-I 


j  r  (U  \2  _ 


(13) 
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~  —  ---  -  ~r 


r'-env  -  7 


1 


'“Styhji  J  U 


c  2  dU. 


'UQpQf 


(14) 


where  Up0roo.  is  the  magnitude  of  the  threshold,  selected  in  accordance 
with  the  above-defined  false  alarm  probability  F. 

The  above  found  relation  (12)  makes  it  possible  to  estimate  also 
the  qualitative  detection  indices  in  presence  of  independent  fluctua¬ 
tions  of  individual  pulses  in  the  packet.  Because  this  case  (see  §3.6) 
is  equivalent  to  a  single  multifrequency  emission  with  independent 
fluctuations  at  different  carrier  frequencies,  the  qualitative  indices 
can  be  estimated  also  for  this  type  of  signal.  Square  summation  (1)  is 
che  optimum  form  of  processing  for  any  signal  with  independent  fluctu¬ 
ations  (see  §4.9)  at  an  arbitrary  ratio  of  the  mean  pulse  energies  and 
thb  speatral  noise  density. 

It  is  then  logical  to  conclude  that  in  presence  as  well  as  absence 

of  a  useful  signal,  the  amplitudes  in  formula  (1)  are  distributed  in 

accordance  with  the  Rayleigh  law.  Hence  the  distribution  (12)  for  the 
a 

sum  can  be  used  in  both  these,  cases.  It  is  merely  necessary 

to  remember  that  the  quantity  ''l  raken  in  (12)  as  equal  to  unity  for 
the  case  of  the  absence  of  a  useful  signal,  increases  in  its  presence 
in  accordance  with  the  relation  [(10)  §6.3]  i+-£-=i  +  jrp  times.  Taking 


this  into  account,  we  obtain 

Pta{U)dU  «=  pu 


(  ~  Y  (qc;) 


Thus,  the  probability  D  of  correct  detection  of  an  M  pulse  packet 
or  M  frequency  signal  with  Independent  fluctuations  with  optimum  pro- 
cessing  (part  of  which  is  the  square  summation)  will  be 

— -  f  S^-'e  1  d\, 

UA— II!  „  J 


l+£ 
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Integrating  by  parts,  we  find 


'Tzr 


£>■=  c 


A1'-1* 


Unou 


lW 


■(■+*)  I 


(16) 


The  false  alarm  probability  P  can  be  found  from  the  same  expres¬ 
sion  (16)  by  substituting  into  it  3  =  0 

For  example,  at  M  =  2  and  Upor0g  =  38  (in  units  vQ)  we  have 
I0-»  .  In  order  to  secure  a  correct  detection  probability  D  =  0.  9 

we  must  have  a  ratio  of  the  energy  of  a  single  pulse  to  the  spectral 
noise  density  of  -^-=5=35  or  the  same  ratio  for  the  total  energy  of  two 
pulses  5:70  f instead  of  the  ratio  _JL^.|no  in  single-frequency  op- 

N  iVp 

eration). 

A  slightly  less  accurate  result  is  obtained  if  the  detection  of 
the  packet  or  multifrequency  signal  is  carried  out  without  utilization 
of  optimum  square  summation.  Let,  for  example,  the  presence  of  a  sig.- 
nal  be  assumed  if  even  only  one  of  M  independently  fluctuating  pulses 
exceeds  the  threshold.  If  Dn  and  F,  are  the  probabilities  of  exceed- 
ing  of  this  threshold  by  any  of  these  pulses  (in  presence  or  absence  of 
a  useful  signal,  respectively),  the  probabilities  of  the  threshold  nou 
being  exceeded  by  a  single  pulse  will  be  (1  -  D^)  and  (1  —  F^)  ,  and 
the  probabilities  of  exceeding  the  threshold  by  even  one  pulse  will  be 

3  =  1  _(!_£)/* 

and 

F=  i-(i  —  / h)M. 


and 


In  particular,  at  M  =  2  for  D  =  0. 9  and  P  =  10"^,  we  have  J>,  =ss  0.68 
_r,  =*0.5.10-’  >  from  which,  using  [(12)  §6.3]  we  derive  11=5=85. 


Compared  with  a  single  nonfluctuating  signal,  the  fluctuation  los¬ 
ses  at  D  =  0.9  and  P  =  10“^  amount  to:  for  a  single-frequency  fluctua¬ 
ting  signal  (see  Fig.  6.5)  to  about  8.5  db,  for  a  two- frequency  signal 
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Appendix  2 

QUALITATIVE  INDICES  OF  THE  OPTIMUM  MEASUREMENT  OF 
TWO  PARAMETERS  FOR  A  SIGNAL  WITH  RANDOM  INITIAL  PHASE 


If  two  parameters  and  a2,  for  example,  the  lag  time  and  the 
Doppler  frequency,  are  measurec1  simultaneously,  the  post  experimental 
probability  density  in  Eq.  [(3)  §6.3]  is  replaced  by 

p,(a„  aa).  and  the  quantity  Z  will  be  z~Z(u,.'  <12)  .  By  carrying  out  the 

analysis  for  a  fairly  strong  signal,  we  can  use  the  wellknown  mathe¬ 
matical  relation  [(10)  §6.5].  Because  the  distribution  peak  p  (cu,  ctp) 

y  x  a 

is  then  fairly  narrow,  we  neglect  the  variation  of  the  denominator 
[(10)  §6.5]  within  the  limits  of  the  peak.  In  contrast  to  §6.5  vj  as¬ 
sume  that  the  preexperimental  probability  density  is  not  necessarily 
constant  but  has-  a  normal  distribution  with  scatters  d-^,  a2,  the  cor¬ 
relation  moment  k  and  the  preexperimental  mathematical  expectations 
and  a2.  Considering  that  the  signal  energy  is  independent  of  the  me¬ 
asured  parameters,  we  obtain 


P»  (a,.  «,)  =  C  CXp  Z  (<*,.  a,)  — 

d2  (x,  —  a,)’  +  —  a,)3  —  —  g,) (a,  —  g3) 

2 


We  use  a  Taylor  expansion  of  the  functions  z{«,,  Cs)  in  the  neigh¬ 
bourhood  of  the  true  values  of.1  the  parameters  and  a2Q,  which  are 
unknown  during  the  measurement,  limiting  the  expansion  to  the  second- 

i 

order  infinitesimal  terms: 
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^  (ai*  ®i) =  2  (®n.  *j()  +  ^«,(a» ,—  °«)  +  ^ci'a»  —  aii)  "f~ 

+ <.,  («» -  «ti)  (“*  -  ®«) +4-2.;^-  «..)* <«*  -  •%>*.  ( 2 ) 

All  derivatives  here  correspond  to  the  point  a1Q,  a 2Q. 

The  expression  (1)  is  then  transformed  into  the  two-dimensi  nal 
normal  distribution  law 

f  Z>,  {a,—  aft+D.  (a1-a‘)=-2/f(«1-a;,  (.,-«}] 

P,  («»•  «i)  =  C,  e*P  2  (5,0,  —  /C*J  J  *  ( 3  ) 

2  2 

We  put  together  consecutively  the  coefficients  at  and. 

a2  in  the  expressions  (1)  and  (3)>  using  (2).  Thus  we  obtain  three  e- 
quations^  containing  the  unknown  parameters  D^,  D2  and  K  of  the  post- 
experimental  distribution.  Multiplying  the  first  of  these  equations  by 
the  second  and  subtracting  the  third,  we  find  the  quantity  oto i— Vc*. 
after  we  obtain: 


where 


n, *»'• - 

W 

5,  - - 

v« -A,’., 

(5) 

^  i,»  a2  * 

4,4,— A,-, 

.  (C) 

^ 

iVi  *•»  +  rf, </,-£»  • 

(7) 

2  rf, 

iV«  *«•  1  dxdx  —  k” 

(8) 

•>  .  & 

•  •»"  ,  * 

ctAT,  *«.«,  1  ■</,</,-  A»* 

(9) 

If  We  compare  in  an  analogous  manner  the  coefficients  at  and 
a2  in  (1)  and  (3),  we  can  find  the  corresponding  expressions  for  and 


We  use  the  relations  thus  found  for  determining  the  scatter  of 
the  measurement  errors  for  the  lag  time  and  Doppler  frequency.  7or  this 
purpose  it  is  sufficient  to  put  3i  =  ?-  z=  z>a-,  f).  o,#  =  o  and 

c„  =  o  (see  §7.1  and  7*2). 
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As  an  example,  let  us  calculate  £>,  =  z>,  and  d,  =  df  on  condition 
that  </,  =  o o,  k=-o,j.  =  dF  and  that  the  emit  bed  signal  is  a  frequency  modu¬ 
lated  pulse  with  the  deviation  if »  i/-„.  if  >dF  and  with  nondegenerate 
peak.  In  analogy  with  [(3)  §7*7]  we  put  in  the  neighbourhood  of  the 
peak,  i.  e. ,  for  * « , 


,  sin  r.  (fr«  +  if')  I 

I  K(F~.,  +  ifx)  ^ ! 6”  ln(Fx*  +  AM1*- 

Transforming  (10),  we  obtain 

Regarding  (11)  as  a  Taylor  expansion,  we  have 


(10) 


(11) 


ft 


„  n,'K  „ 

?/''=  3  •  Ptf" 


3  *  •V-  3  *  r^~  3 

Then,  carrying  out  the  calculation  in  accordance  with  the  formulas 
(7),  (8)  and  (9),  we  obtain 


,*W 


a  .  Aa«=4J  *3  ^~dF  *  a  ’ 


n*  3  ‘ 


where  v  =]/=£.  .  Hence,  by  virtue  of  (4)  and  (5) 

* 

Z>,  =  +  df  (j~f )  * 

Dt  =  Df^  dF. 


(12) 


In  this  case  the  information  on  the  speed  as  compared  with  the 

preexperimental,  has  not  been  improved  because  </,=  con  in  contrast  to 

d„.  The  smaller  the  product  dFx\  ,  and  the  greater  Af,  the  less  is  the 
■f 

scatter  of  the  error  in  measuring  the  lag  time  n,; 
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Appendix  3 

ELEMENTS  OP  RESOLUTION  THEORY 

Let  us  assume  the  oscillation  y(t),  which  may  contain  superposed 
signals  and  noise. 


y(t)  =  Alx,(t.  i„.  . . ?ii.  ?!»..••)  + 

“T  AxXt(t,  a2i»  atf  ‘  ’  i*i!*  ?«•  •••)"!*  ^v^)* 


(1) 


Here,  and  A 2  are  discrete  random  parameters,  which  can  assume  va¬ 
lues  of  0  or  1;  a-j^and  are  random  measurable  parameters;  p.j.,  p2^ 
are  random  nonmeasureable  parameters.  If  the  presence  of  signal  1  does 
not  reduce  the  qualitative  indices  of  detection  or  measurement  of  the 
parameters  of  signal  2  to  such  a  degree  that  they  become  inaccessible, 
we  say  that  the  signal  2  is  resolved  out  of  signal  1,  in  the  sense  of 
detection  or  in  the  sense  of  measurement,  respectively.  However,  if 
this  is  also  true  of  signal  1  (in, presence  of  signal  2)  we  can  state 
that  the  two  signals  are  receiprocally  resolved. 

In  this  connection  let  us  consider  the  detection  of  signal  2  in 
presence  of  a  nonrandom  value  A^  =  1  on  the  assumption  that  both  signals 
have  independent  Rayleigh  amplitude  coefficients,  equally  probable  in¬ 
itial  phases  and  do  not  contain  any  other  measureable  or  nonmeasureable 
parameters.  Then 

{*)  -r  •*,  ('•  ?«.  B>)  +  A,x,  (/.  ?.  B),  ^ 

applies,  where  Ag  (0  or  1)  is  a  discrete  quantity,  which  can  be  esti¬ 
mated  after  reception  of  y(t).  The  solution  0  or  1  can  be  assumed 
(see  §2.7)  on  the  basis  of  the  probability 


t' 

i 


(3) 


r  *f 


\ 


tb  <!)b 


Pei  Cl  c  {7 (<)] 


.-'cO/iO]  * 

keeping  in  mind  that  the  role  of  signal  1  consists  in  an  increase  in 
the  active  noise.  The  subscripts  at  the  probability  densities  in  (3) 
characterize  the  conditions  for  the  presence  of  both  signals  and  noise 
n(t)  or  the  signal  ft.  tfi)  only  and  this  noise.  Because  with  the 
first  of  these  conditions  Ag  =  1, 

(4) 


co  2* 


Pet  c,.y  (l) ]  =  f  ]  Pa  a  b  (0  -  x,  (t,  §.  8)]  p  (}.  B)  d), 

•  Q  Q 

Prom  (3)  and  (4)  we  can  obtain 

co  2* 

/{!/(/)]=  li[ym 


■  *  ,'f  r.',  lAy{‘)  —  X:  (•■  ?■  fi)l  ,,  ...  ,, 

'/(Oj—  l  ^  1  >  r.. //11  ~  /’  'J’  tyd}' 


(5) 


Here  is  the  probability  relation,  corresponding  to  the  case 

of  detection  of  the  first  signal  *(/.  p,.  b, )  with  the  random  amplitude 
B1  and  the  initial  phase  31  against  the  background  of  the  noise  n(t). 


Pat  afy(<)]. 


~p*bW’  ^ 

corresponds  to  a  substitution  of  y(t)  by  y^-x^t.}.  b 
in  the  numerator  and  denominator  of  (6); 

S}b{t)\  is  the  probability  relation  corresponding  to  the  detection 
of  the  second  signal  x^t, ».  b)  with  the  fixed  parameters  £,  B  against 
the  background  of  rhe  noise  n(t). 


^£y(0i  = 


My  (0 f.  B) ] 


(7) 


The  expression  z*=.\z?  is  found  by  means  of  the  formula  [(8)  §3.4] 
If  the  quantity  /.>(/))  in  this  formula  is  expressed  via  the  complex 
amplitudes  [(3)  §4.7],  the  substitution  Izp^z'z*  is  carried  out,  and 
the  product  of  the  integrals  thus  obtained  is  represented  in  the  form 
of  a  double  integral,  we  obtain 
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r.’  /jP--  *'*  v,  ‘> 

C  .,,V£vC.-; 


»• 


J*.  .  7.  ► 

^  — v- 


MO]  -  -arzhr-  «xP  \  -rrrri 


WJ=,3T+7?rcxP[l s^+syx 

i 

_ oo 

xji^w;<ow4 

— <u  * 


Then 


Mg(Q— *»«.  L  g)l  „n  i . -J _ !  C  f  \y  (/)- 

i7pf)j  exp>  4.V.^»+<V,)  j]lsru 

V  L— OO 

- /?*,(<)  *%*"(*>-  BX^s)<rn\X\(l)Xt (s)dtds - 

CO  T' 

-JJy  (/)’/* (S) A'i (0 A'. (s) |  > • 

.  — «0 

It  follows  from  the  relations  §3.1  that 


;=cxp[-ji- 

f*+* 

J  »**"]" 

/  •  Fr 

r  Tj 

exp(“*r[j' 

[y  — .-Xa}’  dt  - 

■J9*"]/* 

*%V-  ?.  -E}:  v  *=  v  (0  K 

4fc(0]. 

where 


Changing  over  to  the  complex  form  of  notation,  we  obtain 


;01=e*P 


hMI™- 


W.(0offJlV*W- 


j  rc<)y*(o*j|. 

As  a  result,  the  relation  (5)  is  transformed  into 

oo  2%  B9$  .  2BZ 

l  r  r  ****  »*»  ^ 

#.  t-*r to,(3-9>  d} 

0  0 

or  in  analogy  to  [(8)  §3.41 


1  3w..+.V.e 
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Here  Zejcv  characterizes  the  optimum  signal  processing^ 

co 

z«.=-y|  r  .  (10) 

—co 


and 


CD  ^  03 

j  X\{i)R'2U)dt^-~  f  R,{t)XlV)dt. 

—CO  “ oo 


(11) 


where  in  turn 


*«-*»— 3nT5;T  j  W'W*' 


(IS) 


Thus,  the  optimum  processing  operation  is  carried  out  in  accordance 
with  formula  (10),  where  the  function  R(t)  generally  does  no-c  coincide 
with  Xg(t).  The  equality  R(t)  =  X2(t)  applies  only  in  the  case  when  the 
signals  X-^t)  and  X2(t)  are  orthogonal,  i. e. ,  when  the  integral 

CO 

J  X,(s)X](s)ds 


vanishes.  The  ratio  of  the  modulus  of  this  integral  to  the  square  root 
of  the  products  of  the  integrals  of  the  squares  of  the  moduli  X-L(t) 
and  X2(t)  is  termed  the  correlation  coefficient  of  these  signals 


CD 

J  X.(s)X't(s)ds 

—03 _ 

f  CO  00 

y  J  \XtWds  j  l*i  (*)!’<& 

— 00  —CO 


if  the  signals  Xx(t)  and  Xg(t)  differ  only  by  the  lag  time  and  Doppler 
frequency,  the  definition  (13)  gives  the  relations  of  §7.2. 

Having  carried  out  the  analysis  of  the  qualitative  detection  in¬ 
dices  during  processing  in  accordance  with  the  relation  (10),  we  can 
show  that  the  detection  is  qualitatively  determined  by  the  energy 
E2ekv“  In  °'bher  words>  only  the  part  of  the  energy  E2  determined  by 
the  magnitude  of  the  relation 
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5»3m  .  3t 

^T"1— ar+^:f¬ 


is  effectively  utilized*  The  smaller  rho,  the  greater  is  unis  propor¬ 
tion,  i. e, ,  the  better  are>  the  signals  resolved*  At  equal 

it  is  possible  to  obtain  equal  probabilities  D  and  P  in  absence  as 
well  as  in  presence  of  a  signal  *,(<.  ft.  3-S,  in  which  only  the  amplitude 
and  the  initial  phase  are  random. 

It  is  found  that  analogous  concepts  can  be  developed  also  for  the 
spatial  resolution  which  is  carried  out,  for  example,  when  the  signals 
are  received  at  a  certain  linear  aperture  -H2<x<li2.  .  Depending  on 

the  position  of  the  emitters  in  space,  a  certain  field  distribution  is 
created  in  the  section  £.  Superposed  on  this  field  is  the  field  of  the 
thermal  noise  with  the  spectral  density  NQ,  which  we  shall  consider  as 
sitotropic.  Information  on  the  presence  of  the  emitter  2  in  the  pre¬ 
sence  of  a  fluctuating  emitter  1  (and  vice  versa)  can  be  obtained  by 
analysis  of  the  voltage  of  the  field  as  a  function  of  the  two  varia¬ 
bles  Y(t,  x).  As  the  calculations  analogous  to  those  described  above, 
show,  this  analysis  consists  in  taking  the  integral 


f  dx  j  Y(l.  x)dt  . 


Additional  integration-  over  x  at  the  aperture  Z  can  be  carried 
out  in  practice  by  means  of  a  multielement  antenna  or  an  antenna  with 
a  single  output  with  an  equivalent  directivity  pattern.  The  minimum 
of  the  latter  at  optimum  resolution  of  the  source  of  the  oscillations 
2  should  be  directed  at  the  source  of  the  oscillations  1[30]. 
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[Transliterated  Symbols] 


nopor  =  porog  =  porog  =  threshold 

3=  E  =  energiye  =  energy 

3kb  =  ekv  =  ekivalentnyy  =  equivalent 
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